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“Aving for. along time obferv'd, that 
H moft of thofe, that take in hand the 
Elements of Euclid, are apt to 

difike them, begaufe they cannot prefently 
difcern, to what end thofe feemingly inconfi- 
derable, and yet difficult Propofitions, can 
conduce: I thought I Jhould do.an accepta- 
ble piece of fervices va not only rendring them 
| as eafie as poffible, ‘but. alfo. adding to each 
|. Propofition a brief account of [ome Ufes that 
as. made of them in the other parts of the Ma~ 
thematicks. Jw, profecuting which defign, £ 
have been obliz'd to change a Demonftra- 
tions, that feem à too intricate and perplex'd, 
and above the ordinary capacity of Beginners, 
and to [ubffitute others more intelligible mn 
their flead:' For the [ame réa[on, I have de» 
monftrated the fifth. Bovk after a method, 
| much more clear, than that by Equimulti- 
|. ples» formerly ufed. I would nat be thought 
À to have fet down all the Ufes, that may be 
A 2 made 





The Preface. 
made of thefe Propofitions: to have done 
that, would have ebliig’d me to have compris’ d 
the whole Mathematicks a this one Book ; 
whith would have render’d it both too large, 
and too difficult. But I have contented my 
Self with the choice of fuch, as may [erve to 
point out fome of the Advantages they afford 
1» and are alfo in themfelves moft clear,and 
mot eafie to be apprehended. I have difhin. 
guid them by* inverted Commas, that 
the Reader may know them ; not defring he 
{oould. dwell too long upon them, or labour ta 
underftand them perfectly at firft, Jince they 
depend on the Principles of the other Parts. 
This therefore becng the defign of this [mall 
Treatile, J voluntary offer tt.to the publicks 
inan Age, whofe Genius [eems more addi- 
ded to the Mathematicks, than any that has 
preceded 18. : νὰ 


* Infead of the Authors Italian charaer. x 
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Eight Books of the Elements 
of RUGLID, together 
with the Ufe of the Propo- 


fitions. 


THE FIRST Book. 


HE defen of EACLID in this Book 
is to ay down che: Firft Principles of 
Géorsetry; and το do-it methodically, 
‘he begins with Definisions ν΄ and the expli- 
cation of che πιο ordinary Terms, “To thefe 
‘he adds fome Pofulata; and then propo- 
“fine thofe known A4axims, in which natu- 
€ ral reafon does inftruét us, he pretends, not to 
€ advance aftep farther wichoura Demonffration, 
“but to convince every man, even the moft ob- 
 flinace, that will grant nothing, but what 1s ex- 
‘corced fromhim. In che Επ Propofition, be | 

¢ treats of Lines, and the different Angles, Wien 

. ‘are 
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* are form’d by their concourfe 5. and having oc- 
‘ cañon to compare divers Triaxgles together, 
‘in order to demonftrate the Properties of 
* Angles, he makes. chat che bufnefs of the 
“ Eighc firft Propoñtions. : Then follow fome. 
‘ Pragtlcal Inftructions; how.to divide an Aap /e 
“anda Line into two equal parts, and to draw a 
* Perpendicular, Nexe he fhows the properties 
“lof a Triangle, ‘together with chofé of Parallel 
* Lines ; and having thus finifh?dothe Explica- 

* tion of this firft figure, he pafies on to Paral- 

‘lelograms, teaching the manner of reducing 

“any Polygone, or multaneular fioure into one 
“more regular. Laftly, he finifhes the firtt 

* Book wich chat faméus Propoñtion of-Pytha-: 
“goras, That im every rectangular Triangle the 
Square of the * Bale is equal to the Squares of 

both the other Sides, : 5 >, | 


* He calls chat the Bdfe, which is commonly: call the? 
Hy potenu/e,i.e, che Line chat is oppofice to the right Angle. 


vue ue ous 


DEFINITIONS. 


1.4 D. Point is that which hath no parts. 
: This Definition muft be underftood in this 

“fenfe : That quantity, which we conceive : 
‘ withouc diftinguifhing irs parts, or fo much as 

‘ confidering whether or ndic has:any,is a Αα » 
“thematical point ;. which is “therefore very 
| « dif- 














eae Firjt Book, ο  Ἡ 
‘ different from thofe of Zee, which were fup- 
€ pos’d το be abfolucely indivifible , and there~ 
* fore fuch, that We may reafonably doubr. whe.. 
“ ther they are poffible; but che former we can- 
“not doubt of, if we conceive them aright. 

2. A Line is length without breadth. 

‘The fenfe of this definition is the fame 
“with the former, That quanticy, which we 
* conceive as length, without refle&ing on its, 
< breadth or thicknefs, is char, which we tnder. 
“{tand by a Lines though it be impoffible το 
< draw a real Line, which will not be of a cer- 
“cain breadth. “Tis commonly faid, that a Line 
“1s produc’d by the motion of a Point ; which 
“ought to be carefully obferv’d; for motion 
“may on that manner produce any quantity 
“wharfoever: but here, we ‘muft imagine a 
‘ Point to be only fo mov'd, a3 to leave one 
‘’rrace in the fpace, through which ir paffes, and 
© then, chat crace will be a line, | 

3, Thetwo Extreams of a Line are Points, 

4. A right Line is that, whofe points are equal- 
ly plac’d between the two Extreams, 

* Or chus. A riohr Lime is the fhorceft char 
* can be drawn from one point ro another. Or 
f yer. The Extreamsof aright Line may caft a, 
* fhadow uson the whole Line. a 

5- cA Superficies on Surface is a quantity, te 
which ws attributed length and breadth without the, 
Confideration of any thicknefr. À 

t 6. The 
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6. The Exireams of a Superficies are Lines, 
7 À plane or right Superficies 15 that, whofe 
“Lines are equally plac’d between its'\two E xtreams.s 
"Or that, to which a right line maybe every way 
apply’. a ee 4 
À” D. Ihave before obferv'd, chat 
ΓΤΤΤΤΤΙ: Motion may produce any quan” 

rtf} ΕΙ {αυ whatfoever: accordingly 
BARRE “we fay, when one line moves 
PELE LT cover another, it produces a Su- 
es | © € berfcies, or a Planes and chat 
“chat motion has a kind of affinicy with Arith- 
“metical Multiplication. Suppole then the 
“line AB to pafs along the line BC, retaining: 
€ fill che fame ficuation, without any inclination 
“co one fide or other: che point A will defcribe 
“theline AD, che poinc Bthe line BC, and 
“the intermediate points the lines parallel to 
€ chofe, which will make up the Superficies A 
“BCD. I add further, chat this motion anfwers 
“to Arithmetical Multiplication; becaufe cid 
€ [know chenumber of points,that are contain’d 
“in both thofe fines, AB, and DC ; by muli- 
‘plying them together, I fhould find 4 product, 
“which would give me.the number of points, 
which conftitute the whole fuperficies ABCD. 
6 Ας for example, if AB contain’d four points, 
“and BC fix, by faying four umes fix make 
“twenty four, 1 find, chat che whole fuperficies 
“ABCD confifis of twenty four points. Pe 
| y 
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«γα: Mathematical point, may be underRood 


any quantity whatfoevers e, g- a Foot, provi- 
“ ded.it benot fubdivided' into parts. 


5,13 plain Ancle is the * diffance or opening of 


two lines touching each other , [o as not to compofe 
only one line, 


* Overture. Gall, WEIS ἀλλήλα, χλίσις, Eucle} 


Beou: “As the diftance D betwixt the 
Xone © lines AByand BC; which are not 
parts of the fame line, 

9. A Rettilineal Angle is the di= 

D fiance betwixt two right lines. 
A ET © Tischiefly of this fore of Απ. 
“gles char T would be underftood ac prefent : 
‘ whichTdefineby difance or opening, becaufe 
“Experience reaches, char the greateft part of 
* Beginners deceive themfelves in meafuring 
“ the grearnefs of an Angle by chat of che lines, 

© Within which itis contain'd. 


A | ‘The Angle that is more 
‘open, is the greater; that 
te ον. “is, when the lines of one an- 
άν, Ji “ole lie more apart from each 
La" \ ‘ other than chofe of another, 
εἰ Ἡ ος taking them at che fame di- 
“ftance from the points of concourfe, the for- 
“mer_is, greater than the latter. Accordingly 
“che angle Ais greater chan the angle Es be. 

B ‘ caufe 








6 The Elements of Euclid. 
<calife taking the points D'and'Bas remote 
€ from thepoine A; asthe points Gand L are 
€ from thé point E ; che points D and B lie far- 
# cher apart from each other, than che, points G 
“and L': from whence: L'infer, chat.ifche lines 
€ EG and EL were produc’d farther,. the angle. 
< E would be always of the fame largenefs, and 
€ always lefs chan che‘ängle A ο 
τε Weufe three lerrérs when: We {peak of an 
‘ Angle, of which the middlemoft denotes the 
‘ point of concourfes; asthe angle BAD is the 
© angle which by che lines BA and AD is form’d 
€or the point, A: the angle, BAC is chat made. 
«by thedines BA and AC: the angle CAD is 
ὁ compris’d by rhe lines CA and AD... Rs? 
« A Circle isthe meafure.of an Ancle. Theres 
<fore to know the magnitude of the Angle 
“BAD, I place che foot ‘of the Compafs upon 
the point A, and defcribe che circle BCD: 
‘the angle is fo much the gteacer,, by how 
ε many more parts of a circle che arch,that mea- 
€ {ures it, contains: and becaufe a circle is ufu- 
5 ally divided into 360 parts, of degrees,'there- 
€ Fore an angle is faid to have twenty, th, 
‘forty degrees, according as the arch, com- 
¢ pris’d becwixt che lines chat formic, contains 
€ fo many. Sothe angle is the greater, which 
¢ contains more degrees, as rhe anglé BAD is 
€ oreater chan the angle GEL. “The line CA 
« divides the angle BAD in the middle, es 
the 
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“cherches BC.and.CD.are equal : ‘ad the an- 
€ ole BAC is part of the angle. BAL; becaufe 
€ the arch BC is parc of the arch BD, 

το. When one line falling upon. another makes 
two equal angles, they are both right angles; and 
the line perpendicular. | ο ο, 

ages © AS for example? 1f thé fine 

«AB'phc’quponthe line CD, 
make theaneles’ A BO “and 
| ABD equal; rhac is, if, has 
Cc B D'vine defcrib'd a femicircle 
«CAD from the center B, the arches AC and 
“AD are equal: the angles ABC, and ABD 
“are call’d right anoles, and the line AB per- 
“pendicular. "Therefore becaufe thearch CAD 
Cisafemicircle, che arches CA and AD are 
each of thema quarce® of a circle, that is the 
€ fourth parcof three hundred and fixty degrees, 
“chat is ninety. 

11, An Obtufe angle is that which is\grcater 
than'a right one. vr 

€ As the angle EBD is an obtufe or blune an- 
“ole, becaufe its arch :EAD. contains more 





dD 
“:than a quarter of 4 circle. 


12. An Acute angle ws that which is lefs than 
a right one. Ç 

“As theanele EBG is an acute, becaufe the 
“arch EC, which meafures it, has {είς than 
‘ ninety dégrees. 

13. A: Term is the extremity or end. οἱ any 
quantity. ; Mia ES ; | 14: A 














$ The Elements of Euclid. 
14. AF igure is a quantity comprehended by 
one or more Lerms. | 


* Thac which is call'd'a Figure oughe to be 


* limited and inclos’d on every fide. _ 

15. Circle is a plain figure, terminated by 
the encompalfing of one line, which 15 eall'd the 
Cireumference; and is every where equally remote 
from the middle point, 


a ‘The Figure RVSX is a 
“Circle, becaufe all che 
“tines TR, TV, TS,TX, 
“drawn from the. point T 
‘tothe line RVSX, are e- | 
‘ qual. 


R 16, The middle point js 
cal’d the Center. 

17. The Diameter of a Circle is any, line paf- 
fixg through the Center , and terminated at the 
Circumference, dividing the Circle into two equal 
Darts. 

€ As the lines VTX, and RTS. 

€ But ifany fhould doubt, whether rhe line 
© VTX does indeed divide the circle into two 
“equal parts, fo chat the part VSX be equal co 
“the part VRX; ic may-on this manner be 
“prov'd. 

* Suppofe the part VRX to be plac’d upon the 
‘other VSX,: 1 fay, they will nor pyr 
the 
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‘the other. For if one fuppofe 

©VSX exceed the other VRX, 

\ © the line TR will be fefs chan 

à _A\*'FS; andinlike manner TZ 

T X «η TY, which is contrary ro 

the definition of a Circle, which affirms all 

€ the lines drawn from che center to the circum- 
6 ference ro be equal. 


18. A Sersicirele is a figure terminated by the 
Diameter, and half the Circumferences 


το. Retlilineal figures, Are [uch as are termi- 
nated by right lines, having three, or four, or fives 
or as many fides as you pleafe. 
| ‘Enchd divides Triangles with refpect ei- 
| “cherto their angles, or fides. 


A 20. An Equilateral Triangle 1s 
that which has its three fides equal : 
"ARC. 


21. Ax Ifofceles, or equicruval Tri. 
angle, is that which has two fides equal : 
© As if the two fides AB, and AC be 
“equal, ‘the triangle ABC is,an Ifo- 

ς ‘{celes. 
22. «4 Scalenum is 4 triangle hav- 
ing all the three fides unequal, a GHI. 


23.4 











The Elements of Euclid. 
23. A Reflangle triangle 1s that 

| D which bas one right angle, 
| ή * As DEF fuppofing the angle E to 
‘be aright one. ‘ 











jr 
Η 24. An Ambligone, or Ob- Lo 
- tufangle triangle is that which | — 
| bas one angle obtafe. As IGH, | -- 
|G 
| | Ge: | | 
| A 25. Oxygone, or Acutangle | Jan 
triangle 1s that whofe angles are N 
all acute. As ABC. > | 
B re er” | E 
A 26. A Reflangle( properly focall’d) ~| ¢ 
[ | és a figure conjiffing of four fides, and | 
having all its angies right. i= 





27. eA Square bas all. its fides ἳ 
| : eqnal, and its angles right, as AB, | 


28. An Oblong Reëlangle has its | wy 


“ο 
I. | | ne ae , but its angles right* | 
wee cs ο μμ ώ 9 | — 
D | 


“20.4 Rhombus, or Lofange, has equal fides, 
but unequal angles: MB EF. 





/ 


EX F À à: 
\ me he 
530.4 Fit 
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30. 4 Rhomboides,or oblong 


Lofange, hath both its fides and 
angles uneqnal : as GH, 


H 21, Other irregular fi¢ures ο 
four fides are call'd Trapefia. soaks 1 
Α B 32. Parallel lines are 
ποστ fach, a being inthe fame 
= a as plane will never concur, 
Fe D keeping Jhll an equal di. 
ffarce one from the other: as AB, CD. 

33. ο. Parallelogramis a 
= = figure, whofe two ies fides 
ο are Parakels : * as the Figure 
TE...) ABCD, whofe fides AB,C Ds 

σ οσο Ὦ and AG, BD, are parallels, 


34. The’ Diameter of à Parallelogrdus.13s 4 
right line drawn from one angle to another : as BC, 
35. The Complements are the two {mall Pa- 


ralielograms, through which the Diameter does 
not pals: # AFEH, and GDIE. 


ο ντος χα 4S FESS By 


DEMANDS, or SUPPOSITIONS. 


I. amis fuppos'd, thararioht fine may be 

2% odrawnfrom any poinc whatfoever τὸ 
another. Ex 

2. That a right line may be continu’d to 

What length you pleafe. 3. That 
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3. That from a Center given a Circle may 



































be defcrib'd at any diftance whatfoever, ή 
[EL 

| ic 

; | 

MAXIMES, or AXIOMES. 1 
Re | ‘for 
1, ‘Hole quantities chat are equal to a = | ‘thy 
| | | third, are equal becivixt themfelves, lo: 
| 2. If equal quantities be added το chofechat | ‘the 
| are equal, the produdts will alfo be equal. ET 

3. M equal quantities be taken away from ÿ 
thofe that are equal, the remainders willbe e- | à 


qual. : 
4. If you add equal parts to quantities une- 
ο qual, they will remain unequal. 
5. Iffrom equal quantities you take away 
unequal parts, the remainders will be unequal, 
6. Quantities that are double, triple, qua. 
| druple, Gc. in refpect of the fame, are equal 
| (il among themfelves. és 
1 7. Thofe quantities are faid to be equal, 
which being apply’d one to the other, neirher 








exceeds. 
8. Equal lines and angles being plac’d one 
upon another, do not furpafs each other. Γι 
το. The whole is greater than its parte >: 
- ro. All right angles are equal co one ano- | i 
ther. ro 


‘Let 
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« Let the two, 
tight anoles pro- 
6 ροςᾱ be ABC, 
7. RFH pT fay they 
ων are equal, For if 
‘two onl circles GAD, HEG,. bedefcrib’d 
* from che centers B and: B: ‘the fourth parts of 
* thofe circles CA, HE, which ate che meafures 
‘of the angles, ABC, EFH, will be equal: 
“ therefore che aneles ABC, 'BFH, having’ e- 
$ qual meafures, will be equal. 
The .eleventh Maxime of 
Euclid is to this effe&. If two 
lines AB, GD, being cut by a 
"ο /E D chird EF, make che internal 
| angles, BEF, DFE, lefs chan 
two right angles ; the fines AB, CD beine pro- 


duc‘d, “will at lenoth concur towards the points 
Band D, 


© Which, though ic‘be‘crue, is ‘nor clear 
“ enough to ‘be reciv'd for 3 Maxime + therefore 
< Thave fubfticuted another in its place. 


11, Ifewo lines be parallel, allche perpen- 
| diculars: contain’ d betwixt chem will be equal. 


| AE_- GB’ © As for example, if the lines AB, 
"7 CD, dre parallels, che perpendi- 
D — © cular lines FE,HG, are equal. 
Ελα Β D © For if EF was greater than GH, 
[ιδ fes AB and CD, would be more μις 
rom 
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from each other towards che points B&F, 
€ chan cowards G and H ; which would be con- 
“crary coche definition of Parallels, where tis 
“aid, chey are. fuch as always keep-the fame 
“‘diftance, meafur’d by perpendiculars, 


12,: Two: right lines cannot enclofe any {paces 
chacis toifay, they: cannot encompafs it on all 
fidess: or 3 KES ic 

13. Two tight lines cannot have one: com. 


mon feerment. 


‘By which I mean, that to 
“rieht lines, fuppofe AB, and 
| CB, meeting ac the point B; 
, “cannog together make one. foie 
“line BD; δις curcipg. one an- 
| “orher feparate again immedi- 
€*arely after their rencounter. For, if you de- 
“fcribea circle from. the: point B asa center, 





‘AFD will bea femicircle, becaufe the right: 


“fine ABD, paffing through che center B, will 
€ divide the circle into two equal parts. The 
‘feament CED will be alfo a femicircle, be. 
« caufé CBD will be alfoa right line, and will 
« pafs chrough the cenrer, B:. therefore the feq- 
ment CED will be equal ro che fegment AED. 
“che parc to che whole; which ts repugnant 
στο the ninth. Maxime... | 


yyiat 9 ni À AY. à a A ο Aaducre 


Oi wh ὁ νά 










































°The\Finft “Book, 


| _ ADVERTISEMENT. ga 


iene ate two forts of Propofitions: In 
fome we have nothing dut the bare Spe- 
| fans of a Truchy) without defcending to 
| “ Praétice, which weicall Theorems’; in "the 
| -© other foifiething ts :propos’d to be done, and 
€ chofe are call’d Problems. 
© The:firft numberof che-quotarions denotes 
“che Propofitions, the fecoad the Book. - As 
“by thé 2. of the 3.°rhatisy by the fecond Pro- 
‘ pofition ofthe third Book: butif only one, 
© number, occur, it figniftes. fuck a? Propopañ- * 
* tion of the book you “ate then upon. 


PR OPOSTTION I, 
‘A Paros LEM. 


To draw an 8 gailateral TT. TAN Hpoï. 
ον any lige given, 


[11 the line AB be propos’d for the ‘bate 
of an’ Equilaceral -Friasele ; from “the 
center A at che diftance AB defcribe the cire 
cle BCD: and-likewiféfrom the center B at 
a diftanee BA defcribe the circle DAC cur- 

C 2 ting 


























| Lia 
m σαχ, 


; 
Bi. | 





x6 The Elements-of. Euclid, 
ting the former at chepoint C. Then draw 
the lines AC and BC ; and all the fides of the 
triancle ABC will be equal. > 
| KE  Demorffration, 
 ThevLines <ABL"#and 
À AC being» drawn from 
‘the fame ‘cenrer:A’ το 
ae} the. circumference οξ 
| | | the circle BCD are c- 
qual, by the Definition of a Circle ; the lines BA, 
and BC are likewife iequal being drawn from 
the center B tothe circumference ofthe cir- 
cle GAD. Laftly che lines AC and BC.cbeing 
equal ‘co the: fameline ABS arealfo equal be- 
tween, themfelves. All the chree fides there 
fore of the triangle ABC sare equal. | 
KR REPÉRER 
= { The defien of. Ewclid in 
| === “ placing this. Problem here 
| SSS ‘was only (ο ἀεπιοπβτατα the 
| “two following Propofitions. 
gp! Bucitumäy be alfo, further 
GC £ferviceable for che meafuring 
“an inacceffible line, as for example, the line 
AB, which ‘by reafonjof a Riversor Precipice 
‘cannot be -approach’d. In. fuch%a,¢afe.make 
‘afmall Equilateral Triangle ΒΡΕ, eicher of 
“wood or. copper., or the like; and “having 
“placed it Horizontally upon Β, obferye, the 
#0 | point 


| 


φων 
Fa 
a=. ή 





Ἡν 









daw À 
ofthe 4 


(a i 
| here 


rethe | 


lon, 
με 


ης | 
line | 
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: nike ; 


chert 


πια 
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point 
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point, À, by the fide BD, :añdvany ütherpoint 
ές, by the fide BE... Themetansfer! your ‘Tris 
| “angle along the line B@, and place ifupon 
| ‘ divers -parts jot the fame lines ες kenoth 
| ‘you find a.point C;-upon which placing che 
| ‘Triangle-youfh:ll feetbe point Β, by the fade 
| “CG, andthe voinc dA, by the fide ΟΕ. I fay 
| ‘che;limes ;CB and GA aré equal ; :foichatcby 
* mealurine.the line) BG you may know the 
| ‘line AB. I might furcher dcmonftrate that 
| ‘che lines AB, and BC are equal; but lerit 
| “fuffice chat in this Propofition, you are taught 
| “the way of making an. Infirument. proper to 
| ‘cake che‘dimenfions of aninacceffible line. 














PROPOSITION I 
| A ‘l'A PROBLEM. 


From a, point given to draw a line equal to 
ο another line given. | a Va 





EX T Ε.Τ. με point propos’d, be 
Ny B, from which aline ts to 
1.96. drawn equal :10 thedine A. 
Take with .the,. Compafs..the 
length of the line A, apd at.thac 
. 6 4AInterval, makine B the, Genrer, 
defcribeiphe- circle. CD, . Drawing. then — 
σα της 











: ς 
rg The Elements of Euclid. 
thepoint B co which fide you pleafe, a line BI, 
ot BD, ‘tis evident ic will be equal tothe 
line A. - 

“Enclid propofes à more myfterious and in- 
*tricace method of demonftrating this Pro- 
“pofition ; but in practice we alwayes ‘make ufe 
“of this.; im as much as, having caken with the 
“eompafs the line A, “tis as eafy defcribing'a 
“circle'from the centet B, as front the cen- 
*cer-A. | | ERA | 


‘PROPOSITION Π.Ο, 
A PROBLEM. 


From a greater line to take a part equalto @ lefs. 


Spore you were.to take from the line BC, 


a part BI, equal to the line A. Take be- 


twWixtitbe points of thé compafs che: lengch of 
the line A, and ac that diftance, from the cen- 
ter B defcribe a circle, which fhafl cuc che line 
BE a the point L * Lis certain the [πες BL, 
and A, dre equal,” 07 À ο 
“ The Ve of thefe fWo ‘preceding Propofi- 
* tiünsis {ufficiently evident ; for as much as 
“we are frequently oblig'd in practic al G eome- 
‘ xp to draw one liné équal co another; and to 
“take a pare of a greater line equal toa line thar 
‘is lefs, PROP. 
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κ], | 

‘the PROPOSITION 1V. 
il | LA TR OR M, 

Pr. À 


tue À If two Triangles have two fides. eqnal, each: to 
| | the other ve{peflively, and the.angles alfo, forws'd 


bing by thofe two fides, equal ; their bafes and other 
Cet angles will be equal, | 
pia D; À ET che triangles. A 


| 
| 
| 
| 
| 


| BC; DEF, have two 
| fides) equal each to-the ~ 
| £ dc ‘ other-refpeQively ; that 


| is: to fay , ει AB be 

| equalto DE, and AC to , 
εν D DF ; and let the anoles BAC, EDF, ferm'd by : 

à thofe fides be alfo equal: I fay, the bafes BC, 
ell, REF, are equal, and the angles ABC, DEF; 


ie bt: f} ACB, DFE, are equal ; and laftly, the whole 
(tot J} triangles equal in all refpects. 
s celle | 





ce D Demonfiratior. 
el D Suppofe the! trisngle DEF ro be plac'd upon 
sBl, @ the criangle: ABC : the fide DE being upon 
| AB, they will not exceed each other, becaufe 
pol they are fuppos’d το be equal 3 fo char the point 
8 SE willbe upon B, and the: poinc D upon-the 
ju: Pont A. Bor che fame reafon. the line DF ill 
git fall upon AC, Του ific fhould fall. on the-our- 
ge tet À : fide 
ROP: Ἡ 3 


| 
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fide of it, the angle EDF would be greater-than 
che angle BAC ; and if ic fhould fall within 
AC, the angle EDE woild be lefs :-andyet chey 
are {uppos’d to be equal. Therefore fince the 
point D is upon the!point <A, andthe line DF 
falls upon the line AC, to which it is equal, 
they will not exceed each other, bur the point 
Fwall fall upon ο, \Lattly, fince\thepoincs E 
and F of che line EF, fall upon B’andC ; rhe 
line EF will fall upon BC ; becaafe'it can πεῖ- 
cher fall higher as in BHC, nor lower as in 
BGG) ;.forthen cWo right lines would enclofe 
fpace-s, Which {1s contrary co che twelfth Ma- 
xime,; Therefore:the two triangles do not at 
all-exceed:each other's bur not only, che bafes 
BC, EF ,but alfothe angles ABC, DEF ; and 
ACB, DFE, are equal. | 

Gorell: An Equilateral’ triangle harh all irs 
angles-equal:: | oe 


The USE; 


212 “ Suppofe 1 
δα ‘was to mea- 

E-<fure an in- 
-“acceffible 
“line AB, I 

ot F obferve 

6 from the point C the points A, and B; and 

‘then meafure the angle C. This done, placing 

$ a boaïd horizontally, and obferving fucceffive- 





‘ly 
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-$Ay/by a rulé the points Α and B, T-draw two 
| nés according tothe ‘tule, which“ makethe 
My | Sangle © ; and meafure with a yatd the lines 


cit fac: and BC, which are fuppos’d* deceffible, 
eDF | © 'Then going into an open field, “hd placing 
qua, | “my board again horizontally upon the point 
ie | ‘ F, and obferving che lines that I drew upon it, 


| ‘Tmake an angle DFE ‘equal to the angle C. 











| 
| 
tt À © | make likewife FD, FE, equal ro CA, CB, 
in Ὦ < Then according té this brobofition the lines 
1} “AB, and DE, are equal, So chat meafuring 
ial} Sby the: vard ‘che ‘acceiblé fine DE; ΓΙ 
1 Mh | “know AB which is ifactefible, * * + 1%: 
πα ἡ ACTE 
pi | ο Another USE, 
; 400 Bl oe Git | of 
. | * The fame propofition may 
lis § 17 © fétve toteach how to hit à 
ο 1 At Billiards by refle- 
©xion/ Suppofe one bowl το 
| ‘beat che point A, and that 
pole} | tt JE ich you would hit ac the 
0 el ] “ΡόιπὲΒν 4πά CD the Biliatdtable. Imagine — 
mit: À “theta pétpendiculac *BDE ;' and take the 














“fine DE €qual το BD.°oP fay} if: youidiret 
à ‘the bowl from the point A to E; the reflexion 
“will cartyit to B. For ifthe ‘trianelesoBFD, 
|SEFD, “the fide FD “being” common,) and the 
* fides! BD arid) DE equa : the angles BED, 
:AEFD are equal, by this propoñtions: Theane 
Bis | D “eles 
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‘ oles AFC; DFE, being oppolite, are alfo equal, 
Cas L.fhall demonftrate hereafter. Therefore 
«the angle of Incidence AFC, is equal. to the 
< angle of Reflexion BED sand by confequence 

he Reflexion will be by AFB. 





"PROPOSITION V. .. 
ee Gh Mande 


In Ifo celes; or € quicrural triangles, ihe: angles 
that are above the Bafe are equal: a. alfo 
thofe that are below it. | 


À prie Le the Ifofceles be 


+ ABC, that is to fay, 
. der the fides AB , AC 










gles ABC, ACB are e- 
phn ,\qual ; as alfo che an- 
G : HI. 4, X gles GBC, HCB, that 





are below the bafe BC: Suppofe anorher τη” 
angle DEF, having the angle D equal ro.the: 


angle A ; and chefides DE, DF, equal to AB; 

AC. Since the fides AB, AC are equal, all the 

fout lines AB, AG, DE, DF will be equal. >)... 
‘Demonftrations Since the fides AB, DE > AC, 


. be equal. I fay the are | 
















DF; <are- equal ; 45: alfoche angles.A; cand. D: § 


will 


if che ttiangle DEF be -plac’d upon-ABC; they | 
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ie | will not exceed. each other,..but της line ΡΕ. 
wie | Will fall upon AB; DF, upon AG 3 and EF 
it} upon BC (by the 4th.) therefore the angle 
6 | DEF, will be equal co ABC. And becaufe one 
pare of the line DE falls upon AB, the whole 
| line DI will be upon AG ; otherwife ‘two 
Wright lines would have a common feg- 
| menc ; therefore the angle IEF will be equal .” 
ἵτο GBC. Suppofe then che triangle DEF 
| curn'd, ‘and apply’d another way το che-trianple 


| 
ΓΗ | 
Walp 


| IEF, will be equal. Now by the firft comparing 
lis | chenvic appear’d, tharthe angle ABC was e- 
3, AD qual cothe angle DEF; GBC to 1EF: chere- 
| (tt! fore ché angles ABC, ACB being equaltothe | 
‘A fame DEF; and GBG, HCB, alfo equal to the (η 
‘Iifamée ΤΕΕ , chey are equal among them- 
Uh) felves. : ai 
“Twas unwilling to make ufe of Eucha’s 
à “demonftration, becaufe being very difficult, 
A “ie might difcourage beginners, 





D2 PROP. 








Le ο. 
0, 0 
ET Se 


The Elements of Euclid. 


at; hae 





“pROP OSITION VI. 


TuroR En. 


ee two angles of, A triangle be equal, the ve | 
roue willbeanlfefceles.. ο... 


ET. the angles ABC, ACB. of the AR 
ABC.be equal: ζ fee Fig. preced.) À. fay, 
ic is.an Ifofceles;. that is:to fav, the two fides | 
ΑΡ, Ας, which are oppoñite το the equal an< | 
gles, are, equal. Suppofe the triangle. DBF to 
have a bafe EF equal ro, BC, and, che angle 
DEF equal: ro ABC as alfo DFE equal to ACB: 
fince che angles ABC, ACB are fuppos'd to, be 
equal, alk the four angles ABC;: ACB, .DEF,, , 
DFE, will be equal. “Suppofe again therefore | 
the bate) EF co be:plae’d, upon the bafe BC, fa 
that che point E lie upon.the point B, the; bates. 
being: {uppos’d equal ic is evident ‘they will 
not exceed each other. Further, the angle. E 
being,equal.to.che angle B, and: che angle F to 
the angle C ; the line ED will fall upon the: 
line BA. ay FD upon:CA : fo thar the lines 
ED and FD will meet ac che point A. From 
whence it follows, mat, orne ED 1s equal to 
BA; 
Let Len the tr anal DEF be turn d to the 
other fide, and be applied anorher-way tothe 
tris 
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criangle ABC + tharis ro fay, fo that the point 
Elie upon €., and F upon B: che bafes BG, 
FE will perfectly agree, being fuppos’d to be 
equal : and becaufe che angles F, and B ; E, and: 
C, are alfo fuppos’d το be equal; y the fide FD 
will fallupon BA, and ED upon CAs, and; the 
poinc D upon, A.“ Therefore. the lines AC, 
DE will be equal. Whence it.follows,.,chat the: 
fides AC, AB are equal between chemfelves, 
being equal to the fame fide DE, 


= The VE: 


4 “This Propofition may: ferve 
i for taking the dimenfions of 

‘any fort “of inacceffible lines, 
© *Tis faid that Thales was the 
“firft chat meafur'd the heighth 

“of Obelisks by cheir : ‘tha- 
© dows : it, maysbedone by this Propofition. 
“For if you were .to meafure the height of the 
‘ Obelisk AB; do bur expeét till the Sun be 





N ‘elevated 45 degrees above the Horizon 5 chat 


“is co fayst cll che angle ACB be 45 degrees : 
N Sand, by ‘he. fxth Propofition, the fhadow BC 
| “will be equalyo rhe Obelisk AB. For fince 


| “che angle ABC ἴδια rightrangle,. and the angle; 
| ©ACB half:anghcone, or of 45 deorees; thes 
‘ angl le CAB will be half.a riohc one, 351 thalt : 


ae hereafter. Therefore the angles BGA, 
toy 























SS eS ee 
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“BAC, are equal: and (by the 6.) the fides AB, 
“BG, are alfo equal. I can alfo meafure the fame 
“height without making ufeof the fhadow, by 
* aking a ftand fo far from the point B, as that 
“che angle ACB may be half a right angle, 
which’ may be known by a Quadrant. | 

“The Propofitions are of frequent ufe in 
“Trigonometry, and in all other τταᾶς, 

“The feventh Propofition may be omitted, 

< becaufe tis of no other ufe but to demonttrate 
*cheeighth, which may be done without it. 





‘PROPOSITITION VII. 


T'HBORE x. 


If two Triangles bave all their fides equal, their 
oppofite angles will alfo be equal. 


ET τις: fide 
GI be equal to 


chat the angle GIH, 





cothe angle L; and IHG, to che angle V. 
From the center Hy, at che diftance HI, defcribe 


the circleIG ; and fromthe center Ὁ, à the ° 


diftance GJ, che circle HI, ©. * 
fern’ Demos- 











LT; HI, to VT : 
GH, co LV 5 I fay, ᾽ 


will be equal to the | 
angle LTV; IGH, ΄ 














| 
| 
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eden} Demonfiration.. ντο, 
Suppofe theline LV brought upon HG::the* 
would not.exceed each -other, becaufetheyiare 
fuppos’d to be equal. Jadd, chat the point T' 
will fall precifely upon the point I: For ic 
ought το. reach precifely to the circumference 
of the circle IG, becaufe by the fuppoñtion the 
lines HI and VT are “equal. It ought in like 
Manner to reach to. the .circumference.of the 
circle IH, becaufe the lines GI and LT are e- 
qual. So then ic will lighe upon the poinc I, 
being the; poine where thofe two circles cut 
each other. Indeed if it fell, any where elfe, as 
upon O, the-linesHO 5:;rhac is to fay-V.T, 
would be greater than.,HI-; and the line GO, 


æharis LF, would-be lefs chan GI: which is 
againft the {uppofition.,... Whence I conclude, 
that the triangles, wilkexa@ly.correfpond.,.and 
the angle GIH be equal το the anole LTY,... ... 


_ £ This Propofition is-neceffary for. the proof 
‘of thofe that follow. And further, when.we 
“cannot take the meafure of: an angle, becaufe, 
‘thelines meeting in a folid body, we cannot 
‘apply..our Inftruments το it ; We, muft rake 
‘ che three fides of the triangle, and make an- 
* other upon a paper, whofe angles wé may 
emeafure. This is a very ordinary practice in 
Gro- 
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¢ G nomonicks, Or: Dialting’ send in the créarifes 





“concerning cutting ptetious ftofiés, fo as to fic | ; Th 

# ο panels, dax co retain ithe Waters.’ [ tela 

] #9 01 Ὁ À | Cher 

i pay incor 
| “PROPOSITION 1 IX. | | in 

nf ati | the an 
| PRO LE wy Das 1η 1ος ei 

Te ο an A me into two’ εν parts. ‘Yon 

μεν |! Re : 


WET che ariel: SRT ‘be “in 
ΙΟ] > propos’ d° ‘tobe : divi- | ine 
: ded tito | two" equal” parts. κ. 
Fake éhelCompafs; ahd From | | ed 
Nithe'ééntér Rip at any diftance, | “the Ce 
A i rdtaw the arch ST Es euttine of | ο 
2ΏΡΟΠΟΝ | HMS equal lines RS: RT Then | 
abana tight lind SF; and ο, thé 4) defcribe 
an equilaceral ttistielé STV Ttay/che line VR 
divides the angle into {10 equal parts : that 15 
to fay, the angles VRT ;'and VRS, are equal. 





| 
| 
| | 
| 


Demonftration. A ea 

OCF he” triangles! RS; andl VRT, bive the | 
fide VR common; baa che ide RT was caken | 
equal’: to the fideRS : the bafe ao Μας e- 17 
quaf ro VT ,:becaufe the tragic SV Pis equi- | LA 
fateral, Whetefore 4 the 8. ? thé! angles SRV» | τα 


ΥΕΤ; are equal. - . ce μα. 


à : ὃν 7% 
i Vy P { ie ες). ‘ * . . | |) 


The 












“Propofñtion-only. 


ο μυς | 


τὰ 1115 Oy The: HSE: »: | 
. © Dhis propofition is very ufeful ite: divide 
“the fourth part ofa circledncoldegrees : for tis 
“the famethihg to divide. an ‘arch, as, angle 
“intorwWo equal parts and rhe line RV--doés 
* both, !tharisy ic divides both the arch ST,’and 
*the.angle SRT. Having therefore apply’d the 
*femidiamerer tothe fourth part ofa circle, 





| “ you-cut:off an.arch of 60 degrees, which divi- 


‘ded equally gives an arch of 303 and that 
* again divided, makes one.of 15 deorces. Tis 
* true, to finifh this divifion, we mutt divide an 
“arch into shreeequal parts, -but chats. ποτ” το 
“be. done; €seometrically.-; Pilots. allo .divide 
~the.Com pafs.into 33 winds by'the help of this 


hi? 


ι < ‘ 9 ο. re y . eae 
eas οἱ [σοι or οπως veer À à 


LU PROPOSITION % 





| A PROBtEM. 
To divide a right line into t wo equal parts, 





C G Prot the line AB was to 
i x be divided into two equal 
Ho i.” parts; upon the line AB de- 
| i, fcribe an equilateral criangle AB 
Ho IE YC, (by the 1.) and divide the an- 
| δα. gle ACBinto two equal parts by 
ι ην the line DC, (47 the 9.) I fay 
| E the 
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the line AB is divided' equally at the point Es | 


thavis ro fay, the lines AE and: EB'are equal. 
a Demonflration. οι G80) > 
The triangles ACE, and BCE ‘have the fide 
CE common, and the fides CA and GB are €- 
qual, becaufe the triangle ACB is equilateral: 
and the angle ACB berng divided equally, the 
anoles ACE2and BCE: are alfo equal. "There- 


le) 


fore (bythe 4.) chebafes AE and BE are equal. 
ο ο... 


016 Ογλ ufe ismade of this Propofition, of- 
“dinary praGtices frequencly requirifi us το 
¢ divide a line inthe middle, which’ Géomerri- 
€ cians require fhould be done ‘exaétly at’ the 
< firft dafb, by a method that is infallible, and 
€ not by eflays. This practice is likewafe prin. 
€ cipaliy ufeful for dividing meafurés into [είς 
© parts. Oa ap 
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PROPOSITION ΧΙ. 
A PROBLEM. ery 
To draw a Perpendicular to a. line givens ‘spon a 
point of the fame line, 
12... SUppofe you were to raife 
2 a perpendicular upon the 


\ point A of the line BC. 
+. Pet two equal lines AB 





—— and AC on both fides the 
| point A, and make an equi- 
lateral triangle BDC up- 
on the line BC, (by the 1.) I fay the line AD is 


κ” οκ 


e, and cn that is to fay, the angles BAD 


and CAD are equal. 
Demonftration, 
The triangles BAD, and CAD have the fide 
AD common, the fides AC and AB are equal, 


‘Wand the bafes BD and DC alfo equal : therefore 








OP. 





( by. the 8.) the angles BAD,. and CAD, are e- 


pqual 5. and (by the το, def.) the line AD per- 


pendicular (9Ώ:.. 








| ES | PROF. 
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PROPOSITION XIE 
À PROBLEM. 


To draw a perpendicular to a line given, from 4 
® points, which ont of the line. 


cap [ε you would drawa perpen- 
ee ο dicular to the line BC,from 
Επ the poinc A: having fet the 
4. 241 EL "foot of the compafs upon A, de- 
"REL {cribe the "circle BC, which 
i1 23 {Πα cut che line BC, at che 
ñ points B and C. #Then divide the line BC in- 
by fo To tWo equal parts at che poinc E. I fay che line 
AF is perdendicularto BC. Draw the lines 

ΑΡ. AC: 

Deémonffration.: The triangles BEA, and-GEA, 
have the fide AE common; and the fides EC 
and EBequal, the line BC having béen équal- 
ly divided-at the point E ;*the bafes AB and 

% 4 AC, being drawn from che cencer A to the cir- 
by 1S” cuinkerence BC, afe-likewife equal: therefore 
Se he ang Les Ke and AEC, are equal, (67 the 8.) 

and the li E perpendicular, ( ‘by. defin. 10.) 

The met ata in practice, of dividing the line 
BC: ip the middle,is co defcribe two arches acD, 
at the fame interval, from che centers B and Gi 


The 
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The HSE. 

‘We have need of a Plummet or Squaring- 
“fine almoft in all our operations: no angles 
“are of ufe in buildings bur che right ; and alll 
* chairs,benches,rables buffets, and other move- 
“ables, are fram'd by the fquare. No furvey of 
* Land can be taken without making ufe of per- 
“pendicular lines $ nor can Dialing: be per- 
“form’d’ without, chem, ‘The: Carpenter’s Le- 
“vel contains a right anglé; and che fame is 
“ preferr'd before any other, efpecially by the 
© French, in Fortifications. Laftly, not only 
‘ Marhematicians, but alfo the greateft part 
“Of praétical Arcifans, require that we fhould 
“know how to draw a perpendicular, 





PROPOSITION XI. 


A THEOREM, 


One line falling upon another makes with it either 
two right angles, ov two angles equal to two 
right ones, 


> 


{ Fe the line AD fall upon BG; 

I fay;*cwill make with ic either 
two right angles 5 or two angles, 
one obtufe; ‘and che orher/acute, 


a a ee 


2D” ο Which joyn'd together fall’ be of 


equal value wach cworight ones. 74 
Demon. 












The Elements of Euclid. 
Demonfiration, 
Suppofe the line AD to fall perpendicularly 
upon BG, chen tis evident (by defiz. 10.) chat 
the angles ADB, and ADG, are equal, and by 
confequence right angles. Or, 
EL à Secondly, . fuppofe the. line 


ED not to fall perpendicular- 
ly upon BC, and draw a per 





the aneles ADB, and ADC are 
ο SPD 3 
right angles, which are of e- 


B 1 


qual value wich the three angles ADC, ADE, : 


EDB. But che obtufe angle EDC, and the 


acute angle EDB, are of equal value with, the: 


three angles ADC, ADE, and EDB: therefore 
the angles EDC, and EDB, are of equal value 
with two right ones. , : 

This Propofition may be more eafily. de- 
monftrated by defcribing a femicircle from the 
center D vpon the line BC. For the angles 
EDB,.and EDC, will require a femicircle for 
their meafure, which is the meafure of two 
right angles, as I have fhown before ; im the 8. 
definition 4 

Corollary 1. If the line AD falling upon BC, 
make one right angle ADC; ic is evident che 
other, ADB, will be alfoa right angle. 

Corol..2. Ifche line ED, falling upon BC, 
make the angle EDB acute ; ‘the angle EDC 
willbe obtufe. The 


pendicular AD (by the 11.) 
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_ © By this means, when we know one of the 

‘ angles which is made by one line ‘falling upon 

* another, we know alfothe other : as for ex- 

“ample, if'the angle EDB be one’ of 70 des 


“grecs, taking away feventy from 189, there 





| ‘will remain 110 for the angle EDC. This 


operation does frequently ‘occur in Trigono. 
metry; and alfoin Aftrosomy, for findine’the 
Eccentricity of the circle through which’ the 
* Sun annually paffes, FRG | Betis 


A A 





oe nan μμ ο... 
i) 2. 2P ROP OSIT? oN Zi 
A THE OR: M.) 


If two lines meeting: together at the fame point of 
another line, make with it two angles equal to 
two right'ones + - they will miake But one andthe 
fame line, : ο. x ne 


Pee SUppofe the lines CA, and 
| DA,to meet ac che point A of 
| the line:AB; and chat the ans 
| 









gles adjoysine, CAB, and BAD, 
are-equal to two right ones. 1 
ε —~ fay, theslines CA’ and DA are 
| but one and the fame line’; fo' thar CA being 
ἵ continued, will fall precifely.upon AD: | : 4% 

| Imagine 
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Imagine, if you pleate, thac CA continu’d 
will pafs on to B,, and from the centéz -A ‘de. 
{cribe,a circle. δν να 
PAPA Demonfiration. | ., are 

If you fay that CAE is aight tine, the-arch 
CBE will-be a femicirche. Bucetis: fuppos’d, 
that the angles CAB,,andB AD.are equal to ewo 
right ones ,and that cherefore their meafureis’2 
femicircle... Therefare, the -arches..CB8;> and 
CBD willbe equal; - which is impoilible, one 
being a part of the other. Therefore che:line CA 
being continu’d, will make but one and the 
fame line with AD. 


— .. rT 


PROPOSITION XV. 
AT wor EM: 5 UM 


If two right lines cut each other, the. appafite angles 
* at the top will be equal. sx «5: 
* x7 κορυφίώ, Excl. au fommer. Gall. 


ο F-ETihe lines AB and CD 
ο euveachother ac the point 
E:T fay, the angles AEC, and 
DEB, which are\oppofite “at 
α..; theitop, arey equal. 
id 18 Demonfiration, >: 
The line CE falling upon the line AB; make 


the 
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the anoles AEC and CEB equal to two riohc 
ones, (by the 13.) In like manner the line BE 
falling upon che line CD, makes the angle CE 
and BED equal to two right ones. Therefore 


ii | the‘angles AEC, CEB, taken together, are ει 


qual to the angles CEB, BED : therefore taking 
| away the angle CEB from both, the angle AEC 
| Will remain equal to DEB, (bythe 3. Maxime. ) 
| _ Gorell. 1. If cwolines DE, and EC, concur- 
| Ting at the fame point E of rhe line AB, form 

with it the oppofite angles AEC, DEB equal, 

DE and EC make bue one right line. 

Demouftration. 

| The line EC falling upon the line AB, makes 
theangles AEC, and CEB equal το two right 
| ones, (Ly the 13.) Tis fuppos'd: likewile that 
| the angle DEB is equal to the angle AEC. 
| Therefore the angles DEB, BEC, are equal to 
— | tWoright ones, And (by she 1 4.) the lines CE 
| and ED make bur one right line, 


The USE, 


Α΄ Thetwo preceding Propo- 





/ “prove, that two lines make 
ei ‘but one total. As for exam. 
* ple,in Catoptricks or Perfpe- 


# “fiutions are made ufe of to 


6 MAX | 


* tives ,where that is required - 


“to prove, thar of all the lines 
that 
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« chat can be drawn by reflexion from the point 
<A to the point B, thofe are che fhorceft, 
€ which make the angle of Incidence equal co 
€ che angle of Reflexion. As for example ; if the 
€ anoles BED and AEF be equal; the lines AE, 
€ and EB, are fhorter chan AF, and FB, f From 
‘che point B draw a perpendicular BD “and 
€ make the lines BD and CD equal ; then draw 
CEC,and FC, Firftin the criangles BED and 
“CED the fide DE is common; and che fides 
€ BD, and DC being equal, as alfo che angles 
«ΡΏΕ, and CDE; che bafes BE, ana CE will 
«be equal ; as alfo che angles BED, and DEC, 
“(by the 4.) In like manner I may prove, that 
“BF, and CF are equal, 
RS —Demonfiration. 

« The angles BED and DEC are equal, and the 
“anoles BED and AEF are fuppos’d likewife to 
be equal ; chereforé che oppofie angles DEC 
© and AEF will be equal; and (by the Carol. ο 
‘the τς.) AEC one right line; and by con- 
€ fequence AFC isa triangle, of which the fides 
«ΑΕ and FC muft be longer than AEC, that is 
ετο fay, than AE, and EB. Bur the lines AF 
€ and FC are equalto the lines AF, and FB 3 
€ cherefore che lines AF and FB are longer than 
«thelines AE and EB. And fince natural cau- 
€ fes always a@ by the fhorteft lines, the Refle- 


- exion will always happen in fuch a manner, that 


« the angles of Reflexion and Incidence may be 
« equal. | Furs 
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© Further, becaufe we can eafily prove, thac 
“all the angles that can be made upon a plane 
| ‘about the fame point, are equal to four right 
|, “angles; for as much as inthe firft figure of 
| ‘this propofition, che angles AEC and AED 
| ‘are equal to two right ones, as alfo BEC and 
| BED totwomote: we make a general rule 
| to determine what Polygones may be joyn’d in 
| © paving a Hall. Accordingly we fay, chat four 
| “fquares, fix crianoles, and three hexagones,: 
| ‘may be ufed for that purpofe; and that there- 
| ‘fore Bees are always obferv’d to make their 
| ο little cells of the laft , that is, of figures con- 
| © fifting of fix fides. 





PROPOSITION XVI 


A THEOREM. 


| The external angle of a triangle is greater than 
either of the internal oppofite angles. 


E yRoduce the fide BC 

of the triangle ABC: 

1 fay che external angle 

D AGD, is greacer chan ei- 

ther of che internal op- 

pofite angles, ABC, or 

| BAC. Suppofe the tri- 
x angle ABC to be mov’d along the line BD, . 

| Εν and 
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- and carry’d into the place of CED. 


Demonftration — [lie 

Tis impoffible thar. che triangle ABC fhould Le 

be fomov'd, bur che point A muft come into | ἡ 

| the place of the poinc E; and chen cwill ap- | ῄ 
| pear, chat the angle ECD, char is to fay, ABC, | 
| 


| qu is lefs than che angle ACD : therefore the in |Mu 
. ternal angle ABC is lefs than the external | ‘A 
| ye ACD, | th 


| NA _ Tis likewife eafie to prove, εἶναι che angle A {ή 
is lefs chan the external angle ACD: for hav- αι 
ing profone’d che fide AC. as far as F, the op- |) 
pofite anoles BCF, and AGD, are equal (by the | 

15.) Therefore caufing the triangle ABC to | « 
flide along the line ACF, 1 fhall demonttrace, | 5 
the angle BCF το be greater’ chan che angle {κ 


| The USE. i 
( 








| We may draw from this propofition many. | ή, 
© moft ufeful conclufions. As firft, chat froma | 
© point given only one perpendicualar can be fy 
“drawn to the fame line. For example, Sup- — 
| A εροῖς the line AB to be 
| © perpendicular to che line 
‘BG: Ifay, chat AC will 
an : 7 “not be perpendicular ; be- 
ad FE ο BD ‘caufe the ‘right angle 
€ ABD. muft be grearer than the internal angle | 
: ‘ACB; therefore ACB cannot bea right angie, © 
a “nor AC a perpendicular. Se- 


-_ 
<= J 


The Firfe Book, AI 
“Secondly, that from the fame point A can. 
“nor be drawn more than tWo equal lines; for 
“example; AC,-and AB ; and if you draw a 
« third as AE, it will not be equal co. the for- 
“mer. For fince AC and AD are equal, the an- 
“eles ACD, and ADC, are equal, (by the 5.) 
‘butin the "triangle AEG, the external anole 
* ACB is greater than the internal AEC: and 
€ therefore likewife the anole ADE, is greater 
* chan the angle AED. Therefore the lines AE; 
“and AD, are not equal; ner by confequence 
© AC and AE, 
‘ Thirdly, chat ifthe line AC makes the an- 
‘ole ACB acute, and ACF obtufe, the perpen- 
‘ dicular drawn fromthe point A will fall on 
“che fide of the: acute angle. For if you fay 
“chat AR is a perpendicular; and that AEF isa 
‘tight angle; the right angle AEF would be 
‘ greater chan the obtufe ACE. ‘'Thefe conclu- 
|| cf ions are ferviceable for meafuring Parallelo- 
“lograms, Triangles, and Trapefia, and to re- 
|  duce them into ‘Tectangular figures. 
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PROPOSITION XVIL 


A THEOREM. 


Any two angles of a triangle are lefs than two 
; right ones. 


ET the triangle be ABC; I 
4 fay, that any two of its angles 


are lefs chan two right ones. Pro- 
duce the fide CA coche point D. 
B € το  Demonffration. 

Theinternal angle C, is lefs chan the exter- 
nal BAD, (by the 16.) Add therefore to both 
the angle BAC; the-angles BAC, and BCA, 
willbe lefs than the angles BAC, and BAD ; 
yet thofe are but equal το co right ones, (67 
the 13.) therefore the angles BAC, and BCA, 
are lef chan two right ones. 

After the fame manner J can demon ftrate the 
angles ABC, and ACB, tobelefs chan two 
right ones, by producing ché fide BC. 

Coroll, If one angle of a triangle be a right,o 
obtife angle, the others are acute, | 

ἐς This Propofition is neceffary to demon- 
: fftrate thofe chat follow. 





taken together, as BAC, and BCA, 





PROP. 
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RAS 


| B D 


| qual to AC; then draw the line AD, 
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PROPOSITION XVI, 


A ΤΠΕΟΚΕΝΜ, 


In every triangle whatfoever the greateff fide is 
oppos'd to the greate/t angle, 

OA Uppofe the fide BC of the 
triangle ABC, to be grea- 

ter than the fide AC: I fay,the 
angle BAC, that is oppos‘d to 
the fide BC, is greater thanthe 
angle B , which is oppos‘d το the fide AC. 
Cut the line BC in D, fo thac CD may be e- 


Demonstration. 
Since the fides AC, and CD, are equal, the 


. | triangle ACD will be an T/ofceles,and (by the 5.) 

| the angles CDA, and CAD 
| whole angle BAC is 
| D: therefore the angle BAC is greater chan | 
| che angle CDA ; which yet, being an external 
| angle in refpe& of the triangle ABD, is orea. 
ἵ cer chan che internal B, 
uot À the angle BAC is greater 


> qual. Now the 


greater than the anole CA 


(6ythe 16.) Therefore 
than the angle B, 


PROP. 
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Tt ere SY 


PROPOSITION XIX. 


A THEOREM. 


In every triangle 
the greateft (ide. 


A 


C 


crianole BAC, be orea- 
ter than the angle ABC, I 
fay, the fide BC, which is op- 


tet than the fide AG, chat is oppos’d co the an- 


gle B. | eid 
Demon|tration. 


If the fide BC be not greater chan che fide | 


AC, tis either equal ; and chen the angles A and 
B would be equal, (4y the 5.) which 1s contrary 
co the fuppofition: or lefs ; andiffo, the fide 
AC being greater than BC, the angle B would 
be greater than the angle A, though che con- 
trary be {uppos’d. It remains therefore chat the 
fide BC be greater thanthe fide AC. 


The US E. 


S We may prove from thefe propofitions, 
# got only chat no More than one perpendicular 
| can 





the gréateff angle vs oppos'd to 


ET che angle A of the - 


pos’d το the angle A, is grea- ο» 
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‘can be drawn from the fame point to the: fame 
‘line ; but alfo thacicis che fhorteft of all. As 
Ry. for. example ; if che line RV 
ou" -Sbe perpendicular to ST, it will 
be lefsrhan RS: becaufé the 
‘angle RVS being a right, angle, 
“the angle RSV will be an acute, 








=e ee ee pe 


my Sy tr “(y the Corll, of the 17.) and 
the Tine KV Will be-tefs-than 
tie) © RS, ( by the preceding.) "Therefore ‘G eometri- 


ιν | ‘crans do always make ufe of a perpendicular, 
i 


4 ‘ when they take che dimentions of any thing, 
ve | and reduce irregular figures to fucir, as have 
rel} {one or more right angles... 1 add, that ic being 
ay. UMpoflible that more rhan three perpendiculars 


| ‘ fhould meet at the fame »poirit, it cannot be 
| Sutlagin’d chat chere fhould be-more than three 
dell “Spectres ot kindsofquantity, aline, a fuperfi- 
ο fl “ e1@s,-and.a folid body. RARE AS 

αν “By chefe propofitions we likewife pfove, that 
Hell : 2 bowlexa&ly. round-cannor reft: bue-upon 











ol ffuchia certain point. For example; lee the . 
col line AB reprefent a plane, 
rc the + he EAs ‘and C. the center of «the 
: | earth), and thac CA be 

| \ “drawn : perpendicular. το 

| 6 sxQ che line AB : I fay, that a 

| 9) 8 bowl), being : plac’d upon 
1 À ‘the poine B, cannot τε chere. For ja heavy 
"+ i “body cannot reft,: when itmay defcend,. Now 


] G the 
an! 


CR À 


Se πει τος 
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“che bowl B moving towards A continually de- 
“fcends, and approaches neater the center of 
the eatth C; becaufe inthe triangle CAB, the 
«perpendicular CA 1s fhorter than BC, : 


€ Ty like manner we ptove, that a liquid body — 


€ mutt Aow from Bro A, and chat its fuperfi- 
« cies πΠυ Ὡς round. 7 | 





PROPOSITION XX 
| ο A-TmEo RE M : yor 
Any two fides of a triangle taken together ave greaa 
ter than the third. En AP 


OR I fay that the two fides TLLV, 
51/1 are greater: than the fide. TV. 





by the definition of a right. line, 
which is che fhorteft that can be 
é 7 drawn from one point to another : 

therefore the line "TV , 18. lefs 
chan the two lines TL and LY. 

But it may alfo be demonfirated another 
way. Continue the fide VL to R, fo that the 
lines LR, and LT be equal; then draw the 
line RT. Demonftr ation, 

The tides LT, and LR, of the triangle LTR, 
are equal ; therefore the angles R, and LTR, 
areequal, (by the 5.) But the angle RTV is 

| oreater 


Some men prove this Propofition À 
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ὃν | greater thanche angle RTL: therefore the an- 
| gle RT'V is greater chan theangie R: and (dy 
the 19.) inthe triangle RTV, the fide RV, 
thacistefay, the fides LT and LV, are orea- 
certhan the fide TV. _ 


- οσο ee 


PROPOSITION. XXI 


A THEOREM. 


| If a {mall triangle be defcrib'd within a gréaters 
| sponthe fame bafe, the fides of the {mall one will 
be lefs than thofe of the greater ; but they will 
form a greater angle, 


ET the {mall triangle ADB be 


η Ë defcrib’d within che’ triangle 
F ACB, upon the fame bafe AB. I fay 


F p firft, the fides AC and Bu are grea- 
| cer than che fides AD and. BD. 
Continue the line AD to E, 

Demonftration. 
| In che triangle ACE, the fides AC and CE, 
are greater chan the fide AE alone, (21 the 20.) 
ie | J herefore adding to them the fide EB; the 


| 


yfides AC, and CEB, are greater chan the fides 

PAE, and EB, In like manner in. the triangle 

DBE, the two fides BE and ED are greater chan 

ithe fide BD alone, and adding the fide AD, 
2 


. the 
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the fides ADE,and EB,will be greacer than AD 
and BD. | | cha 

I fay furcher, chat the angle ADB is greater 
chan the angle ACB: for theangle ADB is an 
external angle in refpect of the criangle DBE, | 
and therefore. greater than the internal DEB | ή 
(by the 16.) In like manner the angle DEB, | 





being anexcernal angle ‘in tefpeQ of che trian- | iit 
ole ACE, is greater than the angle ACE, ) 
cherefare che angle ADB is greater than the ή 


angle ACB, 





The US E. [| 


‘By the help of chis propofition we demon- | 
“ftrace in Oprrcks, that che Bafe AB view'd | 
“from the point C , will appear lefs, than when} tm 
icisbeheld from the point D; according to | ln 
€ char principle, Thac qnant ities view’d under 9 tu 
€ a grearer angle will appear greacer, Therefore 
Cris, chat Vitravies advifes, not much to leflen | 
“the cops of very high Pillars, becaufe they, 
wi “being fo remote from our fight, quickly 

| ‘appear flender enough without being dimi- } 
| “nifh’d, 





PROP. 





mon- | 
. wd 

va J 
we À UOON the point B make an arch, © Then take the 
jé £0 i 
yndet À 
erefore | 
{efen À | 
| ABC, is fuch a one as you delire, 
πα 


qiffl | 
; 1 
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Gir a ns 
PROPOSITION XXII, 


A T HROREM, 


| To deferibe: a triangle, whofe fides (hall be equal 


to three fides given, provided that any two of 
them be greater than the third,” | 


ΕΤ ic be propos’d. to de- 


fcribe a triangle, whele’ 


fides fhall be equal ro three 

-B lines given, AB;D,and E. Mea- 

fure with the compafs the line 

2 D, and fetting one foot thereof 
line E, andplacing the fooc.of your compafs 
upon the point A make anothercarch, cutting 
the former at the point C- Which done draw 
the lines AC,and BC.. I fay that the triangle 


Demoiftr ation. 


The fide AG is equal tothe line E; becaufe. 


it reaches tothe arch, which is drawn from the 


| center A at the diftance of the line E ; and for 
| the fame reafon the fide BC is equal to che’line 
1 D : therefore’ the three fides AC, BC, and 
| AB; are equal tothe lines E,D, and AB: ---- 

| added a Provifo, tharthe tayo lines fhould 
N be greater than'the third: bécaufe otherwife if 
the 
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che lines D and E were lefs- chan the line AB, 
the arches could not cut each other. 
The USE, 
© This Propofition may be ufeful for defcrib- 
‘ing a fioure equal or like to another: for hav= 
“ing divided that, which is propos’d to. be 
“ equall’d or imitated, into triangles, ; and made 
“other triangles, having equal fides with the 
“former ; we fhall have a figure exactly equal. 
“Bur if we defire only one tbat is like, but lefs ; 
“as when we would defcribe a plain, or coun« 
“cry upon paper: having divided ic into trian- 
© oles, and meafur’d all cheit fides, we muft 
“make fimilar triangles ; giving to each of their 
‘fides fo many parts of a Scale, or line divided 
“imto equal parts, as che fides of che triangles 
“ propos’d have of yards or feet. 





PROPOSITION XXII 
A PROBLEM. 


To make an angle equal to another at a point of 4 
9 line given. 


‘Uppofe you were to. make 

an angle at the point A 

of the line AB , equal co che 

. angle ΕΡΕ. . Defcribe from 
Επ, che points A and D as centers 
two 
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two arches BC, and EF, at the fame widenefs 
of the compafs ; then cake che diftance EF, 

| and having meafur’d as much ac BC, draw the 
, || line AC. I fay the angles BAC, and EDF, are 
‘A equal. | se 
| Demouftration ο, 
| . The triangles ABC, and DEF, have’ the 
| fides AB, and AC , equal to the fides DE, and 
| DF; fince the arches BG and EE were de- 
ul, {crib’d with the fame widenefs of che compafs : + 4 
$; }) the bafes alfo BC and EF are equal therefore 
« | the angles BAC and EDF are equal, (2) the 8.) 


ut | pe The HSE. - 4 
| This Problem is fo neceffary in Geodefia,For- 
|) fications, Perfpetlive , Dialling, and all other 
{parts of the Mathematicks, thar the 6reateft 
part of their Operations would be impoffibfe; if 
we did not know how to make one angle equdl 
jtoanother’, or of fuch a namber of destdes'¥s 
we pleafe, nas fr, 
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MX ao: 
i pete he line DG equal το ΔΣ then draw the line }} 
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D rue Dh) ple ye Li gr sas | te 
PROPOSITION XXIV. ie 





ACE WE ORE M! μάς 

Of 1ο triangles, haying. each two fides equal to || — 

wo of the others that which basthe: greateff an- | 
_ gle, hasalfo.the greateft-bafen à ) 





perenne. ἂν PE che criangles ABC, DEF, *) 

Le JL have the fides AB.and) DE; 
por a | AC and-DF equal ; and; Lec the || 
| € anole BAC be greater chan the an- {| 


a4 G gle EDF... Lfay, the bafe BC is | 
oreater than the bafe EF. | 

RE 2. .: Make.the angle EDG equal to | / 
the angle BAC, (47.the 23+) % and 1] | 


EG. Firft che triangles ABC and -EDG,, ha- I 
‘ving the fides ABand DE, AC and DG, equal, | 
and the angle EDG equal, rothe,angle BAC 3] 
their bafes BC and EG will be equal (by the 4.) | 
and the lines DG and DF being both equal to | 
AC, will be equal betwixt themfelves. 
| ο Demonfiration. | 
“Inthe triangle DGF, the fides DG and DF 
being equal, che angles DGF and DFG will be 116, 
equal, (by the 9.) But the angle EGF 15 lefs lim 
than the angle DGF, and the angle EFG is“ 


greater than the angle DFG. Therefore io I 
the 
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the triangle EFG, the angle EFG wil! be orea- 
j) cer chan che anole EGF: and therefore (by 

the 18.) the line EG ορρος to the greater 
| angle EFG, will be greater chan EF, Therefore 
| BC, being equal to EG, is sreater than EF. 


PROPOSITION xxy, 


A THEOREM. 


| Of two triangles, having each two fides equal to 
if] two of the other, that which has the greateff 
bale, has likewife the greateft angle, 


EE the two triangles AB 


h D A 
ΙΑ / 6, DEF, have the fides 
in / \ / AB, DE ; and AC,DF, equal: 
‘ie / pres and ler. che bafe BC, be greas 
LE Ἑ 


B ο ter than, the bafe EF, 1 fay, 

| chat che angle A will be orea- 

Acer chan the angle D. | 

| | Demonftration, 

| :Tfche angle A be not greater than che angle 
ID; ic willlbeeither.equal, and chen’ the bates 
) BC, EF, will be equal, (by the 4.). or it will be 

jDijlefs. and che bafe EF greater chan the bafe 

ΠΡΟ, (4y-the 24.) bug both are.contrary,:cto the 








(elf fuppoGtion.. porn a (lags 
6 i, Thefe Propofitions:are, neceffary co de- 


if Monftrate thofe char come-after, ο. : 
Nr H PROP. 
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ΡΚΟΡΟΦΙΤΙΟΝ XXVK 


A THEOREM. 


If one triangle bas one fide, and two angles, equal to 
to thofe of another triangle ; tis equal to it 14 





all re pects. 

A oe the angles ABC, DEF; 

fo AGB, DFE, of che triangles | 

Ni ABC;DEF, be equal; and the | 
€” 5 fides BC, and EF, which are be- | 

ον rween thofe angles , alfo equal. |: 

AS I fay, ‘thac the other fides are 6- | 

κά ‘qual ; forexample, AC, and DF. | 


Imagine; if you pleafe,the fide DF | 
το be greater than AC 3 and cucting GF equal to | 
AC draw the line ΟΕ. 
.. GI Demonftr ation. | 
| SR The triangles ABC, GEF, have thefides EF, 
ii BC ; AC, GE, equal; the angle C 15 alfo fup- Jul 
μού tobe equal ro F. Therefore (bythe4.) the | “he 
triangles ABC, GEF, are equal in all refpectss Jp 
.. | and the angles GEF, and ABC, are equal. But \ 
is we fuppos’dthe angles ABC, DEF, to be equal: | 
ee) | and fo, the angles DEF, GEF, would beequal, 
ο... thatis, the whole to the parc; which'is im- 
πι poffible, ‘Therefore’the’ fide’ DE will not be 
at greater than chefide AC, nor AC gteater sa Γι 
ο | 2 









DF, becayfe the fame. demonftration may be 
made in the trianole: ABC; οι 
Again, fuppofe the anelesiA and D; C'and F 
to be equal; and alfo:rhefides BC, ang EF, 6p- 
pos’d coche angles A and D; tobetequal. I fay, 
uly | the other fides are equal, For i¢ DE-be ereater 
iy | than AC, cuc GF equal ro AC, and draw the 
| line GE. . Demoffration. ος 
| The trianoles ABC,.GEF, havine the fides 
ef; | EF, BC; FG, CA, equal, will ( by theva.) de 
les | equal in’ all refpe&s; and the angles EGP, 
{the | BAC, will be equal. But we fuppos’d, char 
ae | the angles A ‘and Dwereequal, therefore the 
qu | angles D, and EGF, muff be equal, which is 
re e- | impoflible, fince the angle EGR, being the'ex- 
pr | temal angle in.refpe&. of .the triangle :EGD, 
DF } Mult be crearer then the internal D, (Sy the's 6,) 
uw | therefore the fide DE is not greater than AC. 
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ip |. pf deales made ufe of this. propofition to mea 
ju | Suite dnaccetible dikances, For example: rhe 
(ects B ext} 1] ... ÿ < diftance AD being 
OU - = : 1 D hs 

LAON ON brie : SS © propos’d, he ivould 






à 














eal < draw from the point 

ou SSS “A the line AC per 

sit ο ECS, . pendicular t6 “AD : 

à ef, then defcribing afemicircle at the point ©, 
[ 


ke 


in Ould meafure the anele ACD, and tke an- 
alae D 2 other 
η τν 








































£ other.equal to it onthe other fide, prolonging 
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pues. 


“the line CB till ic met with che line DA ac the |, 
“point B5 and chen “demonftrated ‘the lines 
“AD and AB'to be equal: fo cha meafuring 
“ théline AB, which ‘was acceffible, he could 
“ know che other ‘which’ was not. For che two |! 
“triangles ADC, and ABC, have che right an- |! 
“oles CAD, and GAB equal, the angles ACD, | equl 
“and ACBare alfotaken’equal ; and che fide | 
“ACiscommontoboth : ‘therefore(by the 26.) | SF 
S the fides AD-and AB are equal. | 


ee 


\ 


Α LEMMA, | 


A-line which is perpendicylar to one of two pa-| 
rallels; 15 alfo pérpéndicnlar to the other. | Tal 


: ai x 1 otha 
A_:E 8 ‘Leccheparallel lines be AB, and}, 
CD , and lec EF be perpendicu-| 
| “larto CD. ifay, tis alfo perpendi-} | 
D culartoAB. Cut che line CF e-| A 

“qual to FD? and upon the points] 5 
ες arid D raife wo erpendiculars to CD, 
¢ which; by the definition of Parallels; willbe εἰ —_ 
qual το FE 3 then draw the lines EC and ED. 
Demonftration, ©  _” | 
€ The rriancles ΟΕΕ, and FED, have the| fra 


‘fide FE-common, the fides CF, FD, oN ily 


CUS 


eT | x à b es 
BD | x70 dif. “and the angles CFE, and ΕΕΣ, tight, and by} 


“comfequence equal ; therefore (dy the 4) che} rp 
bafes 





| 
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| Sbafes EC, ED, and the angles FED, FEC, and 
| “BCE, ΕΡΕ, will beequals ‘che two laftof 
“which being’ caken away from the right angles x 4 
£ ACF and BDF ,x leaye the cwo angles ACE, πΧ 
‘and ΒΡΕ; equal; therefore the triangles” i 
ni CAE, DBE, will have (67 zhe 4.) the angles 

m| DEB, CEA, equal ; which being added to the 
N “equal angles CEF, PED, make the angles 

αμ © FEB, and FEA, equal ; therefore the line EF 
1 is perpendicular co AB. 





PROPOSITION XXVIL 


f A ΤΗ ΚΟ ΕΜ 

| Ifa line, falling upon two others, makes with them 
the alternate angles equal, tbofe two lines are 
parallel, 


ET'the line EH, falling 

upon the lines ΑΒ’ and 

=. CD, make with them the 
‘1 alrernare angles AFG, FGD 

“equal, 1 fay firft, che fines 
AB, and CD, will never 

concur, though continu'd as 

| far as you pleafe, For fuppofe them ro concur 
IN in I, and that FBI, and GDI, are cwo right iines. 
| Demonftr ation. Ve 

If FBI, and GDI, be two right lines, FIG 


15 










































58 
isa triangle 5 5 and (by the 16.) the external an- 
ole AFG, is: greater chan the internal FGI. 


“They cannot therefore. be equal, if the lines 
AB and CD ever con cur. 
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“But becaufe we have examples of fome 
€ crooked lines, which never concur ; and yet 


ie care not parallels, approaching fill nearer and 


“nearer to each other, 
. fay fecondly, chat if the line EH, falling 
| upon rhe lines AB,and. CD, makes 
the alternate angles AFG , and 
FGD equal ; the lines AB, CD, 
- are parallel, or in all; refpeds e- 
7, “qually remote from each other, 
AT 5 fotharthe perpendiculars between 





eA: See chem will be equal. ..From the | 


point, G draw che perpendicular 


°GA to the liné AB; and taking GD equal to 


AF, draw FD. 
Densonfiration. | 
“The triangles AGF,°and FGD, have the 


bay À FG commons. the fide GD is-alfo taken 


equal roche fide AF, and the angles AFG and 


.FGD fuppos’d to be equal. Therefore ( by the 


4.).thebafes AG and FD are equal, and the 
Sete CDF is equalro the right angle CAB ; 
therefore FDis perpendicular. I add, that the 
line.AB is parallel co CD : for the only paral- 
fel line that can be drawn from, che point F to 


the line CD, ought to pafs by the point A, ac- 


cording 
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cording tothe definition of Parallels; which're. 


quires, that the perpendicular lines AG and 
| FD be equal. | | 


ps Gr reines 


PROPOSITION XXVIII. 
A THEOREM, 


S| Jf a line, falling upon two others, makes the exter: 
nal angle, equal to the internal oppofite angle on 
the fame fide ; or the two internal angles on the 
fame fide equal to two right ones ; thofe twe 
lines will be parallel. 








cnet 

m tit} FN che precedent figure, fuppole the line EH, 
ολ |= falling upon AB,and CD, co make firft the 

ui) 10 | €xternal angle EFB equal το the internal oppo- 

| five angle on the fame fide FGD. I'fay, char che 

[lines AB, and CD, are parallel. 

| Demonflr ation, 

The angle EFB is equal to the angle AFG, 
being oppos’dto it at che top (by the 15.) and 
[tis fuppos‘d: that the angle FGD ‘ts alfo equal 
[ro che anole EPB; therefore the alrernare atts, 
Bi | gles AFG, FGD, will be equal ; and (by the 
if 27.) chelines AB, and CD, will be parallel. 
ik} I fayin the fecond place, that if the angles 

IBFG, and FGD, which are the internal angles 
jon che fame fide, be equal totwo tight ones, the 
| lines 
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lines AB and CD will be parallel. 

Demonfir. The angles AFG and BFG are 
equal to cwo right angles, (y the 13.) and tis 
fuppos’d that the angles BFG, and FGD, are 
alfoequal to two tight angles ; therefore the 
angles AFG, BFG., are equal to the angles 
BEG, and FGD; therefore taking away the 
angle BFG, which 1s, common to both, the al- 
ternate angles AFG and FGD will be equal 5. 
and: (by the 272): thelines AB. and CD will be 
parallel. 


Sins py VAÉRSEEE ge SS © NES 
PROPOSITION XXIX. 


A THEOREM, 


aline cut two, parallels, the alternate angles 
will. be equal; the external angle will be equal 
tothe internal oppofite angle ; and the two ine 


ternals .on the fame. fide will be equal to two | 


right angles. 


EET che line EH fee fig, preced.] cut the two 
parallels AB, and CD; 1 fay firft, che al- 
ternace. angles AFG, and FGD, are equal. 
From the points. F and G draw the perpendicu- 
lars GA, and FD, which by the definicion of 
Parallels are equal. 
Demonftration. 


In the reangle triangles AFG, and Fes 
che 
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| the fides FD and AG beine equal, 48 alfo the 

| might angles A and D, and. the fide EG common 

| toboth: I fay firtt, chat che fide GD, is equal 

| to AF. Forif GD be greater ; having-cut che 

| line DI equal to AF, and drawn the:line:FZ; 

| the triangles AFG, and FD/, would-have their’ , 

| bafes. GF and ΕΙ equal which is impofhible, ye ϕ- 
. | For fince the angle Dis a right angle, the angle | 

| FID is an acute;and F/G an obtufe, (62 the 13.) 

| therefore (by the 18.) inthe triangle FIG, the 

| fide FG oppos'd toche obtufe angle , is greater 

| than Fd, . Therefore DG is equal to AF ; and 

| the ctiangles AFG and .FGD, having all their 

} fides equal, will have che alcernate angles AFG 

j and FGD equal, as being oppos‘d to the equal! 
i fides AG, and FD... :,, ; 
| . Lfay again, char the,external anole: EFB is : 
| equal co the internal EGD, becaufe (by,the.1 5) 
» fit 15 equal co its oppofite AFG, which is equal 
| to.its alcernate FGD, - | 
| Lafly, fincethe angles AFG and GFB:are 
[equal to;ewo right ones; caking away. AFG, 
and fub{tituting in its place its alternate FGD, » 
- [che two.internal angles GFB, and FGD will 
[ο ασια] το two: right angles. te sly 








ση (19) 
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“ Exatoftenes found out by thefe Propofitions 
[a way. of meafuring the circuit or ,circumfe- 
| rence 


ses 


SRE RE 











6a) ‘The Elements of Euclid. 
«rence of the Earth. In’ order to which he fup- 
€ pos’dtwo rays, proceeding from the center. of 
“che Sun to ewo points of the earth, tobe phy- 
“fically parallel ; and alfo that ac Syene, a town 
in the ‘higher parts of Egypt, the Sun comes 
SexaQly to che Zenith upon che day of che Sols 
af flice)Cobfervine the Wells’ there to be chen 
¢ illuminated’ to the very bottom: and fikew:fe 
€ compiiced che diftince ‘between Alexandria’ | 
‘and Syene by miles, or'furlong’s, ο το 

| ¢ Let us therefore fuppofe S7- 
“exe tobe itthe point À, and 

€ Alexandria at B, where we: | 

ered à ftylé BC! perperndicu= | 

on Ἴατ to the Horizon; and [ες | 

EF! «the ewo lines DF’ and EGre: | 

 prefent che to rays pPoceeding from the cen- | 
€ ter of the Sun’ upon: ‘cheday of the office, |, 
“which are parallel to each other.” DA, | 
€ which paffes by Syene, is perpendicufary that | 
“is, iepaffes through the center’ of ché earth. 
€ Having obferv'd by che ‘perpendicular ftyle | 
© BC the angle GCB, madé by the ray of the’ 
€ Sun EG;] fay,rhe raysDA and EG beine' paral’ | 
“lel, the alternate angles GCB and BFA are’ 
“equal ; by which means we have gor the angle | 
€ AFB, and its meafure AB ; which gives us in | 
« degrees the diftance between eAlexandria and | 
¢ Syene. And having fuppos’d it to be known | 
¢in miles, che circumference of che earth pe | 

e 
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; | «δα found by the fimple Rule of Three, fayin 


So 


« If fo many degrees give fo many miles, how many 
* will 360 give ? | iQ 


PROPOSITION XXX. 


A THEOREM. 


| Lines parallel to.athird, are alfo parallel among 
themfelves. 


Gros the fines AB, 
and FE to be parallel 
(ο che line CD: 1 fay, 
they:are parallel betwixe 
chemfelves.. Lerthe line 
GL:cut them all chree, 
1, Demonftr ation, 

|" For asmuch as the. lines} AB and CD are pa- 
| rallel, che alternare angles AHI, and HID,..are 
_, | equal, (dy thé 29,) and. becaufe, the lines. CD 
and FE are alfo parallel, , che, external angle 
| HID willbe equal to che internal ILE; | dy 
"| the fame] therefore: the ,alrernate angles AHI, 
| and. ILE, will be equal,.and the lines AB and 
| FE parallel: (by the 27.) 


Bs POP: 
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PROPOSITION XXXL 


A PRoBLEM. 


To draw a line parallel to another by a point given, 


D 


a ’ 


τε it be requir’d todraw | 
FA a line by the point C, | 
ὁ which fhall be parallel co the | 
ie line ΑΡ. Draw the line CE, | ¢ 
Aue -E~ Ἡ andmake che angle ECD e- 
qual to the angle CEA. I {ay the line CD is pa. 
rallel to AB. Demonftvation. : 
The alcernate angles DCE and CEA are e- | 
qual : therefore che lines CD and AB are pa- | 
rallels. | 
‘The elesench Maxime, i.e, If aline faking | 
“pon two others makes the internal angles lefs than | 
“rwo right angles, thofe'lines will concur, may allo | 
© now be eafily demonftrated. Ret: | 
A Ἐ : Lec che fine AC, falling 
| upon the lines AB and CD, 
make-'the : internal angles 
D  ACD,:and CAB; είς than 
F G ctworight angles: I fay chac 
the lines AB and CD will: concur. Let che an- 
oles AGD and CAE be equal to two fight an- 
gles: che lines AB and CD will be cua 
y 


6 = 








[ 





(7) 


draw 
ιο 
the 
CE, 
De 








ή Dde 

| 
ec) 
ep | 


η 


than | 






> The Farft Book. © 65 
[bythe 28.1 Take the line AB as long as you 
pleafe, and by the’ point B draw EF parallel to 
CA. ‘Then take the line EB fo oft as is necef- 
fary, to make it reach lower than the line CD ; 
as in the prefenc figure I. have taken it only 
twice; fothat EB and BF are equal. By ‘the 
point F draw a parallel FG equal to AE, and 
joyn the line GB. I fay chat the line ABG is 
only one line; and chat therefore the line AB 
concurring in FG , ifthe line CD be conti. 
nu’d, fince it cannot cut its parallel FG, ic will 
cut the line BG between B and G, 
| Demonffrätion. 

The triangles AEB and BFG have che fides 
AE and FG, BE and BF, equal ; as alfo the al- 
ternate angles AEB, and 'BFG,' (dy the 2ο.) 
therefore they are equal in all refpeéts, (by the 


| 4-) And the oppofite angles ABE, and FBG, 


are equal; and by confequence [bythe coroll, of she 
15.] ABand BG make but'one right line. 
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The 4 SE. 
‘The ufe of parallel linés is very common ; 


ances or images of lines parallel το che piâture 
“or table, are parallel among themfelves. In 


(D, à as in Perfpetlives, for as much as che appear- 


|° Navigation, the lines of the fame Rhomb of 


“che wind are defcrib’d ‘by Parallels.” Polar 

| Dials have che hour-lines parallels, The‘Com- 

“pats of Proportion 15 founded alfo upon paral- 
els. 


υ i! | PROP 
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PROPOSITION ΧΣΧΠ, 


A Tukorem, 


The external angle of atriangle is equal to both | 

“the internal oppofite angles taken together s and | 
all the three angles of a triangle are equal to two 
right angles, | | 


A | ἵ ΕΤ the fide ΡΟ of the |: 

criangle ABC be pro- |. 

duc’d to D: I fay, chat | 

the external angle ACD 

: ___ is equal το both the inter- | 

+ © D. nalangles A and B taken | 

together. By che point C draw the line CE pas | 
tallelito the line AB. aq 
; Demonstration. - 
_ The lines AB and CE are parallels, therefore. | 
[dy the 29.] che alternate angles ECA and CAB | 
are equal ; and [by the fame| che external angle | 
ECD is equal tothe internal B. And by con- | 

fequence the whole angle ACD, being equal to 

both the angles ACE, and ECD, of which it is: 
compos’d, will be equal το both che angles À |: 
and B caken together. : | 
In the fecond place. . The angles ACD and: | 
AGB are equal το two right. angles,(dy.the 13.) | 
and I have demonftrated the angle. ACD tobe | 


equal co both che angles A and B taken toge- | 
ther 3 
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ther; therefore the angles ACB, A! and B, 
that is co fay sall the angles of the criangle ABC, 
are equal to two right angles, or, which is all 
one, (0 180 degrees, me 

Corollary x. AI che thrée angles of one tri- 
| anole areéqual to all the three angles of another 
ntm | triangle, | 
Caroll. 24 VE two angles of one triangle be 
Léqual” ro two angles of another triangle, their 
third angles are alfo equal, é 
πο Coroll. 3, Ifa trianele has one right angle, 
the other two will be acute + and ‘takén toge- 


oe 


ba 
Se — LS 


RER αμ---.-- 
«σσ 





Sa κας -ἕ---ως. 


> P . PA 
‘cher will be eqtial co one tight anole, SH 4 
| 2!:Coroll 4% FroM'a pointe siven onely one pér- 
_| pendicular can be drawn to'the fame litte ; ‘be- 





| Caufe à triangle cannot have to tele: angles: 
|! Coroll.' 5. l'A perpéiidicular is thé fhorrefl of 
all the lines, chat can be‘drawn from che fme 
[point to che fame fine,’ ο 903 ατα τον Se 
Coroll, 6, Ina’ feétangle! triangle the righe 
angle is the greaceft angle, and the file οῤβος ἆ 
co ir the creareft fide. 

Coroll 7. Every angle of an equilareral tri- 
angle contains 60 degrees ; that is to fay, the 
‘third parc of 180, 


The HSE, 


© This Propofition is of ufe in Aftronomy to 
"determine the Parallax, Suppofe che poin, 


À 
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‘ cA to bethe center of the.earch ;-and-chat from 
€ che point. B. upon che; fuperfi. 
© cies: be taken the: angle DBC, 
€ chat is to fay, the, diffance of a 


€ flar from the Zewrh D; Ifthe | 


€ earth was cranfparenc. che ftar 


‘would appear remote from the | 


€ Zenith D, according’ tothe,bignefs. of che an- 
‘ ole GAD, whichis els chan the angle, CBD. 
e ‘For the angle CBD being an external, angle 
‘im refpect ofthe triangle ABC, itis (by the 
© 32.) equal to, both che oppofite angles À and 
, C. Therefore the;angle C;will be equal το 
€ the excefs of che angle CBD above the angle 


SRE Whence. infer, that. if J.can know “by 1 


“the <4 féronomical tables how far remote from 
€ the Zenith the -{tar, ought, to, appear co: him 
€ chat fhould be. at the center of qe earth, and 


€ obferve ic at the fame time from the fuperficies, 
the difference of chofe two angles. will be the | 


© Parallax BCA, | 





oe 
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PROPOSITION XXXIII. 


A THEOREM, 


| Two lines drawn towards the fame parts, from the 
| extremity of two otker lines thar are equal and 


parallel, are—alfo themfelves equal and paral. 
lel, 


By ET che lines AB and CD 
4 be parallel and equal ; 
and Jet che lines AC and BD 
’  bedrawn from their extremi- | 
Wi _ tes towards the fame parts; 
fon) Lfay, chat che lines AC and BD are equal and 
bin). parallel. Draw the Diagonal line BC. 
Demonjftration, 
su} Since the lines AB and CD are parallel, che 
‘ie the alrernate angles ASC and BCD will be 
| equal(by the 29.) therefore inthe triangles ABC 
! and BCD, which have the fide BC common, 
| and rhe fides AB and CD equal, together with 
| the angles ABC and BCD equal alfo, rhe bafes 
y AC and BD will be equal, (by the 4.) and alfo 
)P,f the angles DBC, and BCA: which being al. 
| ternate angies, je lines AC and BD willbe pa- 
N rallel, (bythe 27. ie 
| ή The HSE. 
I) This Propoñtion’is: reduc’d το praûice for 
| K the 
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‘che meafuring the perpendicu- 

lar hights, AG, of che vafteft 

j |. Mountains ;! and) alfo their hort- 

H © zontal lines, CG, which are hid 

‘by their bulk, Take a large fquare 

€ EG ‘ ADB,and place i fo at the poinc 

, © A, chat the fide DB may fall per- 

© pendiculasly ; then meafure the fides AD 

¢and DB. This done, do the fame again at the 

« point B, and meafure BE and EC : the fides 

¢ parallel το the horizon, AD, BE, added toge- 

‘ther give che horizontal line CG; and the 

€ perpendicular fides DB and EC, give the per- 

© pendicular hight AG. This way of meafur- 
‘ing is called * € ultellation. 

% Meafuring by piecesmeal. 


PCR AR PE RTS EN none Cu TENTE ης 


PROPOSITION XXXIV. 


A THEOREM. 
The oppofite fides and angles of a Parallelogram 
are equal ; and the diameter divides it intotwo 
equal parts. 


‘Uppofe the figure ABDC [Yee the fig. of the 
preceding Ῥγορ.] to bea Parallelogram,that 
isto fay, chat the fides AB, CD ; AC, and BD; 
are parallel. I fay, che oppofite ides AB, CD ; 
AC, and BD, are equal ; as.alfo that the angles 
Α 
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| A and D, ABD, and ACD; and that the dia- 
| meter BC equally divides the whole figure. 

| Demonftr ation. 

The lines AB, and CD, are fuppos'd to be 
| parallels: therefore che alternire angles ABC 
and BCD willbe equal, (bythe29.) In like 
is | Manner the fides AC and: BD being fuppos’d to 
AD | be parallels. che alternate angles AC Band € BD 
| will be equal. And further, che triangles ABC, 
| BCD, having the fame fide BC ; and che an- 
| gles ABC, BCD; ACB, and CBD equal, will 
| be equal in all refpe&s, (by the 26.) Therefore 
+ | che fides AB, CD ; AC, and BD, and the an- 
gles A and D, are equal: and the diameter 
| divides che figure. into ewo equal parts. And 
| fince the angles. ABC, BCD; ACB, and CBD, 
p are equal, joyning together ABC and CBD + and 
| likewife BCD and ACB, we infer that the Op- 
| polite angles ABD, and ACD are equal 


The USE, 
| A’) .£ B © Surveyors have need of this Pro- 


| + pofirion for dividing grounds. If 
1 “che field be a Parallelogram, they 
INT. can divide it into two equal parts 


| CG. : D ,by che diameter AD. But if you 
|‘ be oblig'd το divide it by the point E : divide 
| ‘firft the diameterinto two equal parts by the 
| © point Ε, chen draw the line EFG, which will 
vs | § divide che figure intotwo equal parts.’ For 

Ay ον (Re the 
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“the triangles AFF and GFD, having the after- 
“nate angles «ΑΕ, FOG: and AEF, FGD: 
“and the fides AF and ΕΡ equal, are equal, 
* (67. the 26.) And fince the Trapezium BEFD 

with che crianole EF; that is to fay, the cri- 
‘anole AD :, is half the parallelogram, (by the 
* 34.) the fame trapezium BEFD with che tri- 
“angle DGF will be half the fame. “Therefore 
* the line t G divides it in the middle, 


PROPOSITION XXXV. 


A THEOREM. 


Parallelograms, having the [ame bafe, and being 
between the (ame parallels, are equal, 


ς Ε Ἐ DJ ET the Paralleloorsms 
" be ABSEC, and ABDF, 
having the fame bafe A3, 





and being between the fame 


parallels AB and CD. I fay, 
they are equal. Demonflration. 


The fides AB, CE,are equal; (47 the 34.) as | 


allo AB, FD: rherefore:CE and F D are equal ; 
and adding co them BF, the lines CF and'ED 
will be equal,, The triangles therefore CFA, 
and EDB, have the fides GA,EB, as alfoiCP sand 
ED equal, together with the’anelés DEB, and 
FCA, (4y the 29.) one -being ‘an external, 4 


eme ae 


τος 
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frer. | theother ancinternal angle. on the fame fide. 
1D; }) Therefore (by the 4.) the: ttiancle ACF and 
ua À BED οτε αμ! and taking fiom them both, 
μη] that which is common, wiz. the little trianele 
trie |) EGP, checrapezium FGBD will be equal to 
yk) the trapezium: CAGE :‘:and° adding το both 
ie] the criancle AGB, che Parallelograms ABEC 
ue | | and ABDF wil} be equal 


The HSE, 


* Scotus; and fome Divines fince him, have 
‘made ufe of this Propofition to prove, that 
| Angels may extend themfelves to what {pace they 

< pleafe. For fuppofing they can aflume any 

* figure, ‘provided: they have not a greater ‘ex. 

£cenfon: itis evidenr, that ifan Ancel fhould 

7 poñefs the {pace of the Parallelogram ABEG, 

‘at may likewife occupy the (pace « of the Paral 

‘ Jelogram ABDF ;: and: becaufe parallels may 
“δε continu’d #7 infinitum, (without ends) and 
© Parallelogramis maybe ftill form'd longer:and 
i © longer, which will all be ecual to ABEC ; ; an 
| © Angel will beable το extend it felf (till farther 
‘and facther. 










































A Déminftration of the fame Propofition by 
Indivifibles, 






- € This method was lately invented by Cava- 
ή | nu Which has found different acception in 


the 
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“che world, fome approving, and others reye&- 
fine ic) His method :confiftsin this ; that we 
“imagine fuperficies’s co be compos’d of lines, 
SJiké fo many threds And tis certain, chat 
“wo pieces of linnen Will be equal, if chey have 
“both che fime number of threds, of equal 
“length, and equally compacted. 
‘Lee two Parallelograms 
oF) therefore ABEC, and ABDF, 
be propos’d, having the fame 
bafe AB,and being between the 
A 8B fame parallels AB,CD. Divide 
the parallelogram ABEC into 
€ as many lines as you pleafe, parallel co AB, 
€ which «continue το the other parallelogram 
©ABDF. Tis evident there will be no more in 
© one, than inthe other : and chat they will be 
«lof equal lengch, being all equal to the bafe 
¢ AB; and chat chey will not be more clofely 
© compacted in one, than in the other :“thete- 
© fore theparallelograms will be’equal. | 


PROP. | a 
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| PROPOSITION XXXVI. 


A THEOREM. 


quil |? araelograms, upon equal b afes, and between the 
À fame parallels, are equal, 


ie [A F__G_E T ET che bafes CB and OD 
πε | of the parallelograms AC 
whe | BE, ODEG, be equals; and 
ke oe let both be between the fame 
νά parallels ΑΕ, CD. I fay the 
4p. | Patallelograms are equal. Draw the lines CG, 
! ; land BE. Demonftration. 

a |. The bafes CB,and OD, are equal : OD, and 
“ee IGE, are alfoequal : therefore CB and GE are 
el equal, and parallel ; and by confeqnence (ac- 
| x cording to the 33.) CG and BE will be equal and 
er] parallel ; and. CBEG will be a parallelogram 
I Vequal το CBFA, (dy the 35.) having both the 
yfame bafe. In like manner, taking GE for the 
bafe,the parallelosrams GODE and CBEG will 
be equal, (by the fame.) Therefore the paralle- 
lograms ACBF, and ODEG, are equal. 


The USE, 

* We oft reduce parallelograms, which have 
oblique angles, as CBEG, or ODEG, to te- 
Ctangles ; as CBFA : fo that meafuring’ the 
* Jacter, 








Of 
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© Jaccer, which is eañe, being only co multiply 
“AZ by CB, che prodvé being equal το the 
€ parallelogram AC<F, we may by ‘confequence 
“know che other parallelograms CLEG, ος 
“ODEG. 


te, 


σε. 





PROPOSITION XXXVI. 


A THEOREM. 


Triangles having the fame bafe, and being between | 


the fame parallels, are equal, 






À B CUT 

ou Foe ανα CDE, have the fame bafe | 
\\ fo \ . CD, and be inclos’d between , 
GONE FAN the fame parallels ΑΕ, and | 


G H CH, they will be equal. Draw 
che lines DB, and DF, parallel το the lines AC, 
and CE, and you will have form’d two paral- 
lelograms. 
Demonfiration. 
The Parallelograms ACDB, and ECDF, are 


equal (by the 35.) and the triangles ACD, | 
CDE, are che halfs of thofe VParallelograms, 
(by the 34.) Therefore the triangles ACD, | 


CDE, are equal. 


F the triangles ACD and | 





PROP. |: 
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PROPOSITION, KXSVIIL 


A THEOREM 


Triang'es, that have equal bafes, and are tncles’d 
witbin the fame parallels, “are equal. 


F the triangles ACD, and EGH, [fee fig. 
preced.| have equabbafes CD, ano GH, and 
are inclos’d within che fame parailels AF, and 
| CH, choy. areequaly,.. Draw. the lines. Bi.and 
HF parallel to che fides;AC;.and EG; and you 
| will have form’d tivo parallelograms. 
| | “>! Demonftr ation, 
| © The Parallelograms AC DB, and EGP, are 
i equal, (by the:36.) and che triangles ACD and 
EGtH me «the, halfs of thofe paraliclograms, 
(y the:34.) therefore they are alfo equal. 





The Ὁ δει: 
| SWe have in rhefé propoñrions ἀῑτεστιοβα for 
|‘ dividine’a triangular field into-cwo equal parts; 
|. À -* for! example ‘the triangle ABC. 
© Dividé thé fine which you! wall 
“take for the bfé; as BC, into two 
“equak paresin D: F fy the’ trian- 
| B 6 Octeg ABD, md ADC, arelequl. 
iS Pot if youTuppofe'a line drawn by A, parallel 
fo BC, thofe'triangles Will have equal pati 
| L “anc 
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€ and be inclos’d within che fame parallels, and 
“by confequence will beequale Other Divifi- 
Sons, grounded upon the fame propofition, 
miohr be made; but 1 omic chem, chat 1 
‘might not be tedious. 





PROPOSITION XXXIX. 


A THEOREM 


Equal triangles, upon the fame bafe; are within 
the {ame parallels, 


E EE the crianoles ABC; and 
DBC, having the fame 
bafe BC, be equal 5 the line 


ee 
oe 
AD drawn by the cops will 
be parallel to the bafe. For 


a dedi 
if AD and BC be no paral- 


jel ; if you dratva parallel by che point A, It 
will fall either below che line AD, as AO 3 or 
above ir, as AE. Suppofe ic to fall above, and 





produce BD till ic meet the line AE, at the 


point Ε, 5 then draw the line CE. we 
Demonftration. 

The triangles ABC and EBC are equal, (61 
the 38.) fince the lines AE and BC are paral- 
lel; “tis likewife fuppos’d thac the criangles 
ABC, and BDC, are equal : cherefore the tri- 
angkes 
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M }| angles DBC and EBC would be equal ; which 
le Ἡ is impoffible, the firft being part of the fecond. 
1, À Whence I conclude, that a line parallel to BC 
I À cannot be drawn above AD, as AE. 
Tadd, chat chat parallel cannot-be below AD, 
- | as AO : becaufe the triangle BOC would be 
| equal to the triangle ABC , and by confequence 
to the triangle DBC ; that is co fay, the part 
| would be equal tothe whole, Ie muft chere- 
| fore be confefs’d, chat the line AD is parallel 
to che line BG. 


| PROPOSITION XL, 





A THEOREM, 


ken upon the fame line, are between the fame pac 
rallels, 
r the equal triangles ABC 
and DEF, have equal ba- 
fes AB and DE, taken upon 
the fame line AE: the line 
CF drawn by their cops will 
be parallel to AF. Forific 
be not parallel, having drawn 
by the point Ca line parallel co AE, it will 
‘Mpafs either above CF, as CG; or below it, as 
ples HCI, ‘Demonftration, } 
i'l © Mit pafs above CF, as CG, continue DF till 
L 2 


It 
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Mf) Equal triangles, having equal bales, if they be tar . 


f 


yy 


See 
— το -μετοτν- 


So = 
----------- = 


σπα = Se Se 


ie ee SS 
CR 
















Μα 





So The Elements of Euclid. 


ic meet with CG in G3 and.draw the line EG. 
The ttisneles ABC and DGE would be equal, 
(6) obe 38!) and ABCand DEF being fuppos’d 
to be equ 1, DEF, DGE, would’ be alfo equals 
whi. hpone being parvofiche other, cannot pof- 
fibly be chereforé the parallel cannot: pafs a- 
bove CF: Ladd, that neither can 1t pafs below 
ir, as CI ς becaufe chenicherriinotes ABC and 
DEI would be equal, and by confequence DEI, 
and DEF the part md che whole, ‘Therefore 


only CF can be parallel to AE. 








ον pe D Le PC 


PROPOSITION ΧΙΙ. 
A THEOREM 


A paralbelogram will be double to a triangle, if 
they be between the fame paraliels, and bave 
equal bales. 





Ao gD ag. E JF thé parallelogram ACBD, 
\ | σ and the criangle EBC, be 
NX ba between the fame parallels 
Np AE and BC; and have the 


© Bon . fame bafe BC , ot only equal 

bafes 5 the parallelogram will 
be double the criengle. Draw che Ime AC. 
Derconftration. 


The ‘triangles ABC and BCE sreequal, (6 


the 
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GA the 27.) Bucthe parailelovram ACBD is dou- 





wi fore coublelthe triangle BCE, , Ir would be alfo 
li I double atrianglé, that. b ving a bale equal to 
ot | BC thouta be becween che fame parallels. 

re The USE. 

lov À us 
aif A 26 Της ordinary method of meafurs 
El |: | NE x Ing che area or fuperficies of 2 triane 
1 4 ‘ y cha à ἳ Lie i 

A PORTANT LEE buile upon this propoñtion. If 


EC “chegriangle A FC be propos’d; from 

“che angle A. we muft draw AD: per 
— I Spendicular to the bale BC 5. rhen multiplying 
€ the perpendicular AD by half che bafe BE, the 
B “produét gives the area of the triangle : becaufe 
1*mulciplying AD, or, what is che fame, EF by 
| “BE, we have a rètangle BEFH, which 15 e- 
“qual to the triangle ABC. For (dy the 41.) 


oe 
eo) | 
ey 


rer 


| 
le, WY 3 rae " po 
rl othe criangle ABC Is half the reangle HBC 


ερ. and fo likewife is the rectangle BEFH, 
| © We meafure all forts of rectilineal figures, 
‘as ABCDE. by dividing them 

















“pf) 

DU) F a ς ει 
μμ] into triangles. as BCD, ABD 
Uy x} 3 | * À 
ais p ‘ABD ; drawing the lines AD, 
shee and BD; and rhe perpendt- 





i il € culars CG, BF, and EL. For 
“Me multiplying half of BD by CG, and balf of 
(. HS AD by BF, and by EL, we have che area of all 
~ Bthofe criangles: adding which together the 
(yp, wmme is equal to the reétilineal figure ABC 

yp)’ DE. We 


Re 
i 
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hi 
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© We find che area of regular Polygones, by 
9 ‘from cheir cen- 

VA" ae 
KL ο ΄ multiplying A 
‘ srianole AIB : and repeating the fame for all 
‘will have the fide KO compounded of all che 

‘the perpendicular 1G. 

“toa retangle compris d under the femidia- 


82 The Elements of Euclid: 
€ multiplying half cheir circuit bya perpendi- 
E D cular drawn 
NAP 
Τ ‘ter το one of 
“their fides, For 
ee iF ‘G by IG, we 
“fhall have a reétangle HKLM equal το the 
© the other ctiangles, caking always half of the 
* bafes, we fhall have a retangle HKON, which 
* half bafes, and by confequence equal to half 
‘the circumference ; and the fide HK equal to 
* Tis according to this principle, chat Arch:- 
“ medes has demonftrated, chat a circle is equal 
“meter, and a line equal to half che circum- 
ference. 
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PROPOSITION ΧΙ, 


A PROBLEM. 


À To make a Par alelogram equal to a triangle gi. 
|) ven, baving ont angle equal to an angle given, 


aS pat 3 patallelooram be dec 
fir'd, equal to the trianole 
E ABC, and having an anole e- 
DC qual to the angle E, divide the 
oY afe BC into two equal pats 
léflac che point D: and draw the line AG paral- 
Blelto BC, (dy the 31.) then make the angle 
«ΡΕ equalto B, (47 the 23.) and laftly, draw 
. the line CG parallel to DE: the figure FDCG 
™ Wis a parallelogram, becaufe the lines EG, DC : 
FD, and GC, are parallels, and its angle CDF 
Wl Fis equal tothe angle E ; and further, tis alfo 
 fequal co the crianole ABC. | 
Demonftration, 
Ht Thetrianole ADC is half che parallelocram 
FDCG, (by the 41.) cis alfo half the triangle 
HABC ; fince che triangles ADC, and ADB, are 
pequal, (47 the 38.) Therefore the triangle AB 
JC is equal co the parallelogram FDCG. 
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PROPOSITION XLII. 


| A THEOREM. 
The complenens of a parallelogram are equal 





AS Be IN che parallelogram APD 4ltxi 
| C. the complements AF {| 









FH; and FG 1, are equal. | Μι 

| Densonftration. 1 deli 
C, G De 1, à ; 
V The triangles ABQ, and | | 
BCD, are equal, (47 thé'34.) theretore if the J ax 
criangtés HbE, and DRE : FEC:, and! «σε, qu 


fame,) “be fubftrask | und 
GDI FE, which | FB) 
cid | ole! 


which afe alfo equal, (by; the 
Sed; che complements AFEd, 
remain, will be equal. 

> DS sagol lie | 


— 


PROPOSITION XLV” He 
A PROBLEM. ΄ ‘ai | tou 


To defcribe a parallelogram upon 4 line givemy | wa 
which [hall be equal to atriargle, and have [uch | 
a Certain angle 3 1.€..€qual to one oiven, | | 
11H GA > CUppole you" be requird | © 
46 make a parallelogram, Μι 
cwhich fhall have one of its | 
fe. angle: equal to the angle E, An 
and one of its fides equal Μ af 
the § 


es 
| 
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| the line D, and be equal το the triangle ABC. 
| Make the Parallelooram BFGH, (éy the 42.) 
| which has the angle BFG equal to the anele E, 
and is equaltoche triangle ABC, Produce the 


fides GE, and GH; fo:that HI may be equal to 
the line D ; and draw the line IBN till ic cucs 
GF produc’d to N ; and from the point N draw 
the line NO parallel to GI, and 10 parallel co 
ΒΡΕ; producing alfo the fide FBto K,and HB to 
M. The parallelogram MK is chac which you 
delire. | Demonstration. | 

GF and HM being parallels, the alrernate 
angles GFB or the angle E, and FBM, are e- 


GER qual (by the 29.) In like manner the lines KB 


and. MN being parallel, the alrernate angles 
FBM, and BMO, are equal ; therefore. the an- 


| gle BMO is equal to E, and the fide KB is e- 
| qual to the line HI, or D: and laftly; the pa- 


rallelooram MK is equal to che parallelogram 
GFBH, (29 the preceding,) and that was made 
equal to the triangle ABC. Therefore the pa- 


En fallelogram MK is equal coche triangle ABC. 


The HSE. 

This Propofition contains a kind 

* of Geometrical Divifion : for in 
* Arithmetical Divifion a number 
“is propos’d, which may be lookt 

“on asarectangle: for example 
7 ar a } 
the rectangle AB, confifting ος 
M rwelv. 



























































86 The Elements of Euclid | 
euwelve fquare feet, which is το be divided by 
€ another number, fuppofe, two 5 chat is to fay, 
another reftangle is defir’d to be made equal 
to AB, having one of its fides, BD, equal to 
€ two + and che queftion'ts, how many, feet the 
£ other fide ought to contain swhich 19.35 it Were, 
che quotient. This 18 done Geometrically 
«by che Rule and Compafs. Take BD confift- 
© ino of two feet, and draw the Diagonal DEF: 
“the line AF is chat which you feek. For, hav- 
€ ing completed the rectangle DGFG, thé com- 
« plements EG, and EC, are equal, (by the 435) 
“and EG has for one of its fides EH, equal to 
« BD, of two feet in length; and EI equal to 
© AF. This kind of Divifonis cali'd Applica. 
© rion, becaufe the rectangle AB 15 apply’d to 
€rhe line BD, ot EH : and from hence tis, that 
€ SI] Divifon is frequently: call’d Application 
“becaufe che ancient Geometrs¢sans Made more 
© µία of the Rule and Compafs, than of <4 rith- 


© meticRs 
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Le 








+. Lbe Εκ Book. 


“PROPOSITION XLV. 


A/PROBLE Ms 


| To defcribe a parallelogram, whith {hall have a 


certain angles and be equalto a vettilincal fin 
gure given, hone 


fs alg dads Sc ap ET the reétilineal fi. 


& [TT] k A4 gure pro>os d be AB 
“ 5 ε CD ‘hich . 
| κ ον. | ; £0 which you are re 


quired to make an equal 
parallelogram, which fhall 


| 
y have an anole equal to che angle E. Divide the 


| re@ilineal into triangles by the line BD: and 





I neal ABCD. * 





























bare equal to che angle BE, And che aneles LKH, 
| | Μ 2 


1 (bythe 42.) make a parallelogram FGHI, which 
! has che angle IHG equal tothe angle E, and is 
if, equaf to the triangle ABD ; and (6y the 44.) 
ote) make the parallelogram IHKL equal to the tri 


angle BCD, having one fide equal to 1H, and 


} che angle LIH'équaläco the angle E. The pa 


rallelogram FGKL, will be equal co the re&ili- 


| Demonftration, 
Nothing need be prow’d, but chat the paral- 


J) Ielograms. FGHI, and HKLI, make up but 


one; thac 15 to fay, }GH, and HK, make but 
one right line. ‘T'hesangles GHI, and LKH, 


and 
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and KHI, are equal to two right angles, becaufe | 
KHIL is a parallelogram, Therefore the angles | 
GHI and KHI are equal-to two right angles, 
ane (oy the 14.) GHand:HK make one right 

ine. 


The USE, 


* Théufe of this propofition is the fame with | 
‘the preceding ; ferving to meafure the capa- | 
“city Of any fioure whatfoever , by reducing 1t | 
into criat:* “les, and chen making a retangulat 
€ paralleélooram equal tothem. | | 

€ Tis eatie likewife toimake a reGangular pas | 

* rallelogram upon a determinate fide, which | 
uae be oan il to pet irregular figures. ΄ In | 








55 | 
PROPOSITION rg η, 


Α PROBLEM. ο οσο ets | 





| 
To defcribe a [quare upan a line given | 
Το ἄδ[εμβο a fquare upon the, 
line AB, draw tWo perpen-| 

diculars AC ind BD cia £0 ΑΡ; and 

and draw the line'CD. ” μα 
““Demonftration. | η 1k 


B The angles Aand B being figheh its 
angless| 


| 





















δι 
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ani angles, the lines AC and BDare parallels (0) 
mes the 28.) They are alfo equal’; : therefore che 
vf lines AB and CD are parallels and equals, [by 
Ati the 33.1 and che angles . À ‘and C equal to'two 

" | tight angles; asalfo Band D; [by the 29. "and 
| fince A and B are both righ ‘angles, the angles 
1G and D will be fo dikewife: "ο Theretore the 


=, 








ή i figure AD has all ics :fides‘equal, and all its an- 
“at gles right anples,and by conféquence is a {quate, 
ing it} Bb Ds GRR 3, 4 ch ML ted 10 
πα L'HOMME. ot se LP | 

| PROPOSITION’ XLVI, 
br pte oy Li SOU 
“al moc A THEOREM. 


s, li) The [quare of the bafe of a reclangular triangle, is 
jing. equal to the {quares of both the other fides taken 
ne À together.’ aie πας à 
ν΄ S Uppofe the angle. BAG: to 
‘7 bea right angle, and that 
fquares were defcribed: upon 
all che fidés BC, ΑΡ, and: A 
vor. that of: the bafe, BC, 
| which is oppos’d to the tight 
ot th D H angle, :will be equal to the 
eet] ο fquares of both the fides AB, 
i ph and AC, :Draw «the line’ AH ‘parallel τὸ BD, 
4 and CES: and joyn che lines’ AD, AE; FC, and 
1 BG. Twilfprove the fquare, AF is equal το the 
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gle CH ; and therefore the {quare| BE; 19 equal 
to,both the fquares AFand AG. "(2 - 


Demonftvation. A ir 

The triangles FBE, and ABD, have thefides 4 

: AB, BF ; BD, and BG, equal: and the, angles 4 
-FBC, and ABD, are equal,,¢ach containing the M 
angle ABC more chan their refpe@tive righe an- 4 
gles. Therefore [by ehe 4:\ the triangles ABD 4 
and FBG are equal. But the fquare AF is dou- 7) 
bleche rrianole FBC, (by the 41,] having the 4 
fame bafe BF, and being between che fame pa- {| 
rallels, BF, and «AC, In like manner che re- 4 
&angle BH is double che triangle ABD, having 4 
likewife che fame bafe BD, and being between 7 
che fame parallels. BD and-AH.. Therefore the 4 
“{quare AF is equal tothe triangle, BH. By the 
fame method the triangles ACE, and GCB, | 
may beprov’d cobeequal, [by the 4.] and the | 
ofquare AG to be double the triangle GCB; and | 
the re&angle CH; double’ the triangle ACE, | 
[by the 41.] therefore che {quate AG 1s equal to 4} 
the rectangle ΟΗ 5 ‘and by copfequence the | 
fuares AF and AG: are equal co the fquare | 
‘BDEC. yal Ποιο) FA | 
19 ‘The 45 Ε. πα 


© *Tis {aid chat Pythagoras, having found ους 

_ “this Propofition, facrific'd aHecatomb, 1, ei a) 
“hundred Oxen, co the CH wfes, to recurn them | 

-€ thanks for cheir affiftance; fuppoñng it, 1c) 

| feems, | 















The Firft Book, στ 
“fees, above τὶς power of bare humane ‘in. 
“vention. Nor was his efteem thereof (ο irra- 
1“ tional, asco fome perhaps ic may appear ; this 
D “ propofition being che foundation of a very con- 
* fiderable part of the Marhemericks, For in. 
‘che firft place Trigonometry cannot poffibly 
* fubfift wichouc ic, ic being neceffary to com- 
i)‘ pofe a table of all che lines that may be in- 
5 fcrib'd in a circle, as Chords; Sines, Tangents, 

“Secants; as may appear by one example. 
i ‘ Suppofe the femidiameter AC to 

πα E ‘be divided into {1οοοοο parts δὲ 
Πα Ἐ “chat the arch BC contains 30 
| ‘degrees. Since the chord, or line 
D À DC ‘chat fubtends 60 degrees is equal 
he to the femidiameterAC ; BD thé 
Le fine of 30 decrees, will be equal to half AC, 
A 6 and therefore contain ‘s0000 parts. Now in 
a) |‘ che rétangular triangle ADB, the fquare of 
lc ABis equal το the fquares of AD, and BD, 
MON Make cherefore the fquare'of AB,» by multi- 
|‘ plying 100000 by 100000, and from the pro- 
QUE « du& fubftra& che fquare of 50000 or BD; 
A ‘che remainder will be the {quare of AD, or 

i ‘ BF the fine of the complement : and extraét- 

D < ing che fquare root of that. number, you will 
0 | “have the line FB. This done, making as AD 
i «co BD, fo AC to CE, you will have the cangenc 
MNS CE; chen adding together the fquares of 
i 1 | AC and CE, the produ& (by the 47.) will give 


cc the 
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“che fquare of AE 5. extracting therefore from 
chat number the: {quate root, you! will know" 
“che length of the: line AE, which:is: che fe- 
6 à ! ie) Y 

| “By this alfo we may aug- 
CP BE: 4. ment fioures,ras: much as 





D, continue the fde CD,’ 
ο ‘forhac AD and DE may 

Asa “be equal: the fquare of 
CAE will be double the {quare ABCD ; fince 


‘(bythe 47.) ivis equal to both: the fquares of 8 
¢ADand DE... Making the right’ angle AEF, ~| 


‘and taking EF equal to AB, che fquare of AF 
‘will be: triple the fquare ABCD. Again, 
‘making the right angle AFG, and taking FG 
¢ equal to AB, the fquare of AG will be qua- 
<druple, or four: times che fquare of ABCD. 
©Andthat which I fay of the fquare, may be 
6 underftood of all fimilar figures. 


i ‘we pleafe. For examples # 
.*.©¢o double the fquare ABC 


PROP. | 








The Firft Book. 


PROPOSITION XLVIL 

‘| ¢ ; A THRORE M 

SU If ina triangle the [guare of one fide be eqital to 

"the {quares of both the other fides, taken toge- 
ther; the angle oppofite to that firft fide will be a 


ἱ right añgle, | 


<< — Le 


R ΤΕ che fquare of the fide NP be 
L equal. to both che fquares οἵ 
the fides NL, and LP, raken tos 
—. gether ; the angle NLP will be ~ 
atiohc angle. Draw LR perpen 
Bdicular to NL, and equalto LP ; then draw 
ithe line NR, | 
| Demonftr ation, 
In the reCtaneular triangle NLR, the fquare 
Hof NR is equal to che {quares NL, and RL, ος 
PLP, (by the 47.) Now the {quare of NP is al. 
fo equal to the fame fquares of NL and LP; 
Htherefore the fquare of NR is equal to the 
Bfquare of NP, and by confequence the lines NR. 
band NP are equal, And becaufe che triangles 
INLR, and NLP, have the fide NL common ; 
pthe fides LP and LR equal, and their bafes 
ENP and NR alio equal ; che angles NLP and 
ONLR will be equal, (by the 8.) and the angle 
ONLR being à right angle, the anole NLP muft 
ibe {0 too. | N The 
| 
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‘THE SECOND BOO 
© OF THE ) 


ELEMENTS. 


EUCLID. 


¢ {06 LID in this Book treats of the 


2 powers of right Lines; thatis to fay, 
¢ Bd of their Squares ; comparing che di- 


€ vers ReGtangles, which are made upon a Line 
“divided, as well wich the Square, as the 
« Rectangle, of the whole Line. "Tis a pare 
«exceeding ufeful, ferving for the foundation 
“of the principal Operations of Algebra. The 
«(τος firft Propofitions demonftrate the third 
©Rule, or Operation of Arithmetick, Mults- 
€ plication: The fourth teaches to extract the 
€ (quare Root of any number Whatfoever.. Thofe 
“char follow co the Etght ferve upon many oc- 
€ cafons in Algebra. "The reft inftruét us. in O- 
€ perations proper for Trigonometry, "This Book 
“feems at firft view very difficulc ; -becaufe 


_. ©men are apt to imagine there is fomeching my- 
‘:eflerious contain’d therein; neverthelefs the 
“ercat- | 
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195 - “The Second Book. 

à,‘ greateft part of its Demonfirations are sround- 
2 “ed on this moft evident Principle, that the 
1° whole is equal co aflics parts taken together. 
9° Buc it ought ποτ to difcourage any, if they 
}) “ fhould ‘not ac che firft aceempr fully compre- 
4° hend them. hi da 





DEFINITIONS. 


(Te 4 retlangular parallelograns ts compris’ d under 


two lines, that form a right angle. 


1D +8 Bferve char hencefor- 


PRES ‘ ward by a retanele we 
ve *fhall intend fuch a paralle- 


“fogram‘;'“ whofe angles. are 
€ ‘allright anoles , dittinguifh- 
fing it by giving ics lonei- 


‘A ‘tude and latitude, naming two of its fides, 
‘| ‘which’ céneain one of its angles, as the lines 
AB and BC, For the'reangle ABCD is 
N° compris’d under che lines’ ΑΒ and BC; BC 
N° denoting its :Joncirude and AB its latitude ; 
"Wand the other being equal to thefe ic will noc 
‘PS be-neceflary toname them. — 1 have alfo for. 
 “imerly intimated char the line AB, remain- 














N “ins perpendicular to BC, and being mov'd 
“From one excremity thereof co che other, pro- 
p “duces the reétangle ABCD; and chat thar 
| € 


N 2 mo- 
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ὁ motion has. fome refemblance to, Arithmetical 
€ multiplication: fo that, as the line AB mov- 
€ ing over the line, RC; jtharis, raken fo many 
times, as there are points-in, BC ,..compofes 
“che reftangle ABCD : forthe multiplication 
“allo of AB by BC, will give the reAangle 
“ABCD. As, fuppofe I knew the number of 
€ «Mathematical points, that ate in AB, for 
‘example 40, and that there were 60 in BC: 
“it is evidént chat the reétangle ABCD will 


# have fo many lines equalco AB ;...as there are 4 


“points in BC; and cha multiplying 40 by 
6 69, the produ&t will be 2400, which is the 
€ number of Mathematical points in the rectangle 
‘ ABCD. Ek 


“I may.take whae quanticy I pleafe fora Mae 
© shematical.point 3 provided.I do not afterwards 
€ fubdivide it sit mutt -cherefore be obferv'd; 
€ chat when I meafurea line, for 2 Æathemats- 
“cal point I cake char meafure which beft -futes 
with my -occafons 5. for examples when E fay 
<a linecof five footin.Jengrh, my AZarbema- 
€ tieal point is arline.ofa.foot. longs which I 
6 cake, wwichout;confidering, thatjic is compos*d 
of any parts: In, meafuring:a fuperhicigs, like. 
ε wife do the fame,, taking, fome known fuper- 
« ficies, for example, 2, foot fquare.;-which Ldo 
£noc afterwards fubdiwide..._Imake ufe of a 
€ fquare rather than any other figure 5. bécaufe 
* jus length and breach, being equal chere is no 

| FE need 
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€ need of naming more chan oneof its dimenfi- 


| S onsto defcribe i it. Accordingly when I would 








“ mark out the Area of the retanele ABCD , 
© Ido not confider τηε fidés as fimple lines, bur 
| “as reQangles of a determinate bredth':,.for 
| ‘example, ‘when 1 fay thac che reGtangle ABGD 
| © has the.fide. AB of four foot Jong, fincea foot 
| is to me. inftead of a ALathematical pointy T 


‘© conceive the fide AB to have alfo afoorin 


| ¢bredch, and to be as they re&ansle ABEF. 
el) © Therefore knowing how many rimes-the 
jh “ bredrh, BE ts contain’d in the line BC, I 
| ©fhall know how many, rimes the line AB is 
| © contain’d in,the reQanele. ABCD; chat isto 
‘fay, muleplying AB which has four foos 


A < fauare by 6,the produ& willbe 24 foor-fauiare,, 
κ ‘In like manner knowing the magnitude of the 





À «τεβρπο]ε ABCD tobe 24 foot {quare,and one 
Ù Sof its fides AB to be 4: dividing 24 by 4 


of} < che quotient will give me cheorher Tide BC, 
A “.confitting of fix foot fauares, 
A α a Having drawn, the diameter of a 


= a reGtanele, one of dhe leffer reangles- 


thro which it pafles, together wich. 
ML | ERS io complements, 18] ο call’d the; 
»§| BHC Gnomon. ‘A: there&anole EG, 
| “chto:which the diamerer BD paltes, 
“together with the complements EF and GH, 
fis cold the Gnomon ; their fgure together 
‘ reprefenting a Carpenters fquare. 

: Minis ES 












98 7 he Elements of Euclid, ” 
“PROPOSITION EL 

id A THeoreM. ο. 
If two" lines be propos d, whereof one is divided in= 
Co divers parts, the rettangle contain’ 4 under 
thofe two lines ts equal to the rettangles contain'à 
| shder:the line which is not divided: and the parts 
‘of the line divided, 7 





GHD # ET che lines proposd be 







AB, and AC; andler AB 
be divided into as many parts as 
der on 2 pleale. The rectangle AD 

« FB Contain’d under che lines AB and 
AC, is'equal to the reSangle AG contain’d 
under AC and AE} tothe rectangle EH con- 
rain’d under EG equal'to AC , and EF ; and to 





CA 
ir 


. 


to.AC and FB 


the rectangle FD contain’d | under FH equal, 


Demsiftration. 
The re&tangle AD is equal t 
eakén cogether ;° whichare che reétangles AG, 


FH, and FD; and noother. “Therefore che 


reAanole AD is equal tothe rectangles Αα 


EW) and FD caken together. 
nett By Numbers. 


μις propofition holds true likewife in num-, 


bets.’ Suppofe che fine AC to be five foot 
jong { ΑΒ, two, EF four, FB three; and by 
confequence AB nine: the rectangle ΑΝ 

| under 


o Alfits parts 
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| under AC five; and AB nine, that is to fay, 
| five times: nine, which makes forty five;-ise. 

qual to tivice-five or tens four times five or 
| cwenty,and chree times five,or fifceen ; for ten, 
| twenty, and fifteen, make forty five. 


The USE, 


By this propofition is demonftra- 
“ted the ordinary operation of mul- 
“tiplicarion.: For ‘example, if you 
“were co multiply:che number A, 
‘which is “535 by the number B, 
‘that. is. 8." Divide-the number A 

{ ‘into fo many'parts as there are chat- 
| “aëters :that is, two, 50,and 3; which 
| “multiply by 8, faying, eight times chreeis — 
© rwency fours: and fo yourmake.one rectangle. 
| ‘ Then muliplyios che number soby8,-the 
D ‘produf will be 400. : Εις. is evident chat 
“the produ& of eight times §3, being 424, 
: 1s equal το the produ& of 245 and the produét 
| “400 taken together, ες “dt κι 


PROP. 
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oo PROPOSITION Ih 
A THEOREM. 


The fquare of any line 1s equal to the retlangles 
contain d under the whole line, and allits parts. 


ΕΤ the line propos d be AB, 
and its fquare ABDC. 1 fay 
the (quate ABDC is equal to che rect 
es angle contain’d under che whole line 
| AB, and AE; anocher under AB and 
EF ;/ and a chird under AB and FB. 
 Demonfiration, 

The fausre ABDC is equal: to all its parts 
taken together, which are the reétangles AG , 
EH;FD Tore Grit AG is contain'd under 
ACtequal to AB, and AE. The fecond EH 
is contain’d under EG equal to AC οἱ AB, ind 
FE. Thechird FD'is concain’d under FH e- 
qual to AB, and FB: and ’us the fame 
thing to be contain’d under a line equal co AB, 
and tobe concain’d under AB ic ‘elf. There- 
fore the fquare of AB is equal to the reStangles 
containd under AB, and AE, ΕΕ, FB, 
‘the partsof AB. 


CGHD 


By Numbers. 


Lectheline AB reprsienc che number nine: 
its 
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| its fquare will be 81. Letalfo the part AE 

| be fout.; EF three; and EB two : nine times 

à four make thirty fix ; © nine times three cwency 

feven ;. and nine rimestwo eighteens and’tis 
| plain chat 36,27, and18 make 81. 


The USE, 


¢ This propofition ferves likewife to prove 
“multiplication ; as-alfo for Equations in Al~ 
| * gebra, 








PROPOSITION Il, 
A THEOREM. 


SNF a line be divided into two parts, the reflangle 
contain à under the whole line, and one of sts 
parts, 15 equal to the {quare of the {ame part, 
and the veftangle contain’ d under both the parts. 


EF T ET cheline AB be divided 

into two parts at che poinc 

C; and let a reétangle be made 

sh AC  B of che whole AB and one of 

sits parts AC, that. is. co fay, lec AD bee- 

3, qual-to AC; and then if reétanole AF be 

Ncompleated, ic will be equal to the fquare of 

HAC, and the re&angle conrain’d under AC 

and CB, Draw the perpendicular ΟΕ: 
& ο 
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Demonftr ation. | | 
The re&tangle AF contain’d under : AB ‘and | 
AD equal to AC, is equal το all itsparts, | 
which are the re&angles AE , and CF:: The |“ 
Girt AEis the fauare of AC, che lines AC | 
and AD being equals. and the rectangle CF | 
| mi is conrain’d under CB, and CE equal to AD | 
L ° or AC. Therefore the ‘reétangle  contain’d | 
À under AB and AC is equal to the fquare of | 
AC, and che reétangle contain’d under AC: 
and CB. μ 
By Numbers. | 
Let AB be 8; AC 3; and CB ¢: the | 
reétangle contain’d under AB and AC, will |- 
be three rimes eight, or 24: che fquare of AC | 
3, is nine; and che rectangle contain d under | 
AC 3, and CB 5, is three times 5 0rt5. 
But icis evident chat 15 and 9 make 24. 


The 4 ps À pi 


A, 43! ‘Theufeof this propofition is (111 ye 
C,40, 3} ££ demonftrate the ordinary practife EP 
B cof multiplication. For example, if fi 
€ you would multiply the number 43 
τος “by 33 having divided the number! à 
22976 43 into4o, and 3: chree times 43 | 
€ will amount to as many as three times three, or | tf 
“nine, that is the fquare of three ; and three 

“times 40, that is, 120 ; for three times forty f 
“three ‘is 129. Beginners ought not to bedif- F ' 
| < cours | 


RE 
-~ 


RE 





120. 9. 
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| courag’d;:if they do not prefently apprehend 
| <thefe propofitions ; which»yer, ‘in ‘truthare 
«| © not difficult, but as chey are conceiv’d co con- 
|“ taint fome frange myftery.:’ 





PROPOSITION IV, 


À THEOREM, 


[fa line be divided into two parts, the {quare of 
the whole line, willbe equal to the {quares of 
te) - both the parts ; and two retlangles contain'd 
| i wader the fame parts, 


El be: FD: WE Tothé line AB be ‘di- 


eh Α aad vided in C, andits fquare 
(#_G L ABDE defcrib’d ; let its di- 
| Lt ν΄ agonal alfo EB be drawn and 
Ἱδ ΑΒ apetpendicular cutting it CF : 
[ανά by char point let the dine GL ‘be drawn, 
ie) Patallelto AB. : "Τις evident tchat the fquare 
i ABDE is equal to the four re&tangles GF , 
| ICL, CG ;iand 1 Ε.. The two firft of which 

pare the fquares of AC and’ CB:> and thetwo 
: νεα are: contain'd under AC- end 
ECB. | 








1 De | Demonstration. 
) « The fides AE and AB are equal: therefore 
(pene angles AEB, and ABE, are half right 
| hea O2 angles 
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104 The Elements of Euclid. 


angles: -and becaufe the lines GL ‘and ΑΒ are 


parallels ; che angles of the triangles: of the 
{αμα GF ( by the 29. 1.) willbe equal ; 
as alfo their fides (by the 6. 1.) Vherefore GF is 
the fquare of AC. Inlikemanner CL isthe 
{quare of CB: the re&tangle GC is contain’d 
under AC, and AG:equal to BL or BC ; and 


the rectangle LF is contain’d under LD equal | 


to AC, and FDequal to BC. 
Coroll, If you draw the diagonal of a {quare 
the rectangles which it.cuts are {qaress : 
sh 1e HSE, ke 
€ This :propofition teaches the me- 


A,TV44) 
B, 22) ‘ thod of extracting che fquare root of 


C, τα) ‘any number propos'd. Let the num- 
= *ber be A, of 144, reprefented by rhe 
“fquare AD, and its root by the line AB. 
«1 fuppofe ic known from orher principles that 
“ic requires two characters. I imagine there- 
“fore chat the line: AB is dividedin C, {ο 


‘chat AC may réprefent the firft character, | 


‘and BC the fecond: Then fearching the 
“root of. che firft chara&ter of the number 144, 
‘whichis roo, 1 findit cobe 10: and making 
“ics {quate 100,reprefented by the {quare GF’, 
€] fubftra& ic from 441 4Π4 there remains 44 








































€ for the reétangles GC, FL; and «he fquare M} 


‘CL: But becaufe the figure of a Gnomon is 
‘not proper for this-opetation, Irranfport the 
‘rectangle FL unto KG , making one whole 

rect- 
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| “reGtanole KL, chatis, 44. I know alfoal- 
| © ready almoft the whole fide KB: for AC be. 


“ing 10, KC muft be 20: 1 muft therefore di. 


I ‘vide 44 by 203 thacistofay, for my Di- 
à © vifor doubling che root found ; I enquire then 


“how many rimes 20 I can have in 44? and 
“find twice ; and therefore take 2 for the fide 
€ BL; and becaufe 20 was. hot the intire fide 
“KB, bur only KC ;: that. two which came 
‘in the quotient 1 add to the Divifor, making 
‘ic 22 3 which number being found precifely 
* tWice in. 44, adding 2 tothe root before found, 


1° I conclude the whole fquare root οἱ 144 to be 
(12. : You fee then that the fquare 144 is ed 


* qual to che. fquare of το, whichis 100, the 


P< fquare of 2, thatis 4’; andtwice 20, which 


“make the two rectangles contain’d under cwo 
‘and ten. 


PROP- 
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PERLE 



























PROPOSITION :V 


απ À - qin A THEOREM. : 
Fi ni rt 11 PARE 8 , K | 

| Ifa line be divided into two equal parts dnd two | ή 
pur parts that are anequal; the rellangle contain | Ith 

| DL «| wnder the unequal parts, together with the fquare | 3) 
7 i “of the intermedrate part αν equal to the fquare [2 
... oof half the lines | © hah le | ή 


πι | BG Ἑ = che line AB bedivided | 
|; κ ν 1 = ‘into two equal parts in ας ‘FS 
re he and two unequal parrsin Ds; |‘ 
ATT Tet pe theo restangle AH’contänd Ἱ-- 
in Le under the ‘unequaf fegments | 
AD, and DB, with the fquare 0: will 
be equal to che fquare of CB, that. 15) the 
fquare CF, Compleat the figure as you fees | I 
the reétancles LG and DI will be fquares. | 
(by the coroll. of the 4.) Iwill prove then that 9 | 
the tetangle AH, contained under AD , and 
DH equal ro DB, withthe fquare LG, 16 €- 
qual tothe fquare CF. 
ae Demonftration. | 
The teSanole AL is equal tothe rectangle | 
DF , both being contain’d under half che line | 
AB, and DB ot DH, which 15 equal to it. 
Add to both the rectangle CH; the rectangle | 


AH will be equal co che Gnomion CBG. Add § 
there <i} 









to | 
wh À 
sure | 
Hate | 


en eee 
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| therefore: again to both the fquare 16: απά 


che reGtangle AH, wich ‘the ‘fquare LG will 
be equal ro the{quare CF. 
ke By Numbers, | 

Let AB be 10: AC willbe 5, and CB like! 
wife ; and ler CD be 2#and DB 3: the 
réétanole contain’d under. AD 7 and DB 
3, thacis to fay 21, with the fquare‘of CD 
25 that 15.4». will be equal to the fquare CB's 


Jwhichis25..: | The USE, 


* This propofition is very_ufeful in the third 
“book : it: is alfo 5 im) Algebra, to demon- 
* trace che‘manner of finding the root of anaf- 
* fected or impure fquare. 


PROPOSITION VI. 
A THEOREM. 





| If à line be divided into io équalparts, and to 


at another line added; the rectangle contain à 
under the line consponnded of thofe two, and that 
which is added, with the [quare of half the di. 
vided line, ἐπ equal to the [qnare of the line 
compounded of that half and the line that is added, 


F E ¥ F totheline AB, divided 
into two equal parts in ο, 


LL be added the line BD; The 


VERTE rectangle AN, contain d un- 


A+ Cp D dertheline AD, and'DN e, 


equal to BD, with che“fquate 
of 

















































108 The Elements of Euclid. | 


of CB, is equal το the fquare of CD. Make |: 
the fquare of CD, and having drawn the diago- | 
nal FD, draw alfo BG'parallel co FC, cutting | 
FD at the point H, through which paffes the |, 
line HN parallel to AD, KG will be the fquare | 
of CB; and BN, that of BD. 1 4 
3 Demonftration, | 
The reftangles AK, and CH, being upon |; 
equal bafes AC and CB, are equal( by the 36.1.) | 
The complements CH and HE are equal, (by. 
the 43.1.) therefore the rectangles AK and | ! 
HE are equal. Addto both the reétangle GN; | 
and the fauare KG : the reêtangles AK and CN, | 
chat is, the rectangle AN, with the fquare KG, | 
will be equal co the reétangles GN and HE, ~ 
and the fquare KG, that is, the fquare CE. 


By Numbers. 


Let AB. confit of 8 parts ; AC of 45 and | 
CB of 4; BD of 3. fo rhat che whole AD be 9)‘ 
11. Tis evident the reStangle AN is three J 
times 11, thacis 33 ; which wich che fquare of | 
KG, equalto CB 4,thar is 16 ; make 49, and jt 
therefore is equal to the fquare of CD 7, which η 
is 493 forg times 7 make 49e κ 

The SE, | 
© Mauryloeu,by che help of this Propoñtion, if 


€meafur’d che whole Earth at one fingle Obfer- {ο 
vation. FF 
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à Swacion, Το ‘effeQ which’, ‘he advifes, thar 
D “from the top “of à ‘Mountain of 
A “known hieht A; you obferve the 
"1. Sanele BAC, made °by ‘the fine 
“AB; towching the fuperficies of 
“the ¢areh'dt B, and the line AC 
* paffing through the cencer: and 
“that inthétriansle” ADF, ‘know- 
‘ing the angle A, and the ‘rigbr 
“angte-ADF; you find by Trigonometry the fides 
|. AF and FD: arid bécäule ris «ἐάβς τό: demon- 
| 

| 











| 

| book) «the fquare of CA iseqiat to the fatates 
[of ABiand. BE ; therefore the reéanete un: 
Γ΄ der AB and AD, wich the (quare Of BC, is 
) equal ro'the fauares Of “AB and BC, Take 
‘iil’ therefore from them’ Both ‘the fquard of BC . 
ἵ-οπά che reStangle in@ér AE, and AD, will be 
equabto the {qtiareof AB. Dividé'therefore 














pi the known fquare of AB, by the hiche of the 

(48 MounraisAD, and the Quotient will be the. 

heir dine AE ; from which fubftragtine ‘ths hioke 
4 3 P of 





1 
| 
| 
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¢ofche mountain, the! remainder will be che 
ς diameter. of the earth DE... ; 

€ We have made ufe likewife ofthe fame.pro- 


i “ pofition inour Algebya,to'demonftrate the chir- | 
| © reenth propoficion ofithe.chird Books co find | 
ao ‘che root of a fquare equak.to.a number, more a 

oh € certain, number of roots: -The:ewo that follow | 
| HO € do alfoferve for che.proof.of che like.operati- | 
| 4 ο | : ons. re. SA i? | 








PROPOSITION ‘VI, 


AT HE orn BM. mile: 


that ff? part, together, mith the {qnare\of: the 
other part. yo ely (IWC À? 


AD of the line ΑΒ. »withAche’ 


right angles .contain’d-under ΑΡ’ 





be equal to AC: fo AL will be thefquareof AC, 


i; If a line be divided ,\ the Jquare of the Μι] 
line, with that of one of us parts, is tquabto'two 
rectangles contain d under the whole ilige\ aad | 


ET che line. AB be divichetl® ; 
any Where in G5 -the fquare 


fquare AL, will ‘be equati¢o two’ | 


.. J and AC, with che fquare of: CB.’ | 
oo Make the fquare of AB, and have | 
2). ing drawn the diagonal EB, and che lines CF | 
and HGI ; prolong EA fo far, as thas, AK! may” 


and HK will beequal ro AB; For HAis. equal | 
5 to | 











the 


pro 
thite | 
find 
oe 
low 


Ale 


— 
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toGC , and GC is equal to CB, becaufe CLis 
che {quate of CB, (by the Corel, of the 4.) 
; Demeonftration, ο * 

Tis evident, that the fquares of AD and AL 
are equal το the rectangles. HL and HD, and the 
fquare CI, Now che rectangle HL ‘is contain’d 
under HK equal co. AB, and KL equalito AC. 
| in likesmanner the. re@angle HD-js contain’d 
under HI equal to AB, .and HE equal το AC. 
Therefore the {quares of AB) and AC are equal 
to two rectangles contain'd under AB and AC, 
[and the fquare of CB. 


{| In Numbers, 


Suppofe the line ΑΒ. to confit of 9 parts; 
AC of:4, and CB of 5... The {quare of AB ο 


| 








jis 81, land chat of AC 4 13 ιό; which 81 
: 16 added rogether make 97. Now one te-. 


angle under AB and AC, or 4 times 9, make 


41036, which taken twice is 72 : and the fquare 


lof ΟΒ ς Ίος: which 72 and 25 added το». 
gether make alfo 97e 
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The Elements of Euclid. 
‘PROPOSITION VIL 
pe + À THEO RE M. 

If yondévide à line, and add another to it equal ta 





one of its parts, the {quare of the whole compoun- 4 


ded dine will be equal to four-retlangles contain à 
under thefirft line, aud that part that v added » 
together with the fquare of the other part. 


Ac ὃ Ὁ LET che line AB be divided 


and BD equal to CB added 
to ity’ rhe-fquare of AD will be 
EN ρε Cqualcofour rectangles contain'd 

| : under AB, and BC or BD, and 
the fauare of AC. Make the fquare of AD, 
and having drawn the diagonal AB, draw likes 





wife che perpendiculars BP, and CN, cutting © 


the diagonal in T, and ‘O :"and alfo’ the lines 
MOH, and GIR, parallel to AB. The reétan- 
oles GC,LK,PH,MB, and NR, will be fquares, 
(bythe Coral. of the 4.) 

‘Demonftration. 

The fquare- ADEF ts equal to all irs parts 
and the’ teftangles LB,OD,PM, are contain‘d 
under lines equal ro AB and BC, and if you add 
the restingle MI tothe rectangle PH, they to- 
gether Will give you another rectangle contain’d 

under 


any where. in the point C, 
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eng | 
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À under a line equal to AB, and another equal to 
1 CB or BD’ Befides which there remains no- 


thing but the fquare GC, which is che fquare 
of AC. “Therefore the {quare AD is equal to 
four reStangles contain’d under AB and BD, and 
the fquare of AC. 

I~ Numbers, 


Ler the line ABconfift of 7 parts, AC of 
3, and CB of 4; as alfo BD: the fquare of 
AD 11 willbe 121. And one rectangle under 


| AB 7, and BD 4, makes 283 which taken 
| four times is 112; and chofe together with the 
Ἱ fquare of 3, which is 9, make alfo 121. 


ee 


PROPOSITION IX. 





A THEOREM. 


If a line be divided into, two equal parts, and’ two 
unequal, the [quares of the unequal parts wi be 


double the [quare of half the line, and the [quare 
of thesutermediate part. 
Ε ΕΤ the line be divi- 
ded, into two equal 
à parts at the point C, and 
two unequal at the point 
hi. D: the fquares of the une- 
| Δ C D 


B qual parts AD, and DB 
wil? 


À 


ey 





eo στι 
ey 
= PP Το 
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will be double the {quares of AC, which 1s half 
AB, and CD che intermediate part. Draw CE 


perpendicular to AB, and equalto AC); draw | 


alfo the lines AE, and BE, and,the, perpendicu- 

lar DF, as likewife FG parallel to, CD. Then 

joyn the line AF. atk. 
Demonftration. 

The lines AC and CE are equal, and the an- 

οἷς (0 is aright angle: therefore (by'the 5.1. the 

anoles CAE, and CEA, are équal; and confe- 


ο Αν 


quently half right anoles. In Κο manner, the | 
angles CEB, CBF, GFE, and DEB, are half | 


fight anoles; and the lines GF and GE,DF and 


DB, equal, (by the 6.4.) and the whole angle | 
AEF isa right angle. Now the fquare of AE(dy fr, 


the 47. 1.) 1s equal to the fquares of AC and 
CE, which are equal: rherefore it 1s double 
the fquare of AC. For rhe fame reafon, the 


fquare of EF is double che fquare of GF,or Ου... 
Now the fquare of AF is equal to the fquares ο 

AE, and EF, becaufe the angle AEF is a right 9. 
angle: therefore. the fquare of AF is double | 
the fquares of AC, and CD, The fame: {quare | 
of AF is likewife equal to the fquares of AD, | 
and DF or DB, the angle D being a tight angle. § 
Therefore the fquares of AD, and DB, aïe dou- | 


ble the {quares of AC, and CD. 
In Numbers. 


Let AB be 10, AC 5, CD35 and DB 


9ο 
«9 



















shit 
CEA 
draw # 
dicts ἳ 
Then 


Ee. Qi 


‘1 The \Setond Books 11$ 


5 the {quares of AD 8, and DB 2, thac isto 
fay, 64 and-4', ‘which make 68; are double che 
fquares of AC 5, that is, 25, andof CD a 


which is.g,: for :25 and 9 make 34, which is 


half of 68.2: ° | 
gi f° OT bb MISE: à, 
“ Thave not mec with: this: Propofition, ‘ex. 


SE cept in Algebras πο more*than char which 
LE follows ‘7 | | 








PROPOSITION.X. 











(el LA THEOREM. 


which is added, makes denble‘the fqnare of halt 


ή | tbe line, and the fquare :of: that which jg A 


>. potinded-of half, and the lint thatés add ει ος 


LET the line ABSA 
“divided! in? “the 
‘middie ar chepoïtié €! 
sand che line BD added 
tO Its the -fauareg of 
AD, aid BD, will be 











double the fauares’ of 
thé perpendiculars + ED 
and then draw the lines 

AE, 


PAC, and ‘CD. | Draw 
{end DF equal to ΑΟ’. 
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AE,EF; and producing FD toG, fo that DG 
may be equal ro. BD, .joyn che lines AG, and 


EBG: Rue 
Demonfirations <> : 


halfrighe angles... In like mangen.the;angle D 
being aright angle, and the lines ‘BD and. DG 
equal, the angles DBG, and DGB, will be half 
right angles ; and fo will likewife GEF, the 
anole F being a tight angle ; thetefore che lines 
FG and FE are equal, (by the 6.1.) and EF 
is equal co GD, (by the 33.14) Now che fquare 


of AE is double the fquare of AC, and the | 
{quare of EG alfo<double the fquaré of EF; or | 








CD, (by the 47. 3.) But the fquare of AG is | 


equal το the. fquares of AE and EG, (bythe | 
fame :) therefore the fauare of AG is double | 
the fquares of AC and CD. The fame fquare | 


of AG is likewife (by the fame) equal to the 


fquares of AD, and DG equal το DB: there- : 
fore the {quaresof AD and DB are double the | 


fquares of AC and.CD. 
‘1 By Numbers. 


fet AB contain 6 parts, ΑΟ, and CB] 
3, BD4;.the-fquare of AD το is 100 5°] 
the fquare of BD 4 is τό, which make toges | 


ther 116. The fquare alfo of AC 3159: the 
: fquare 
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X Square of CD 7 is 49, Now 49 and 9 make 
μὴ 158, the half of 116. 













ο. 





PROPOSITI ON XL 
A PROBLEM. 


Το divide a line in {uch a manner, that the rethane 
gle under the whole line, and one of its parts, 
(hall be equal to the fqnare of the other part. 


mn | C Uppofe the line AB to be di- 
κ. S Fed in fuch 4 manner, chat 
| Ej the reétangle under the whole 
Lab line AB, and BH, may be equal 
all to the fquare of AH. Make the 
5 Liu fquare of AB, (by the 46.1.) and 
i, © dividing AD in the middle in E, 
LA draw EB, and take EF equal to ΕΕ. Then make 
‘ ap the fquare of AF, chat is to fay, ler ΔΕ and AH 
id be equal. I fay, the fquare of AH will be equal 
‘aa ito the reStangle HC, contain’d under HB, and 
"i BC equal το AB, 
tt | Demonflration. 
| The line ADvis divided equally in the point 
ME, and che line FA added to it, therefore (by 
| be 6.) the rectangle DG contain’d under DF, 
af and FG equal to AF, with che fquare of AE,is 
: À equal to che fquare of EF,equal co EB : now the 


“typ square. of EB is eqral το the fquares of AE and 
): Q ΑΡ 
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ΑΒ (bythe 47.1.)chereforeithe fquares of AB and 
_ AE are equal to the reQangle DG, and the fquare 
of AE: and fubftraéting from both che fquare of 
AE; the {quare of AB, thar is, AC, will be e- 
gaal to the re&tangle DG: taking away there- 
fore the re&anele DH, which 15 common to 


both, the reGtangle HC will be equal to che | 


fquare of AH, that is, AG. 
The USE, 


This propofition teaches how to cut a line 
€ according to the extreme and middle propor- 
“tion, as Will be fhownin the 67h. Book, . Tis 
€ alfo frequently made ufe of in the 14/h. book 
© of Euclid’s Elements, to find the fides of regu- 
€ Jar Solids. . Ic is ufeful: alfo inthe 11. of the 
<4, toinfcribe a Pentagone ina circle, asalfo a 
¢ Pencedecagone (or aifigure with 15. angles. ) 
© You will fee alfo other ufes thereof in divid- 


€ ing lines on this manner, in the 30/0, propo- 


€ fition of the 6, 


PROP. 
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PROPOSITION XII, 


A THEOREM, 


> an Obtufangle triangle > the [quare of the fide 
| oppos'd to the obtufe anglesis equal to the fquares, 
‘of both the other fides, and two retlangles con- 
tain'd’ ander the line spon which a perpendicular 
will fall, and the line which lies becwixt the tri 
"angle and the perpendicular. 


ET the angle AGB, of the 
triangle ABC, be.an obtufe, 
and let AD be drawn perpendi= 
| cular co BC; che fquare of the 
lop \ide ABisequal to the fquares of the fides AC 
)jand-GB, and two rectangles contain’d es the 
it fide BC, and DG. 
Dersonftration, 
| The {quare-of AB is equal co the fquares of 
(AD, and DB, (by the 47.1.) Buc the fquare of 
(DB: is equal to the fquares DC, and CB, and 
wo rectangles contain’d under ‘DC and CB, 
(by the 4 à "Therefore the {quare of AB is equal 
T1 ito the fquares AD, DC, and CB, and two re. 
angles contain'd under DC and CB, In Read 
lof che two firft fquares AD, and DC , put the 
ifquare of AC, which is equal to them,( by the 47. 
[1.) The fquare AB will be equal to the ος 
i 2 | 
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AC and CB , and two reétangles contain d/\ 


under DC and CB. 
The USE. 


¢ This propofition 16 ufeful in wt es 





6 to meafure che avea of attiangle, whofe fides) j, 
€ are known. For example , fuppofe the fide | , 
© ABto-coniitt of twenty. foot, AC of 13, BC) 
of 11: the fquare of AB.will be 400, thar.of 
“AC 169, and that of BC 121. Thefumme) 
¢ of the two laft is 290, which fubitraéted from | 
€ 400, there will retain #10 for the two ret | 
6 anoles under BC and CD. The half of which, | 
“5, will make one half of thofe reGangles 5! 

| 

ἳ 














f ην. which -number by BC, 11, we fhall 
have ς fortheline CD ; whofe fquare 25 bee 
“ing fub{traéted from the fquare of AC, τόον. 
€ Jeaves the fquare of AD, 144, whofe root 1110 
¢ will be the fide AD3 which being multiplied | ,; 
“by 52, the halfof BC, will give the area of | fg 


‘che rrianzle ABC, that is, 66 foot fquare, 
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PROPOSITION XII. 


A THEOREM, 


| In any triangle whatfoever, the fquare of the fide 

| oppos’d to the acute angle, with two retlargles 
contain d'under the fide upon which the perpen- 
dicular falls, and the line which is betwixt the 
perpendicular and that angle ; W equal to the 
Squares of both the otber fides. 


A Gree the triangle to be 


sl / ABC, znd the acute angle 
hilly & © CG, and AD the perpendicu- 
i jar falling upon BC: the 


9} fquare of the fide AB, oppos‘d 
M co the acute angle C, with two rectangles con- 
lie! cain’d under BC and CD, will be equal to the 
so fquares of AC, and BC. 
Demonftration. 
| The line BC being divided in D, (by the 7.) 
| che fquares of BC and DC are equal to two re- 
| Ganeles under EC and CD, and che fquare of 
| BD. Add to both the fquare of AD: the 
| fquares of BC,DC,and AD, will be equal co 
ORR two retangles under BC, and CD, and the 
I {quares of BD, and AD. In flead of the fquares 
| of CD, and AD, pur the fquare of AC, which is 
| equal tochem, (2) the 47. 1.) and inftead he 
| the 























































































































132 ihe Elements of Euclid. 
the fquares of BD, and AD,.fubfticute, the 
{quare of AB, which is equal to them, (by the 
fame:) the fquares of BC, and AC,’ will be 
equal co the fquare of AB, and two reGtangles 
contain’d undef BC;and CD. 


The VS ε 
© Thefe propoñtions are very ufeful in Trigo- 


à HO CUT : I have made. ufe of chem in che 
“.cighth propofition of my third book, to prove, 


i ar in a‘triangle the Sine coral has the fame : 


" Proportion to the fine of an angle, ‘as the re&t- 
“angle.contain’dunder., the fides, which form 
“char angle, to,double the criangle, I have 


us’ d them likewife in the feventh, and divers’ | 


“other propolitions. :; 7 


= 


oe eee een eee eee ο ο τα ης à 








PROPOS ITION XIV. 
A PROBLEM: | 


10 Ae ferré VE A f are equal ta & ακμή figure 
‘ve Livery 


PPO defctibe a fquare ᾱ- 

3 qual to che rectilineal 

make (67 the 451.)a rect- 

: BCDE equal to the 
Silined | A.’ If che: fides 

D, and CB were equal, we 

fhould 
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| fhould have what we ‘defir’d +» but being une- 


qual, continue che line BC; fo thar CF may. be 
equal to CD sand dividing..che line BF,’ in 
the middie atthe point. Gj defcribe the fermi: 
circle FHB; this done, prolong DC to H. 


| The {quare of CH is equal tothe re@ilineal A2 


Draw the line GH. 
Demouftration, 
The line BF is divided “into two equal parte 


Jin G, and two unequal in C: shérefore (by the 
| 5:) the rectangle conrain’d under BC, ΟΕ, or 
| CD, thacis to fay, che reGtanole BD, wich the 
y fquare of CG, is equal to the fquare of GB, or 
à GH, whichis equal to ic. Now (by the 47.1.) 
the fquare of GHis equal το the {quares of CG, 
and CH: therefore the re&angle BD, andthe 
piquare of CG, are equal to the fquares of CG; 
pand CH ; and therefore taking away che fquare 
lof CG, which is commonto both, chere wilf 
premain che fquare of CH equal to the reGtangle 
SBD, or, which isthe fame, che re&ilineal A, 


The “SE, 
* This propofition reaches usin the fir place 


(to reduce any rectilineal figures to fquares ; 








“Which being the chief meafure of all fuperfi- 


A cies’s, becaufe ics dimenGons are both equal, 
{we can by this means take the Magnicude of 
Ball forts of reétilineal figures, Again ic helps 
B 4s to find a middle proportional betwixt two 


lines 
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fines given, as we fhall fee in the chirteenth #|- 
¢ propoñtion of the Gxth book. | | 
© Ariftotle brings: this propofition as an ine 4 
‘flance of a Formal Definition : for, in his fecond € 
“book, de Anima, eit. 12 diftinguifhing be- 4 
¢ ewixt.a Formal and à Caufal Definition, he ex- | 
plains them thus. If, when tis demanded 4 
¢ What it is to fquare a Rectangle ? anfwer be | 
<retutn’d, that itis το defcribe a fquâre equal 4 
toa restineal; this anfwer contains the for- | 
«mal definition. But if it be faid, chat itis co |) 
< find à middle proportional betwixt two liness | 
€ this gives the Caufal definition. For to find | 
€ a middle proportional is the caufe of making 
€ a fquare equal co the rectilineal propos'd. Le 
This propofition may alfo be farcher ufeful ἥ 
€ for che {quaring of crooked figures ; and alfoy | 
€ as far as 1s poifible, even the Circleicfelf; for | 
€ ali (ores of crooked figures may, ae leaft as far k 
cas is difcernible by fenfe, be reduc’d co reéti-#|, 
ejineals. As for example, if we infcribe in a |, 
€ circle a Polygone confifting of a thoufand | , 
¢ fides, there will be no fenfible difference bel} : 
Scwixe it and the circle: therefore reducing |, 
€ this Polygone to a fquare, We do, as fat as out i. 
ε fenfes are capable of judging, fquare the circles | η 
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hy His third Bock explains che propertiesof 
DS ho: as Circles and compares «divers lines 
‘odawhich maybe drawnwichin, or without 
“itsicitcumferences I¢ confiders likewife the 
i) < circumftances of circles, that cut each other. 
or couch a right line ; and the differences 
“ofangleschat are thadeceither at che centers 
“or -cirewmferences.° Infineic: lays down the 
«βΗ1 ptinciplesfor the eftablifhing the practical 
| € part ‘of Geometry ; #or:iwhich the circle As 
© motticommodioufly. madeufe ‘of in almoft ali 
ὁ Treatifes of the lMarbemaricks, | 
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126 The Elements of Euclid. 








DEFINITIONS. 


1. Thofe Circles are equal, 
whofe diameters or femidiame. 
ters are equal, 





2. Alineisfaid to touch a cir- | 
A 7B cle, whén, Meeting’ with ics cir- | 
! . |  Cumference, it does not cut ic. As | 

the line AB. gs ο ate 


3. Circles touch, | 
when meeting, they do | 
not cut eachother, As |: 
‘che circles A,B,and Ον | 





κ.--- 4. Thofe dines are.equally rea } | 
Ri mote from the center; when the per- | 
pendiculars, drawn from.the center | 

to the lines, are. equal. ‘* As for | 

5 D ‘example, if ΕΕ, and EG, perpen- t 
¢ diculars το che lines AB, and Ον! 

«be equal, AB and CD will be equally remote! 
“from the center 3 becaufe the diftance oyght } 
€ always tobe meafurd by perpendicular lines. ἡ 


£. Al 


sy CA re) 
! 


me | 
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_ 5- A fegment Of a circle isa 
figure terminated on one fide by 
a tight line, and on the other by 


N the circumference of a circle. 
As LON, LMN, 


ee Γ 


SEM 


ee me 





| 6. The angle of che feoment is the anole 
(which che circumference makes wich che riche 
fine. ** As che angles LNO, NLM, 


7, An angle isin that feoment in 
which are the lines chat form it. 
‘As the angle FGH, is in the feg- 
‘ment FGH. | 


HN 8, An angleis upon that arch, to which ic 
lis oppos‘d, or which is as its bafe, “As the 
) F angle FGH, 1s upon che arch ΕΙΗ. 

n à 














g. The Seétor is a fioure con- 

tain'd under two femidiameters, 

and che arch which ferves them 

LE for abafe, ‘ As the figure FIGH. 
‘Sigg 














Re PROP. 






































































































































128 The Elements of Euclid. 
1: PROPOSITION I. 
| APR OB UE M. 
To find the center of m Circle. 
εν FPO find che center of the cir- 


AB, and divide ir in che middle 
at the-point C ; through which 
«draw “thé perpendicular ED, 
which alfo divide into two equal parts at che 
point F,. and char poine,F will be the center of 
the circle. If it be not, fuppofe che point G to 
be the center; and draw the lines GA,GB,and 
GC, το Demonftration. 

If che: poinr:G bethe cetirer; the “triangles 
GAG, andiGBG, willhave the fidés GA, and 
GB equal; (by the definition of a circle :) and AC 
and CB:will be equal, che line AB being divi- 
ded in the middle at the point C, and CG being 





common, the aneles GCB, and GCA willbe e- J 


qual, (by the 8. 1.) and CG aperpendicular, not 


CD, which is contrary to the fuppofition. Theres j 


fore the cenrer muft of neceffiry be in the line 


CD. add, that ic tuft be at the point Ἐν | 
where itis divided into two equal parts : other- | 
wife | 


cle AEBD, draw the line # 
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wife che fiies‘drawn from the center to the cir- 
cumfererni¢e would not be ‘equal. 

Gorol, The’ cénter of a circle is in chat line, 
which falline-perpendicularly όροι another, di- 
vides it into-two equal parts. 


The USE. 


|| © This propoñtiomis! néceffary to détnon- 
ἄν λες ftrace chofe that follows 


| 
se EURE ο 




















ie eam eee! 
ae] | "ο 
PROPOSITION II. 

in 
pu | A THEOREM. 
ih A right line drawn from one point of the circam. 
ih ference to Py aay wholly within the circle. 
i l 


ET à line be drawn from thé 
point B co che point C, I fay, 

it will be wholly contain d : withs 
inthe circle. Το prove char it 
cannot fall without che circle, as 
7  BVC ; having found the cen- 
κο | ter of che circle A, draw the lines AB, AC, and 












































ul AV. 
ke] Demonftration. 
th: The fides AB, and AC,of the triangles ABC, 





ot AR are equal : therefore (by the 5.1.) the angles 
ht ABC and ACB are equal, And fince the angle 
vi AV Cis an external angle in refpe& of the cri- 
| angle 


MES 


are esas ae 


κ κ. : = 
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anole AVB, ic is greater chan the angle ABC, 
(by the τό. 1.) and then alfo it will be greater. 
than-the angle ACB. . Therefore (dy the 19.1%) 
in che triangle ACV, the fide AC, oppos’d'to 
the greater angle AVC, will be greacer than: 
AV: and by confequence AV ought noe to 
reach to the circumference of the circle, if che 
line BVC was a right line. 


The USE, 


CTisby this propofition chat they demon- | 


* ftrace, chat a circle can touch a right line bue 
“in one place. For if the line touch’d two 
“points of the circumference, it would be 
< drawn from one of its points to another : and 
“by confequence, according to this propofitions 
“would enterthe circle ; though byits defini- 
“tion, che line chat couches oughe not to cut 
“the circumference. Theodofivs makes ufe of 
‘the fame Demonftration to prove,that a Globe 


ὁ can touch a plane only in one points for ο” | 
‘therwife the plane would enter within the | 


$ Globe, 


PROP, | 
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| i). | 


PROPOSITION ΤΠ. 


A THEOREM 











| If the Diameter divide a line, which does not pafs 


shrongh the center, into two equal: parts, it will 
entit atright angles; and-sf it cut st at right 
angles, it will divide it inta two equal parts, 


F che diameter AC, cucthe 
line BD, which does not 
pafs through the center F, in- 
to two equal parts at che poine 
B, ic wilk cut ic’ at right an- 


DemonStration. 


ON) In the triangles FEB, and FED, the fide EF 

Bis common ; the fides BE and ED are equal, 
| | the line BD is equally divided in E, 
pens their bafes FB and FD are equal : thetefore 
§)(by the 8.1,) the angles BEF and DEF are e- 


bqual, and by confequence tight angles. I add, 
} that if the angles BEF and DEF be right angles, 
ithe line BD will be divided into two equat 






































Bwill beequal, à 
De Demonffration. 
N The trianeles BEF and DEF are rectaneu- 
Dlar: therefore (by 1fe 47. 1.) the fouare of the 
4 fide 


ο] 





gles, Draw che lines FB, and 


pppartsat E, chat isto fay,’ the lines BE and ED 




























































































































































































G 


dent ic.cannot equally. be divided, but at the. 
center... But if neither .pafs through.the cena 
ter, as BD and EG, draw the line AIC through 
the center. | | 
Demonfiration. | 

If the line AC divide the line, BD , into two 
equal parts in J, the angles AID and ALS ve 
ré e| 


circle, they will not equally } 
D divide each others Firft, if) 
one of.thofe lines; as AC, pafs ' 
through the center, us Cvie | 





|| 
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fide DE will be equal to rhe fquares of the fides (a 
ED, and EF. Now the fquares of BF and FD jel 
are equal, becaufe the lines are ‘equal, therefore AE 
che fquares of BE and EF are equal to the ijt 
fquares of DE and EF ; and taking away the yi 
| fquare of EF, che fquares of BE, and ED will [ha 
be equal, and by confequence the lines. [re 
: oh | if 
i ET ER TM: | | 1 
PROPOSITION IV. | , 
| A Της OREM. ; {one 
Twolines dramnwithin.a circle cannot cut each 0- jo 
ther. intotmo.equal parts, unlefs they both pafs | i 
through the center. ae | % 
< | Wat 
I’ the lines AC and BD. eut | poi 
AL each other at che point 1, vi 
which is noc the center -of the } the 


\ 


| 
Ÿ 


ἴ 


πα Tu. 









| 1 he T hier Book... : 133) 
ja b@ right angles, (bythe 3.) Tn ‘like manner if 
the line EG was'equally divided in I, the anole 
IATE would:be’a riot -äpole ; and confequent. 
wily the’angle AIB:and ATE would ‘be ‘equal, 
4egevhich is impoffible, one being pare of the otter, 
In a-word.the line AIC, which paffes through 
ithe center, would be.perpendicular to the lines 
BD and EG, if they Were both equally divided 
atthe pointlh | σαν Τ 

: The USE. is 

| Thefe two Propofitions'aré üs’d in Tigone- 
| metry, to demonftrate, chat the “half of a chord 
Ff A of an arch is perpendicular roche femidiame- 
(cers and confequently, that ir is. che fine of 
ΤΕ Πα] έ the atch. By thefe alfocthey deménftrare, 
i‘ thatthe fides of 4 triangle have chefame pro- 
A: pottion,as the finés of the oppofite angles. We 
|p. alfo make ufeof it to find the Eccentricity of 
‘mie che Circle, which the Sun defcribes in His an- 
wl Dual POOH, M ey ον. 43 
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| PROPOSITION V. 

1 A THEOREM. 

WCircles that cat each other, have wot the fame 
| Genter. , 


oe 4 HE circles ABC,and ADC, | 











WD Which. cuteach otherin A 
98) and C, have not che fame cen- 
cer. If they had che fame center, 

= € 


$ TPS 
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fuppofe Ë; the lines EA and ED would be e-1 lai 
qual, (athe definition of à jcirele ;). as alfo the, | 
lines EA, and EB : therefore the lines ED and. 
EB would be equal, which: is impoflible; one: | 
being parc.of the others oc. , mis see 





lPROPOSIITON VI... 
A THEOREM 


Two cireles that touch each other on the inner fide À 
bave not the fame centers... 1 





fe CHE circles BD and BC, | 

‘i which touch each other on | 

À } the inner fide ac the point B,. | 
have not che {ame center. : For » |) 

: fhould the point A be fuppos’d | 

to be the center of both the.circles; the linesi ην 
AB and AC, AB and AD, would be equal, (by A 
the definition of a circle,) and confequently the ll 
lines AD and AC would be equal, whichisims | 
poffible, one being part of che other. | 


B 





PROP, | 
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‘PROPOSITION Vil. 
A THEOREM. 


Lif many lives be drawn from any one port eh 
1 the circle, which not tts Center) to the civcnm.. 
ference : 1. that which palfes throxgh' the ten- 
ter is the greateft: 2. the remainder of it, 

continn’d to the oppof te part” of the circumfe- 
rence,” the leaf? :' 4. that which ts ‘heareff : to 

the greavefty exededs thofe that are more venstre-: 
À, Theré'éan be no more: Le two hi sen te 
to ¢ath other. 8) : 


ου many Lined! itol ibe 


drawn<!from: the point; A, 

g being not-the center ofithe ctr- 

-cle;to the circumférences! and 

the line AC torpafs through 

the center:B: I will demon- 

Araresthacic is sreacerthan any of che other} for 

pixampie, thac ic is greater than AF. Draw PB, 

TA Denidrifivation. | 

! The fides AB And: BE of the triangle ABE, 

pres oreater than AFalone, (by the 20.1.) But 

ΤρΕ and BC are equal, (by the definition of a cir 

prle:) therefore AB and: BC,  chac is’/1o: fay, 

HAC, is greacer chan ΔΕ. 

) Ladd in the fecond place, that AD jisothe 

S 2 leaft ; 


















































































456 T be: Llemerits of Euclid, 
ha for example, that it 15 lefs chan AEs | 
Draw BE. Demonstration. | 
_ The fides EA ‘and AB ‘ate vreater than BE} 
alone, but BE is equal to BD, therefore EA) 
and AB are greater than BD: taking therefore’ 
fiom both that whichis \commori ΑΕ, AE will 
remain greater.thamADe à νὰ: 1 
«Farrer: AF, whichis neater. ac than AE, * 
is #40 greater char à ite = Rae | Cy 
ἐκ, eth 

tebe triabates FBA, and-EBA, ave the ded 
BkandBE, equal, \an ΒΑ ΑΦ comen to, both 3 
bur, thelangle A BRyissgreatei chan ythe anole | ‘i 
ABE: therefore (by the 24.1.) ΑΕ isgreater 
than AE, | 
| Daltly;11 fayyathatono!mére chan two lines, | | 
Fe are‘equal co:eadhrother, can be drawn from) 
che point A'to the xtrenmferénce. "Fake che) 
angles ABE and :ABG: equibs ands¢ ας che) 
lines AE 'and°AGA sui sr \ 
fie | Debsanflranon, : | 
The triangles “ABG;i:and. ABE, tue theil 
fides BE'and BG: equal; the ‘fide AB.comamon | 
to both, and the angles: ABE and ABG equal 5) 
chereforé their bates AE ;ändr A Giwill becequal,) 
(by the.4.a.) Bacal! chedines thac can: be-drawtM| 
either onone Πάς ὁτ thé other, will be eithes)} 
nearer AC, than AE} and:AG*; or more remote) | 
fromit ; and accordinety wilbbe either AN EL 


terot lef than AG, ‘Therefore there can no § 
more 
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more than two lines equal betwixt themfelves 
Ibe drawn from the point A το che circumfe- 


| rence, 
| The USE, 







< Theodofius | advantageoufly ufes this propofi- 
* ion ço prove, thac.if from,any. point ofrhe fu- 
petites of a.{phere, which is.not: the:pole of 
“any certain circle , divers arches of: greater 
iS circles be drawn so che circumference of that 
|“ circle. char which pafles-through its pole will 
“be the greacett. Forexample : if from the pole 
“ of the world, which is.diftinét from che pole of 
A S.che Horizon, (for the Zenith is ics pole,)divers 
\S arches of greater circles.be drawn to: che\cir- 
A0 cumference : ; the arch of che Meridian, which 
ml pales through. the Zenith, will be che greareft 
a arch. This propofition | is alfo brought to 
HS proves that thesSun, ‘when in his -4 μιά 
| kis gh remote from che Earth: | 
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PROPOSITION VII 


A THEOREM. i 


Df from a point taken avithout the cirele, many yb 
lines be drawn to its cineumference, ‘2. of all Au 
thofe that extend to the concave circumference, | Lit 
that which paffes through the center ts the grea. | AD 
teff:: 2. thofe that lye neareft to it, are greater | 3 
than thofe that are more remote: 3, among thofe | the 
that fall upon the convex cireumference, that | ϕῃ 








which being continu'd palles through the center, | 9ἳ 
| 


ss the leaft: 4, thenearerito that are lefs than | 
" thofe farther off τς: there canbe but two equal | I 
lines. drawn from the fame point either to the 5x 














οἱ _ Firft, che line AC, which paf- 9/4, 
fes through the center B, is the faq, 
greate(t of all chofe that reach to | itp 

the concave circumference ; for | 


Concave or Convex-Circumference. | μα 
. oe not: So pe | Lil 
. Ree 4 Uppofe. many: lines: Νες), 
|| ή L drawn from che point À ‘to | 
|| γ the circumference of the circle M \, 
|| i 
|| 
| | 





example, itis greater chan AD. Draw che line π 
BD. Demonflr ation. Ne 








ay In the triangle ABD , the fides AB and BD: | 
τα. êre grearer than AD alone; but che fides se | 
an 
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.), and BC are equal to AB and BD: therefore 
à AB and BC, or AC, is greater than AD, ' 

|. 2 AD isereacer than AE. | 

Dewsonftvation. 

|. The triangle ABD and ABE, have the: fide 

JA AB common to both, andthe fides BD and BE 

equal, and the angle ABDis oreater than the 

angle ABE: therefore (bythe 24, 1,) the bafe 

A AD is greater than the bafe AF. 

"3° AF, which being continu'd paffes through 

egthe center, is che leaft of all thofe thar are 

WAdrawn to thétconvex circumference LEIK 3; far 

m pexample, ic is lefs than ΑΙ. Draw IB, 

| | Demonftration. 

| 




















Sreater than AB alone, (dy the 20. 1.) therefore 


Qrakine from both the equal lines BI and BF, AB 
pill remain lefs than AI. 


“A 4: -ALis lefsthan AK. “Draw the line BK, 
(0 | ! Demonfiration, 

In the triangles AIB and AKB, che fides AK 
sind KB are oreater chan the fides Al, and IB, 


qu 



























N éythe 21,1.) therefore taking. from boch: the 
iBequal fides BK, and BI, ΑΙ will remain lefs 
(βία AK, | 

Ps There can be but cwo lines equal becwixe 
infthemfelves drawn. Take the anoles ABL, and 

BABK ; as alfo ABE, and ABG, equal. | 

δα. ‘Demonftratien ~- all 

ih) The triangles ABL and ABK, will have their 
ish | | bafes 


af? | 
| 
| 


à 


Inthe triangle AÏB the Gdes AL and IB are | 
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bafes AL and AK equals (dy the. τι) and by 
the fame alfo. AB and: AG: will be equals: but 
no other line can be'deawn,: that will noc be ei- 
cher nearer to, or.moré remote from ΑΕ, or 
AG ;- and-confequently, that will not be: either 
reacer or le(sthan AK and AL,oABand AG, 


ο 
O 


PROPOSITION IX, 


A THEOREM, 


That point from whence: three equal lines can be 
drawn to the circumference of a circle, 45115 
center 


| [5 the point were not the center of a circle, 
bo there could be but two equal fines drawn 
fromit το the circumference, (by the.7, and 8.) 


D ms éminents CRIES Pot RET a aT 


PROPOSITION X. 


A ‘THEOREM. 
ος Twocirclescut each other only in two points. 
8 SA TF two circles AEBD, and i 


+ ABFD, fhould-œuc each: ο- 
| cher in three points A, B, and fl 





D3 find (by thet.) che center, [ 


D C ofthe circle AEBD ; and | ! 
draw the lines CA, CB, and | 
CD. Dee | 
































Demonftr ation. 

‘The lines CA, CB, and CD, drawn ‘from 
the center C to the circu iriterehee of the circle 
AEBD, are equal : buc the fame lines’ are alfa 
drain to the circumference of the circle ABFD: 
therefore (by the 9.) the point € will’ be’ the 
center of the circle ABFD, So that two cir- 
cles, which cut each other, wili have che fame 
center ; whichis contrary το the fifth propo- 
fiction. 





PROPOSITION XI. 


A THEORE™M.,: | 
Lf two circles touch each other on the infide, à line 
drawn through both the centers, a alfa pafs 
through the point where they AA 13 


Τε the two IA EAB and 
EFG. touch each other on 
the infide, atthe point E ; a 
line drawn through both rheic 
centers will pafs through che 
pont.E. -Forif che point 5 
was. the center of che leffer circle, and C tbat 
of the grearer, {σας the line CD pathin: 
| fhrough borh fhould.nor pals, through the-peinc 
E: draw che lines CE-and. ΡΕ. 


Demonf{r ation. 





The lines DE, and DG, drawn’ from rhe 


js center 


TheT bird Book, fai 









































































142 The Elementsof Euclid. 


center of the leffet circle. D to its circumfe- | 


rence, would be equal: and adding ‘the line 
CDjthelines ED, and DG, would be equal to 
(ο. Now: ED and. DG are. greater, that EC 
alone, (by.the 29.1.) andfo.CG will be .grea- 
rer thaniGEs yer, C.being-tae σέπια; οἳ che 
oreater circle, CE and CB are equal :; therefore 
CG will be,grearer chan. CB, which is impofft- 
ble. f PAGE ή 


PROP OSEFION Xk 





A THEOREM, 


Tf two circles touch each other onthe outfide, a line 
drawn through both" thérr' centers’ , will pafs 
throneh the point where they touch." 


: TF the line AB, which does not pafs 
Ÿ = chrough the poinr C where the 
circles touch, be faidto be drawn 
from the'centér A’co the center B 5 
draw che lines “AC and BC, 
Dewionftration,. 
In the triangle ACB, 







the fides 


contrary tothe 20. à) becaufe AD 


atid’ AC; 
as alfo BE and BC, are equal, | 




























AC and’ BC would not be greater — 
than thé fide AB αἶοπε,- (which is | 


PROs 
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PROPOSITION XII. 


A Turorem, 


Two circles can touch each other only ia one 
. point. 


*Irft, if two ci rcles roucn eacl 
other on the infide, a wil 
touch but ‘in one point on 
point Cs; which is marke 
the line BAC paffing through bot th 
their centers » A, and B.- For if 
they fhould touch like ewife in the point D, draw 
the lines AD, BD. 
Dersonftr ation. 

The lines AC and AD, drawn from the cen- 
cer of the leffer circle toits circumference, are 
equal: and adding AB, the lines BA, ‘AC, and 
BA and AD, would be equal. Now Be and 
BD, drawn from the center of the greater cir- 
cle to its circumference , will 2 equal : 
therefore the fides BA and AD’ will be e- 
| Qual tothe fide BD alone, which is contrary to 
sf the 20.1. 

il Secondly if two circles 
\ touch'each other on the out- 
fide; drawing the line AB 
fromone center to the other; 
T': 2 



























































244 The Elements of Euclid. 


it will pafs through the point C, where the cir- 
cles touch, (dy the 12.) But if you fay that they 
touch alfo at che point D: having drawn the 
lines AD and BD ; the lines BC and BD, AC 
and AD, being equal , the two fides of a tri- 
anele taken together, would be equal ro che 
third, which iscontrary to the 20. I. 


The USE. 


“ Thefe four propofitions are very clear, and 
“evident ; and alfo neceflary in Affronomy, 
‘ when we make ufe of Epicycles, to explain the 
* motions of the Planets, 


ο DD EEE RTE 


PROPOSITION XIV. 





A THEOREM. 


Equal lines drawn within a Circle, are equally She 


mote from the center ; and thofe that are equal. 
ly remote from the center, are equal, 







Αντε CUuppofing the lines AB and CD 
ή] to be equal: 1 prove, chat che 
( (6) perpendiculars EF and EG, drawn 

from the center , are alfa equal, 


D Draw che lines EA and EC, 
Demouftr ation. 

_ The perpendiculars EF and EG divide the 

lines AB and CD in the middles at che points 
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F and G, [bythe 3.| therefore AF and CG are 
equal. The angles F and G are richt angles: 
therefore [by the 47. 1.] the/fquare of EA is e- 
qual το che fquares of EF and FA: as alfo the 
{quare of EC is equal tothe fquares of EG and 
GC; but the fquares of EA and ECare equal, 
becaufe the lines EA and EC are equal : there- 
Fore the fquares of EF and FA are equal to 
the fquares of EG and GC: and taking a- 


Le) 


way the equal fquares AF and CG, there will 


remain the fquares of EF’ and EG equal ; and. 


confequently the lines EF and EG, which are 
the diftances of the lines AB and CD from the 


)y center, are equal. 


But fuppofing the diftances or perpendiculars 
EF and EG to be equal; 1 will prove after the 
fame manner that the fquares of EFand FA are 
equal to the fquares of EG: and GG : and tak- 
ing away che equal {quares of KF and EG, there 
will remain the fquares of AF ind CG equal. 
And therefore the lines AF and CG, and their 
double AB and CD, are equal. 
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ολλ... 


PROPOSITION XV. 





A THEOREM. 


The Diameter ts the greateff of all lines inferibed in 
aCircles and of the reff that is the greateff 
which 15 neareff the centers — 


ΤΗΕ diameter AB isthe 
P greateft of all lines 
p that can be drawn in the 
circle GIDC, As for ex- 
ample, itis greater than 
CD ; for draw the lines 
EC and ED : 
Demonfiration. 
In thetriangle CED, che fides EC and ED 
are greater chan CD alone, [42 the 20.1.7] bur 
AE and EB, or AB, is equal to EC and ED: 


therefore the diameter AB is ereatet than CD, 
Sac 
Là { 






from the center than che line CD ; that is to 
fay, lec che verpendicular EH be greater chan 
the perpendicular EF, I fay that CDis greater 
thanGl, Draw che lines EC, and EG. 
Denponftr ation, 

The fquares of ΟΕ and FE [oy the 47.1.| are 
equal to the fquare of EC : but the fquare of EC 
is equal co the fquaré of EG, and the hae 


econdly, let the line Gl be more remote | 
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EG equal to the {quares of GH and HE: 
therefore the {quares of CF and FE are equal to 
fquares of GH and HE; and taking from one 
fide the {quare’of HE, and From the other the 
fquare of EF, which is lefs than the {quare of 
HE, the fquare of CF will remain greater than 
| the fquare of GH. Therefore che line CE wilf 
| begreater than the line GH; and the whole 
| line CD, che double of CF, will be gréarer 
| than GI, che double of GH, 


| The HSE, πε 
| © Theodofius makes ufe of thefe to Propofi- 

À ‘tions to demonftrare, that in a fphere the 1ef- 
| 




















| “fer circles.are more remote from the center, a 
| 1 have alfo made ufe of chem in Affrolabés, Το ae 
| “thefe Propoñtions may likewife be referr’d An 
{ ‘ chat Mechanical propoficien. of Ariffotle , by AU 
'} © which he Mows, that the Rowers at the mid= αν 
i “ dleof a Gally have greater. force, than thofe he 





À chat are at, either the fore,or hinder part there: a 
iB “of ;.bécaufe che fides of the Gally being ο. 
A ‘ crooked, the Oars of che middle part. are Ίοη- isi 
Bf cer, ἡ, e..teach farther... than,the ref The ae 


1 © Demonftrations relating to che {ή or Rain: 
© bow, do) alfo fuppofe the Εντ], of thefe.-pro- 
D pofitions. | 


THE 
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PROPOSITION XVI. 
A THEOREM. 


«4 line drawn perpendicularly upon the extremity 
of the diameter falls wholly on the outfide of the 
circle, and touches it. ‘But any other line drawn 
betwixt that and the circumference of the circle, 
enters wethin the circle, and cuts it. 


cA ET the perpendicular AC 
y be drawn upon the point A, 
which is the extremity of the dia- 
meter AB: I fay firft, char all che 
other parts of the fame line, for 
example the point C, fall on the 
outfide of the circle. Draw che line DC, 
Demonftration. | | 
Since the angle DAC of the triangle DAC 
is aright angle, DCA will be an acure: and 
(bythe 19. 1.) the fide DC will be greater than 
the fide DA; therefore the line DO reaches 
beyond the circumference of the circle.” 
Tadd, chat the line CA touches the circle, | 
becaufe that meeting wich ic at the point A it | 
does not cucit, but all its points are on the out- 
fide of the circle. : | 
I fay alfo that no other line can be drawn 
from | 














| 














| 
| 


( 


Len | 


Cc ὁ 
a 


κ 


| “not divifible η infinitum, or 


|S abfolutely and in their own 
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from the point A below CA, which does not 
cut the circle, « I¢ there could, fuppofe FA to 
be {uch an one ;:andftom che poine D draw 4 
perpendicular toir,: DI; Tu ch | 
pow Demonftration, | 

Since:the angle DIA‘ïs/a tight arolé, and the 
angle TAD. an acute; AD ‘will be greater than 
DE: therefore the line’ DI does not reach to 
the circumference, but the point Tis within the 


circle, 


The HSE; <i 
‘ Some Philofophers ufe this Propdfition, but 
altogetherin vain, to prove, thar quantity. ig 
chac there teally 
$ Zenonical, i.e, 
nature indivipble 
“points. “For che Propofition does not, ‘as they 
* Would have ir, prove, that’ a circle couches x 
“right lire ina Zenonical, but in à (Marhema- 
' tical point, which is nothing elfe bur 4 quanti- 
“ ty confider’d without diftinétion of parts, ‘that 


“are in the,world fuch things'a 





Nic has fuch parts or 


| isco fay, without concei ving them difting and 


* feparate one from the other, whether in reality 

not Making no Matter. 
We can therefore take any quantity whatloe- 
“ναι for,a Mathematical point 3 which being 





it 
Ite 


i! 


‘M part-equal totha quantity Which we have ty. 
| Y 


once eftablith’d, our Circle will confit offuch 
‘points,..and. will be mathematically perfect, 
provided, it: touch: ποτ 3 nghe line,’ bue Ina 


kep 
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‘ken fora point. But)1f, we: afterwards cake 4 
“Jefs part for our Mathematical point, the circle 
© which was exactly, perfe according ‘to the 
“firft fuppofition, will becimperfeé in, the fe: 
“ cond, and decenerare into Polygone. I be- 
; lieve,. tis ras. “impoflable to defcribe a circle, 
“that according to any: fuppofition: whacfoever 
“ fhall be moft exa&ly perfeét, ‘as ie is’ to con- 
“ceive the leaft poflible quantity. | 
* Secondly, chofe confequences, which fome | 
* men draw from this propofition relating to the 
# angle of conra&, which they take to “be lefs 
«than any rectilineal angle, are grounded upon | 
“this miftake, chat hey i imagine. an angle to be | 
* a true quantity ; the contrary of which may 
“appear from hence, That che lines, that con- 
“tain an angle, being produc’d to any. longi- 
“tude, the angle becomes not at all the oreater, ig 
Further, it ‘ought to be duly confider αν ας | 
< we mean, when we fay, that one angleisictea. || 
‘rer than another ; for this is all we under- |, 
“ftand, that a circle being. defcribed from the | 
5 point of concourfe at any “diflance whatfoever, | 
“ the lines of chat we callthe greater angle will | 
‘ “contain betwixt chem a greater arch’of thac | 
‘circle, chan chofe of that which we call the 
$jefs; which is che fole meaning of the Excefs | 
« of one angle above another. From wherice I | 
< infer, that the angle of contaét canino more be — 


* compar ἆ with a “tectilineal angle, than-a fu- fy, 


perficies 
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*{uperficies wich ailine,ibeing at the fame time 
‘both equal, and gtédrer::and lefs than a recti- 
ions y Moqouthineal ele, Ας for ex- 
‘ample; from the point 
| ©Adraw the line AD, 
‘making with AE a re~ 
“Gilineal angle; 1 fay 
“it 18 both greater and 
» ΕΙΠΕ that, “and equal to, 
: “thé angle of conta@, 
‘For if we fuppofe divers circles defcrib’d 
‘from ehe'poine A,” as thétenter, whereby to 
‘ meafaré chofe angles’! it is evident chat, ac- AE 
| cordine'co the arcK'drawn beyond che point D, RARE 
that ts he arch EF, the angle of conta ig ap 
| Preacet'than the réGtilineal angle. Burton the hin 
contrary, according to thé arch CB; the re- 
| &ilinealancle is thé cteater of the two. And it 
| laftly,according to the ‘arch DG, pañfing Hu 




















| 
| 


| through the point in which AD cuts the cir- po 

‘| cumference , they are both équal. From jar 

| whence'ic follows; that the anele of conrad is ο, 
pat che fame’time both Yels‘and eréater ‘than, ay 


) 

Land equal to, the tetilineal anole: ΄ and con- ae 
ty fequently, they ouèhc ‘not ac all to be come bei 
par d'tocether. Ina word, Angles are no quan- 
s Muitiés ; nor are they call d lefs or oreater one 
[thin another, ‘but with refpe& ro the arches 
cpvhich they contain ? fo thar all the difpures ju 
“about che angle of contaét; and all che Para- qi 
‘ V2 doxes, Li 








j 
| 


| 
[ 
| 
] 
1 
| 
1 
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| 
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€ ¥ e 9 ώς δὴ | 
«does, conclude nothing. either for or asainit | 


< the divifibility of quanticy ; an: Angle being 
~ ho fpecies, but only a propercy thereof, 


omen 


PROPOSITION XVII, 








A PROBLEM. 


From a point given to draw a line that may touch | 


a Circle, 


ELA À 6. he | 
PAR ~~ pont A: touching, the -cir- 
YR] \  deBD,,draw che line AC το its 





\e 





Point A, at rhe point Ε. ‘Draw alfo.che lines 
EC, and AD. “I fay.the line AD touches 
the circle in D: 
nines Demonftration. He 

The triangles EBC and ADC have the.fame 
angle Cs. and che fides CD and CB, :CE.and 
CA, equal, (by the définit. of a Circle: )..and 
therefore they are equal in all refpe&s,. (by the 
4.1.) and che anoles CBE and CDA are equal. 


Butthe angle CBE is a right angle, cherefora | 
the angle CDA will be fo too, and (op #he'16.) 


che line AD will couch che circle. F 
| PRQ. 





'O draw a line from, the | 


center ; and ac the point B draw | 
4 perpendicular BE, which-may | 
cut an arch.of a circle, defcrib‘d: 
from the. center ©. through της. 













—= 


πα ep ee —_, 


oT, nas 





+ 





ES 


SS 


a a Ὁ -------- 





























ef ta CD, 
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PROPOSIT LON: XVII, 


: A THEOREM, 
4 line drawn from the center. of a circle to the point 
where a right line tenches it, 1s perpendicular to 
that line, | 


. JF the: line: CD be drawn 
fromthe center C ro the 
point of conta D, CD will 
be perpendicular to AB. For 1f 
it be not, draw the line CB 
perpendicular to AB. 
Demonftration. 

_ Since the: line. CB is fuppos‘d to be perpen- 
dicular, the angle B will bea right angle, and 
confequently CDB an acute, (Gy the 33. 1.) 
Therefore the, line CB, oppos’d to the Ίεβο 
angle, will be lefs chan CD, which is impofiible; 
becaufe CF, which is buc part of CB, 1s equal 
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πο τα τς ων ο τν 
PROPOSITION ‘XIX: 











AP itornem 
Katine, perpendicular tothe tangent, be dvawir 


from the porñtof cont ath, it will pate through the 
Genter of the circle. 







FET the line AB | fes Pig, preced.| touch.the 
kg « irclé ac che point D, : and the line DC be- 
perpendicular co AB, “I fay, that DG: paffes 
ehtough.the center’ For ifir did not, drawing 
a line ‘fromthe center co thé point D> it Would 
be perpendicular co AB, (67 the preceding) and 
fo there would be twd perpendiculars drawn 


ro'the: fente point D of the fame line, which 
eantiot be, 


























The ufeof lines Ta angents 15 very common 


> “if Treg OnOAIELTY § 7 UDOR WE which account τε Ἱς that 











Ler | 


; 
“Thaventadea Hable, whereby to meafure all forts” 4! 
: “of ‘triangles,as well fpheri ical as reQilineal Ju Iti 
my Opticks I kewife are divets propoñrions  |f, 
€ founded dupon ? Fangents ; as when is decermin’d À 
* what part of a Globe is enlighter? d. Thepha- 4j 

Se es ot Apparitions of rhe Moon are eftablith'd | 
:4ῑσ toon the fame doSrine 5 and that famous | 7 

| 


Problem of ge by which he found Ihe 
he diftance of the Sun, by the difference of |, 
‘the 


& 


FR 
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“the true and apparent Quadratures, In Dirite 

“ing the Jfalian and Babylonian hours ate fre- 

* quently defcrib’d by lines Tanvents. Lafily, 
“we caké the dimenfions of the earth by a line 

“that touches its fuperficiés : thd in the atc of 

© Navioatiôh, take a Tangent line fot our Hari. 

*Z0n. 


PROPOSITION XX, 


Α TuEoRre M. 


The angle at the center is double. the angle! at rhe 
Circumference, which has.the fame arch for sts 
afe. 


F the angle ABC, which is 

at the center, and the angle 

ADC, at the circumference, have 

/ the fame,arch AC for their bafe, 

ο A. the firft will be double che f= 

| cond. This. propoficion has three 

| different cafes: the firtt of which is “When the 

line ABD paffes through thecenter B; the line 

1 AB in one trianole concurting with cheline BD 

sof the other, “hh 
| 





Demonftr ation, 

| The anole ABC is the exrernal angle.in ‘tes 
Bfpe& of the triarole BDC 2° therefore (by, the 
832.1.) ic is equal ro both the angles D and C: 


ea 
πα ος 
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whichbeing equal, (dy the 5-1.) becaufe their 
fides BC and BD are equal, the angle ABC 19 
the double of either. | | 

The fecond cafe is, when one angle inclofes. 

che other, but none of the. lines 
that form them concur in one 5 as 
you fee in the next figure. The 
angle BIDis at the center, and 
the angle BAD at the circum. 
ference. Draw the line AIC 
through the center. 
| Demonfivation. 

The angle BIC is double the angle BAC, 
and CID is double the angle CAD, (dy the | 
preceding cafe :) therefore the angle BID is | 
double rhe angle BAD. 

The third cafe is, when ic happens, that neï- | 
ther one angle inclofes the other, nor does any | 
of the lines that form them, concur ‘in one, 
Which cafe ts wholly omitted by my eAuthor, but | 
for the Readers fatisfattion is here [upplied. | 

Let the angle at the «ση» | 

ter be BED, and the angle | 

\e at the citcumference BCD, | 

having the fime arch for | 

their bafe BID. I fay, the | 

angle BED is double the 

angle BCD.  Drawche line | 

EC, and continue it co the point A, | 


Demon | 
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Demonstration, 

“The angle AED is double the angle ACD, 
(47 the 1.cafe; ) ‘and (by the fame) the angle 
| AEB is double the anole ACB: cherefore che 
| remainder of the ‘one BED is double the re. 
|| mainder of the other BCD, 
| ts The USE. 
| © That Problem, which is ordinarily pro- 
|S pos’d, fhowing how.to:defcribe an Horizontal 
“Ρα! by one fole opening of the Compas, is 
* builc in part on this Propoñtion. And again, 
, | “when we would detesmine the Apog eum of the 
# | © Sun,or the excencricity of his Circle, by three 
s | obfervations, we fuppofe the angle ac the cen- 
“ter co be double thar. ac, che circumference. 
i. NE Ptolomey makes frequent ufe of this propofition 
y |* co determine both the excencrick circle of the 
ο) Sun, and che Epicycle of the Moon. The firft 
|“ Propofition.of the chird: book of Trigonome-. 
if try is grounded alfo upon this here. 
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PROPOSITION XXI: vi 


A THEOREM. | 


The angles, that are in the [ame fegment of a cvs | 
cle, or that have the fame arch for their bafe, | 
are equal, | 


Τι the aficles BAC and BDC | 
are inthe fame fésmént of | 
a circle, which is gréatét'than |! 
a femicircle, they will’ be”e- | 
Je qual. Draw the lines Bl'and 

CI. | | 

Demonfiration, © °° 
“The angles Aand D are each of thém the) 
half of the angle BIC, (by the preceding .ythére-|) 
fore they. are equal. They have likewife the), 
fame arch BC for their bafe. oz." 





AP a ee anoles A <a D}, 
e inthe fame feement BAD, which} 
LEN is lefs chan a femicircle ; they will | 
| neverthelefs be equal. 
D emonftration, 

All the angles of the triangle ABE are equal} ' 
to all che angles of the triangle DEC, (by 1.Cas 
roll. of the 34.1.) but cheangles AEB and DEQ). 
are equal, (by the 15 1.) Alfothe angles, ECD 
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and ABE are equal, (by the preceding cafe,) being 
in the fame fegment ABCD, erearer than a 
femicircle'scherefore the angles’ ΒΑΕ, and 
EDC are equal:; which, the angles at E being 
equal, and confequently (by the Coroll. of the 15. 
1.) the lines AE and EC, making but one right 
line, as likewife DE and EB another, are the 
| angles A and D, in thefame feoment ABCD, 
| and having che arch. BC for cheir bafe, 


| RD NT ER, 

| .. “This Propofition is produc’d in Optieks to 
| “prove, chac the line BC will appear of the 
|  fame greatnefs, when tis view’d from A, and 
| “D, becaufe ic is {σοι in both.cafes under e- 
| < qual angles. 

“The fame propofition is us’d co defcribe large 
A circles wichour having cheir centers ; for ex- 
ἡ “ample,if we would: make large Copper bafons of 
| “a {pherical figure, fuch as we might work upon 
} “in polifhing Spe&acles,,and olafles ro fee ac a 
y “:greac diftance. For having made in Iron an an- 
M le BAC equaltothac, which is contain’d in 
ή “the fegment ABC, and. ar che points B and_C 
ILS ftrongly faften’d cwofmall iron pinss if the 
| ‘triangle BAC be mov'd fo, chat the fide AB 
§ ‘ may always touch che pin B, andthe fide AC 
i “the pin C, che point A will defcribe an arch 
| | of che circle ABCD. This manner of defcrib- 
ing actrcle may alfo be us'd in making great 


A ‘ Alrolabes, : ο ok RROM 
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PROPOSITION-XXIL:. 
A THEOWEM. 
Quadrilateral feures, tnfcrib’d in a circle, have 
their oppojite angles equal to two right angles. 


À LE a quadrilateral  fi- 

cure, or a figure of four 

D fides, be infcrib’d in 4 Cife 

B cle, in fuch fort chat all ics 

| angles may terminate at the 

ra circumference of the’ circle 

ABCD: I fay the oppofite 

angles BAD and BCD ‘are equal to two right 

anoles. Draw che diagonals AG;and BD. | 

Demonfration, ; 

All the angles of the triangle BAD are equal | 

to two right anelés, In flead then of the angle All | 

BD put che anole ACD, which ts equal to it, (by | | 

the 21;) being | in the fame fegment ABCD: and | 

inftead of the: anole ADB, put the angle ACB, | 

which isin che fame feoment'of a circle BCD | 

À. Therefore che angles BAD, and the an-| 

oles ACD and ACB, that is to fay », the whole; 
angle BCD, are equal to two right angles. 


πρ OSE, 


© Ptolomey makes ufe of this Propofition to! 
“frame the table of Chords, or lines fubrenda 
Z ing) 
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“ing arches. I have alfo us’d-the fame in my 

third book of Trigonometry, to prove, that the 
* fides of an obtufanole crianole would have the 
“fame proportion among themfelves as the 
ὅ fines of the oppofite angles, 





“PROPOSITION XXII 


A THEOREM 
Two fimilar fegmems of a circle, defcrit’d upon 
the fame line, are equal. 


Τ callchofe fimilar fegments 
ofacircle, which contain 


Lu 
(xX 
(GIN equal angles’; and 1 fays that | 
a 


B iffuch be/defcrib.d upon the 

fame line AB, they will fall 

one upon the other, and nor exceed eachother 

In any part. For if eicher.did exceed the other, 

as do the feoments ADB, and AC 3, they would 

not be fimilar: to demonftrate which, draw che 
lines ADC, BD and BC. 

Demonftration. 
The angle ADB is an external angle in“te- 


fpeét of the triangle DBC: therefore (dy the. 


16. 1.) itis ereater than the angle ACB, and 
by confequence the fegments ADB and ACB 


| contain unequal angles, which I fay is tobe dif- 
A Gmilar. 


PROP, 
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PROPOSITION XXIV», --! 
A THEOREM, a ae | 
Two fimilar fegments of a circle defcrib'd upon 


equal lines, are equal, 
F the feoments of the circles 
AEB, :and CFD, be fimilar, 
and the lines ABrand CD equal, 
the feoments alfo will be equal. 
~  * Demonftration, 
\: .Suppofe the fine-CD to be 
| _plac’d.upon the line AB, being 
fuppos’d to be equal, they will nor exceed each 
others: and then,the feoments AEB and CFD 
will be defcrib’d upon the fame line, and 
therefore will be equal, (47 the preceding.) 


The USES | 


“Crooked figures are frequently: reduc’d to 
“re&ilineals by this propofition. As for ex- 
‘amples if cwo fimilar fegments 

| ‘ofa circle AEC, and, ADB,: be 
‘defcrib'd upon AB and AG, the 
“the equal fides of the triangle 
Be S ABGrotis evident, that, tranf- 
‘pofing the fegment. AEG unto 

ADB, the triangle ABC is equal to the figure 
ADBCEA. 























PROP, | 
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PROPOSITION xxv, 


A PROBLEM. 
To complearacircle, of which we have but a part, 


2 FAvine che arch ABC 

given, to compleat 

the circle we muft find ics 

cy center ; to which end draw 

») thlines! AB and BC, -which 

B oo) having divided in the mid: 

dies at the points E and D, draw their two per- 

pendiculars; Eh-and D1; which Will meet at 

che poine |) the centér ofithe circle, 
Demonftration. 

The cenceris in the line DI, (67 the cerok of 
the 1.) inisralfoin EY, (by the fames) therefore 
it muft beat the point Ls: 

The #@ SE, 

‘This Propofition occurs very frequently’ 
“bur foriétimes it is ‘exprefs’ d'in orher terms 
* as to infcribe a trianvle ina cifele sor tode- 
“feribe a circle through three 
“points given, provided chey 
‘be not plac’d ina right line. 
* Ler the points propos’d be 
SA, B, and C3 and placing 
“the foot of the compafs ας 
“the point ©, defcribe two 
arches 


e 

y 
à 
a 
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arches F and E, at any diftance whatfoever. 
€ Then remove the foor of the compafs to the 
© point B, and at the fame diftance defcribe two 
other arches cutting che former in E and F ; 
©alfo from che point B, asthe center, defcribe 
€ ac any diftance the arches G and H, and at 
“the fame diftance from the center-A two other 
€ arches cutting chemin G and H. Which done 
‘draw the lines through F andE, Gand H, 
€ which fhall cuc each other at the point D, the 
€ center of the circle. The Demonftration 1s 
‘obvious enough; for if you had drawn the 
€ lines AB, and BC, you had, by this opera- 
€ cion, divided them equally and perpendicu. 
‘farly. This propofition is exceeding neceffa- 
“ryto defcribe Aftrolabes, and compleat cir- 
€ cles, of which we have but three points. That 
€Propofition in 4/fronomy, which teaches how 
€ to find the Apogewm, and excentricity. of the 
€ circle of the Sun, virtually concains this. And 
“Talfo have made frequent ufe of it in my 
© Treatife concerning the Cutting of Stones, 


PROP. 
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| likewife. chepmesfures-of the angles A and 
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PROPOSITION XXVE « 


A THEOoREM: 


Equal'angles,\whethencat the center ssor the cire 
tumferences of equal circles; haveequal-arches 


for their bafes. 


ΤΑ ΤΕ the angles Deand:d, cat: the 
: : centers of equal circles ABC, 
and EFGybeequals) thé arches 
BC and FGawill -be :equal For 
if thesarchBC wwasnereater or WE 
lefs than:thesarch FG, fince the a 

angles:are. meafur”d by. arches, a 


R the angle!D would be greater or RTE 
lefs chan the angle I. ο. 
4 ae, a Bucifthe equal angles be fup- | | 


pos d'tobe atthe circumferences 

of equal circles,as A and E; che, 
angles which they enclofe ac’ the centers, as D @ 
and I, being cheir doubles® will be likewife Ff on 
gual, and confequenly requite equal arches for . Pe 
their bafes, BG and’ EG 5 which arches are πι 





5 


FE. 


y PROP. 
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PROBOSTTION XXVA,- 
ATHEOREM: | 
Angles, whether at. the enters orscircumfe | 1 
vencesof equal circles having, egaal arches:for 
their bales, are alfo equal, Nk st 0° 


F-che. angles’ Doand: Ε (ή. preced.) at the } 
* géñrers-of equal ‘circles: have equal arches 
BG and FG for their bafes; they will be equal, 
becdu(é their meafures>BC and FG are equal. | 
And ifthe-angles Aand Esac the circumferences: | 
of equal: circles have equal ‘arches BC and FG 


for-cheir bafes, fince:theangles they enclofe at | '' 


the centers will be equal, they alfo that are the 
halves of chofé angles (£ythe 20.) will beequal, | 


eee 


PROPOSITION XXVIIL— 
A THEOREM. — 


Equal lines; within eat circles, anfwer to. equal. 
arches. 


F the equal 
lines BC 
and EF be ap- |” 
'E plied to equal | 
circles, ABC, | 
and | 
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ahd \DEF, they will.be the chords of, equal 


arches, BC, and EF. Draw the lines AB, AC, 
ED, EF,)! Demouftration, : 1. 

In the triangles ABC and DEF, the fides AB 
and AC, DE and DF are equal, betng che: femi- 
diameters of equal circles :, and their bafe’s BC 
and EF, are fuppos'd equal,therefore( bythe δ.1 9) 
the angles A and D will be equal ;,and (47 the 
26.) the arches -BC and EF. will be. alfo 
equal. 


PROPOSITION XXIX. 


A THEOREM. 


The lines that fubterd equal arches of equal circles 
are equal, 


JF the lines BC and EF ( fee fig. preceds Prop.) 

fubtend (or are the chords of} equal arches 

BC and EF in equal circles, chey will be equal, 
Demsonft ration, 

The'arches BC and EF are equal, and parrs 
of equal circles ; therefore (by the 27.) the an- 
oles A and D will be equal. Therefore in the 
triangles ABC, DEF, the fides AB,AC,DE ,and 
DF being equal, as alfo the angles A ‘ana D ; 
the bafes BC, EF will be equal, (27 the 4.1.) 


The ASE, 


KT herdefu by che28 and 29: demooftraces, 
5 » dx chat 
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Char the arches of the circles of the Jtalian | 
©and Babylonian hours, contain’d berween two | 
“parallels, are equal: “We have alfo demon- | 
€ ftrated after the fame manner, that’ che arches | 
of the circles of che Aftronomical hours, con- | 
€ tain’d between two lines parallel tothe Egua- | 


“tor, are likewife equal. Thefe Propofitions are | 


ς almoft ‘of continual ufe in fpherical Trigono- | 
€ metry, and alfo in Dialling. | 


PROPOSITION XXX, 


A PRoBLEM. 


Το divide.an arch of a Circle into two equal 
partse 


§ Uppote the arch AEB .was:to | 

be divided into two, equal | 

parts, Place the foot of che 

compafs at the point A, and de- 

fcribe two arches F and Gs ; then 

removing ic to the point, B ar 

the fame diflance defcribe other 

tWo arches, cutting the former in F. and G's 

che line GE will cut ché arch: AB equally ac 
che point E.. Όταν τηε {ρε AB. 

emonjtr ation, 

By this operation you have divided the line AB 

Into-two. equal pau For fuppofe there: were 

drawn 








res | 

(0. 

ή. 
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dtawn'the lines AF, BF ; AG, and BG; (which 
I have not done ; lealt che figure fhould appear 
confus’d,)/ the triangles FGA ‘and FGB would 
have alltheir fides equal, therefore (b7 the 8.1.) 
the angles AFD,& BF D:would be equal. Again, 
the triangles DFA and: DFB have the fide, DF 
common, the fides AF and BF equal, andthe 
anoles DFA and DEB equal : therefore (47 the 
4. 1.) the bafes AD and BD are equal, and alfo 
the angles ADF and BDF. We have therefore 
divided the line AB equally and perpendicular- 
ly ac the point D. Therefore (by the 1.) the 
center of the circle is in the line FG. . Suppofe 


| it then co be.the point Gs and: draw the. lines 
| CAand CB; -all che fides of che triangles ACD 
| and BCD are equal: therefore [by the 8..1.] 


the angles ACD and BCD are equal, and [by the 
26.| the arches AE and EBs) \ 


The USE, 


‘Having fréquent occafion to divide an arch 


“into two equal parts, the exercife of this Pro- 


| “pofition is very common. Tis thus that we 


“dividerhe Mariners compafs:into 32 winds: 
* for having drawn: cwo diameters. cutting each 


| Sorheratiright angles, we divide the. circle in- 


“to four; land fubdividing each ‘quarter in! the 


pe AB | middle, we have eighc, parcs 5: and again fub:: 
pere | “dividing «hole rwice, Weomake 32+ We have 


gran 


| 


i 
| 
5 


alfo 
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*affooccafion for the fame operation in the di- 
“viding a femicircle into 180 degrees; ‘and 
¢ becaufe το compleat ‘that divifion: we are “ob- 
€ lio’d:to divide an arch into thtee:equal parts, 
“all Geometricians have fought ‘after «a method 
“of doing that Geometrically, But have not yet 
* been fo happy as to find one. 


PROPOSITION XXXL 


A THEOREM. 


The angle in a femicirele is a rightangle, that 
whith is ina figment greater than a femicircle 
$s an acute, and that which 15 in a leffer fegment 
ss an obtufe. 


à. TF the angle BAC be in a femi- 
circle, I will prove that tc is 
arighe angle, Draw che line 
DA. Demonftration. 
The angle ADB being an ex- 
' ternal angle in regard ofthe cri- 
anole DAC,is equal co both che internals DAG | 
and DCA(dy the 32.1.)and thofe being equal(dy | 


the-s.1.)becaufe the fides DA and DC are equal, |); 


it willbe double che angle DAC, In like mane | 
ner che angle ADG:is double the angle DAB: Jy 
therefore. the: cwovangles ADB; ‘andy ADC, |, 
which are equal cotwotight angles, are ile | 
the | 
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thewholerangle BAC, ‘and confequent{y the 
d angle BAC isa tight angle, sco : | 
* | “Secondly; the angle AE@p which is in the 
| feoment! AEC lefs than a fetnicircle, is an οὗ. 
tufe angle. For in che quadrilaceral figuré AB 
| CBs the two oppofire anoles Eand B are equal 
to two right angless( bythe 22.) Butthe angle 
- || Bis an acute 3 itheréforethe anole E willbe an 
ο ο ο ενώ ο κ Ἡ 
| Thirdly, che angle B, which is in‘ της feg- 
| ment ABC Breater than ‘a fémicircle, is an 
| acute; becaufein the triangle ABC, che angle 
| BACis a right anole, 
RS ad Gis. AOE ORS st arcs | 
RE Mchanicks make ule of» this Propoñti- 
“onto cry if cheir Squares 
on be jufti; for having defcrib’d 
‘a femicireleBAD » they-lay 
“down the point A of ‘their 
f “fquare BAD upon the ‘cir: 
“cumference,’ and ont of ifs 
“te “fides AB ipéti che poinz of the 
AG | © diameter B::fand thew the other branch AD 
| < oughe co pafs'precifely co thé point Dj°Which 
quh | “is chéother extreme of the diamerer, 
ai | > Prolomey ufes this Propofition to compofe 
NB: this table of-Chords or Subréndants, of which 
DC, She has-oceafion in his Trigonometry, 
bleh Thereisaoa method oe raif 
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€ diculags at. the endof Aline, -droundéd ‘upon, 
€ this propolition. Fasexample;to raifexpérpen 
€ dicular at rhe-poinc: A of the line ABDnk place 
€ the foot of the compafs: upon che point: C:ta- 
¢ ken any where, | and defcribe a circle through 
échepoinc !A,-eutting the line AB-ar the paint 
CB. Then draw. cheline BED. ; andeforris 
“evident, that the line- AD is in afemicircle.: 


LL αμοαραρ μον ο μασ εσενα πετ 


ane 203 ons Paro RE M. 


A line cutting a circle at the point of contact, makes, 
with the tangent;ængles, equal to thofe inthe al- 
ternate fegmentss τοπ ATG 


I ET the line BD cut.the 
‘Bu-citcle at the point 8 
which is. that where“the line 
AB touches ir. ‘I fay the angle 

. CBD, made by της πε BDand | 

the tangent ABC, is equal to 

the. angle :F, in: che alcernace 

fegment BED ;; and rhat che angle ABD is ς- 
qual to the angle Ein the fegment BED. 
+ Firft, ifthe line pafs through the.centets” 45 
theline BE, ic will make with. the tangent tivo 
right angles, (bythe 18.) and the angles of the | 
femicircles would be alfo right angles, (by the | 

| pre- 
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\ | preceding, ) therefore in this cafe the propoñ- 
tion would be true. “But if the line do not pafs 

: | through the center, as ED ; draw the line BE 

: | through the center, and joyn the line DE, 

h | Dewsonftration, 

The line. BE makes-wich the tangent two 
right angles; and all theangles of the triangle 
. BDE areequal to two right angles, (by the 32. 

1. ) therefore taking away the right angles 
| CBE, and D whichisin the femicircle, and 
likewife the angle EBD which is common to 
both, there will remain the angle ABD equal 
to the angle E, 

Azain, the angle CBD «is equal to the angele 
F ; becaufe in che quadrilareral figure BFDE, 
| whichis infcrib’d in 4 circle, the oppofite an- 
gles E and F are equal to cwo right angles, 
[oythe 22.) but the angles ABD and CBD are 
| alfo equal to tworight angles, [ dy the 13. 1.Jand 
che angles ABD and E are equal, as I have now 
demonftraced: therefore the angles CBD and 
F are equal, 














The USE, 
1: © This propofitionis neceflary to prove char 
+}. which follows, 





PROP. 





Re RP 
ey 
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PROPOSITION XXXII 


A PROBLEM. 
Upon a line given to deferibe a\fegment of a swele 
capable of an angle given. 


i es it be propos’d to de- | 
fcribe a fegment of a cir- 
cle upon the line AB capable of 

ν΄ theangle C. Make the angle 

NN -7** BAD equal co the angle C, and | 
77/2. draw AE perpendicularto ADs | 

é make alfo che angle ΛΑΒΕ equal | 
tothe angle BAE : and in fine, from the point | 
F, where BF and AE concur, at the: diftance | 
BE or FA; delcribe a circle. The: fegment | 
BEA is capable of an angle equal to the angle C. | 
Demon|ftration, | | 

. The angles BAF and ABF being equal, the | 
fines FA and FB are equal, (by the 6.1.) and | 
the circle, which is défcribd from the center F, 
by A, paffesby B: Now the angle DAE being 
a tight angle, the line DA touches the circle | 
in A, [by the 16,| therefore the angle contain’d | 
in the fegmenc BEA, as the angle E, is equal 
‘tothe angle DAB, that is the anole C, [by the 
preceding. | But if the angle given be an obtufe, 
we mutt take an acute, its complement,to 180 
degrees. PROP, 
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PROPOSITION XXXIV. 
A PROBLEM. 


A.circle being given, to cut 4 fegment in it capable 
of a certain angle. 


O cut a feoment of the 


sa 
(re | - circle BCE capable of 
| C the angle A, draw [by the τ7.] 
lt | the tangent BD, and make the 
nt | ets angle DBC equal tothe angle 


A. Tis evident [by the 32.1 
that the fegment BEC is capable of an anole 
equalto DBC, and eonfequently to the angle 
A. 

The USE, 

“I have made ufe of this propofition to find 
€ Geometrically the excencricity of the Annual 
“circle of the Sun, and his Apogeum, having 
“three obfervations given. Tis uféd likewife 
€ in Opticks, to find a point where two\unequal 
‘lines prdpos’d may appear equal, or under 
© equal angles, by making upon each line fes. 
© ments which will contain equal angles, 


Z 2 PROP. 
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PROPOSITION XXXV. 
A THEOREM 


Lf two lines cut each other within a circle, the re- 
élangle cont ad ynder the parts of one is equal 
tothe rectangle contain à under the parts of the 
other, 


Irft,.if the two Jines-cut each other in the 

center, they willebe both equal, and both 

equally divided; foithacin that cafe it is evi- 

dent, the rectangle conrain’d under the parts of 

one, will be equal, to rhe reétangle contain'd 
under the parts of the other. 

: Secondly; if one of the lines 

pafs through the center F, as 

AC, and: divide the line BD, 

into two equal parts» at..the 

point E: I fay, che reétangle 

contain’d under AE and EC 15 

equal το the reétangle cone 

tain’d under BE and ED , tharis to fay, tothe 

fquareof BE. The line AG is perpendicular 

to BD, [by the 3. 

: Demonftration, i 

Since the line AC is divided equallyin F,and W 

unequally in E, the retangle contain’d under 

AE, and EC, with the fquare of FE, is equal 

to 
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to the {quare of FC or FB, [by the 5. 2.] Now 
the angle E being a right angle, the fquare of » 
FB is equal to the fquares of BE and FE; there: 
| fore the reétangle under AE, EC, with the 
fquare of FE, is equal to the fquares of BE and 
. | EF: and taking away the fquare of EF, there 
} | remains the rectangle underAE,EC,equal to the 
» | {quare of BE. — 





Thirdly , let the-tine. pafs 
through the center F, and dis 
vide the line CD into unequal 
À parts at the point E: draw FG 
CA perpendicular to CD, and [27 
CRE the 3.| the lines CG and GD 
Ῥ will be equal. 
Demon ft ration. 
s | Since che line AB is divided equally in F 
# | and unequally in E, che re&angle contain’d 
} | under AE, EB, with the fquare of EF, is equal 
¢ | tothe fquare of FB, or FG, [bythe 5.2.] In- 
\t | ftead of the fquare of EF put che fquares of FG 
is } and GE, which are equal to it, [by the 47.1.] 
w | In like manner the line CD being divided 
εἰ EquallyinG, and unequally inE; the reétan- 
it à gle under CE,ED, with che {quare of GE, is e- 
{qual torhe fquare of GE. Add thefquare of GF ; 
ithe rectangle under CE, ED, with che fquares 
ni fof GE and GF , will be equalro che fquares of 
ACG and GF, tharisto fay,[by the 47. 1.| to 
lithe fquare of FC, Therefore the rectangle LE 
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| 
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der AE, EB, with the fquares of EG and GF, 
is equal to the rectangle under CE, ED, with 
the fame fquares : and confequently caking away 
the fame fquares from both, the rectangle AE, 
EB, will be equall to the re&tangle CE, ED. : 

Fourthly, if thelines CD and-HI,, cue each 
other in E, neither of the two pafling through 
the center: I fay, the rectangle CE, ED. ts e- 
qual co the reétangle HE,EI. For drawiag the 
line AFB, itis plain che reétangles CE, ED, 
and HE, EF, are both equal to the re&tangle AE, 
EB, [27 the preceding cafe ;\ therefore they are 
equal betwixc themfelves. 


The USE. 


We are taught by this Propofition 2 method | 
*of finding a fourth proportional co chree lines | 
€ oiven, or a third proportional to two, : 
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PROPOSÉTI ON ΧΕΧΡΙ. 





A THEOREM. 


If from a point taken withdut the circle a line be 
drawn to touch, and another to cut, the circle: 
the (quare of the Tangent will be equal to the re- 
Clangle contain d under the whole fecant, and the 
‘external line, 


Uppofe the line AB to 
be drawn from the point 
A, taken without the circle, 
co touch the circle in B ; and 
the line AC, or AH cutting 
it. The fquare of AB will 
be equal to the retangle con- 
tain’d under AC, and AO, 
as alfo the rectangle contain’d under AH, and 
AF. Ifthe fecanc pafs through the center, as 
AC, draw the line EB. 
Demonfiration. 
Since the line OC is divided in tbe middle 





| atthe point E, and the line AO added toir : 


the rectangle contain’d under AO and AC, with 


§ the fquare of OE or EB, will be equal to the 
| Square of AE, [by the 6.2.| Now the line AB 
B is fuppos'd to touch the circle at the point B: 
A therefore | 6) the 18.] che angle Bis a right an- 


gle, 
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ole, and (bythe 47.1.) the fquare of AE I$ 6. 
qual το the fquares of EB and AB; therefore ΄ 
the re&tangle “under AC and AO, with the 
fquare of EB, is equal to the fquares of EB and 
AB: and taking away the fquare of EB from 
both, the re&tangle under AC, AO will be e- 
qual to the fquare of AB. 

Secondly, fuppofe the fecant AH not to pafs 
through the center; and draw the line EG 
perpendicular to EH,which will divide in che 
middle the line FH at the point G ; draw alfo 
the line EF. 


Demonftration. 
The line FH being divided equally ac the 
point G, and the line AF being added to it; 
the reétangle contain’d under AH, AF, with 


the {quare of FG,will be equal to the fquare of . 
AG. Add to botirthe fquare of EG : the rectan- 
ole under ΑΗ; ΑΕ, with che fquares of FG and 
GE, thac is (dy the 47.1.) the fquare of FE, or 
EB, willbe equal το the fquares of AG and 
GE , thatis, (by the 47.1.) the fquare of AE, 
Further, the fquare of AE (by the fame) is equal 
to the fquares of EB and AB: therefore there- 
Étangle contain‘d under AH,AF,with the fquare 
of BE, is equal to the fquares BE and AB : and 
taking away the fquare of BE from both,the reét- 


angle contain’d under AH, AF will be equal to | | 


che fquare of AB. 
Corel, 1, If you draw divers fecants from the 
fame 
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| fame point, 34 AC and AH, che re@aneles un- 
| det AC'and AO, AH ‘and AP, will be equal 
betwixe chemfelves, fince they are both equal 
| to che fquare of AB. 

Coroll.2, If you ‘drawztwo tangents from the 
fame point, as AB, AI, they will be equals ὃς. 
caufe the fquares willbe equal-to the fame re&- 
angie uader AC, nd AO! and ‘confequencly 
berwixe themfelves 3“as'alfo the lines. 


La eee eS 


PROPOSITION XXXVH, 





2 Ed κ. -ὃ. æ A 





A Τπεονς Μ. 


3 | Uf the rettangle contain’d' ander the [ecant and the 
à | external line be egmal=to the [gare ofa line 
| that falls wpar the circle; that line willacach the 
me) Circle; 3 30” | 
m | GUppofethe fecänt tobe AC or-AH and the 
ot | Pireétangle AC, A O; or AH, AP, (fee fig. pre- 
ol | éd.) to be equal to the fquare of the-line AB: 
MB | che line’ AB wilf touch ‘the circlevoDravy the 
ua | tangent ΑΙ, (by the 17.) and the linedE, 
Ite | Demonftration. 
wie} ~~ Since the line ΑΙ couches che circle, rhe re& 
it | anole AC,AO; or AH, AF, will be equal to the 
dP fquare of AI. But the fquare of AB is fuppos’d _ 
(0 to be equal co either of thofe rectangles ; there- 
à fore che fquares of AI and AB are equal, and 
tie confequently che lines AI and A2, ‘Therefore. 
| À x the 


D - 
Ca à 


ῄ 
| 
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the crisheles ABE. and ΑΙΕ; having, all fides, | 
equal, will be equiangular,’ (by the 8.1.) sand, |: 
becaufe the angle AIE.is.a right angle, (éysbe: | 
18.) the line Al being a rangent, the angle, | 
ABE will-bea-righcanele, and. the line. AB a 
tangent, (07 the 16+) 90) 12 x 
à The #S Ei: - Leia cli 
€ Maurglocus makes ufe/of this Propofition.to. 
“to find the-diamereriof-the Earth. For obferv-1 | 
‘ing from che top of a mountain OA, che fu- | 
éperficies of the earth by the line BA , he 
€ takes notice of the angle OAB, made by che 
“line AB and aperpendicular AC : and by Tr#-' 
€ gonometry calculates the Jéhgth of the line AB. | 
“Then multiplying AB ‘by, AB to» have: its 
“ fquare; heedivides che\ product. by ΑΟ the | 


΄ 


‘height of the mountain, which gives thequo- 
“tient AC, che diamerer of the earch, with the | 
“height of the mountains from which having 
“(ubdua&ed: AO, there will remain OC che | 
€ diameter of the earth. This propofition ferves, | 
€ alfoto prove’ the fifth ofthe third: book of | 
© Trigonometry. | ei 




































THE FOURTH BOOK | 


OF THE 


ELEMENTS 


‘EUCLID. 


‘PEFHis fourth -book. is exceeding ufeful in 
Fe Trigonometry. For by infcribing Poly- 
“cons ina Circle; we learn the methods of 
6 compofing the, Table of Subtendants, Tan- 
cents, and Secants ; a practice moft neceflary 
“for cakino all forts of Dimenfions. 

‘Again, by infcribing Polygonsinacircle, we 
‘ find the divers Afpe&s. of the Stars, which al- 
« fo take their names from thofe Polygons. 

€ Thirdly, the fame. Operations give us che 
© Quadrature of the Circle, as exa&t as is needful. 
5 And by. chem: we-alfo demonftrate, chat:Gir- 


“| cles are,in che dupliçace proportion of, that of 


_Secheir Diameters,--:-, 
‘Fourthly; Military: Archireéture: does. fre- 
Ad 3 quently 
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“quently tequire to infcribe Polygons in a cits 
€ cle, to compofe the defigns and ‘platforms Of | 
¢ regular Fortifications, | 


DEFINITIONS. 


| A Reétilineal figure isin- | 
EX ferib’d ina circle, or a | 
| circle is defcrib’d about it,when 
allics anoles aré in che circum- | 
ference of the fame circle, | 
© As the triangle ABC is in- | 
“fcrib’d in acircle, and the circle is defcrib’d | 
“about thettriänole ; becaufe its'angles A, B, 
“and C, do all terminate at the circumference. | 
“ The ttiahole DEF is not infctib'd in the cir- | 
*éle, becaufe the angle D does not terminate at 
“the citcumfererice of the circle, | 
2. À reGilineal fioute is deferib’d about a 
circle, and che citcle infcrib’d within chat fi- 
cure; whén all che fides of che | 
KG figure touch the circumference | 
of the circle, “© as the trian- | 
“cle GHI is defcrib'd about | 


‘the circle’ KLM becaufe its |. 


© fides touch the circumference | 

‘of the circlein K, L, and™. | 

3e. À line ig apply’d tO; Of ‘inferib’d in a cir- | 
cle; 
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cle; when its two extreams couch the circum- 
ference of the circle. “© As the line NO. But 
“the line RP isnot infcrib’d in che circle. 





PROPOSITION 1, 


A PROBLEM. 


To tnfcribe in a circle a line, that. does. nor exceed 


its diameter. 
Era line be propos’d to be 





D 
Gane LE be cele 
Ww, “| AEBD, not exceeding its di- 
τῶν the line propos'd upon the 

diameter 3 for example, let tt 


ameter. Take the length of 
be BC. Place the foct of che compafs upon the 


| point B, and defcribe à circle at che diftance of 


BC, which may cut the circle AEBD in D and 
E... Then draw the line BD or BE. Tis evi- 
dent they are equal co BC, (by the definition of a 
circle.) 

| The USE. 


“ This propofition is neceffary for the perfor- 


| ** mance of What is requir’d in the following, 


PROP. : 
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PROPOSITION IL. 


A PRoBLEM, 
To ης ribein a Circle a triangle equiangular to Ane 
other triangle, 


D F ET che circle be EGH, 

in which a criangle 1s 

to be infcrib’d, equiangular 

tothe rrianote ABC. Draw 

the cangent FED, (by the 

17, 3.) and at the point of contaét E make the 

angle DEH equal co the angle B, and the angle 

FEG equal tothe angleC, [4y the 23.1.] and 

draw the line GH; che triangle EGH will be 
equiangular co the criangle ABC. 

Demonfty ation, 

The angle DEH is equal tothe angle EGH 
of the alternate fegment, [bythe 32.3.) Bac 
the angle DEH is equal co the angle B, and con- 
fequently the angles Band Gare equal. By the 
fame reafon the angles C and H are alfo equal, 
and {by Coroll.2. of the 32.1.] the angles A and 
GEH will be equal. Therefore the criangles 
EGH and ABC are equiangular. 


PROP, 
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PROPOSITION HI. 


A PROBLEM. 


| Todefcribe atriangle about a circle equiangular 


to another triangle, 
F you would 


HEA KA SG 1 defcribe a tri- 
t | oN Viet angle equiangu- 
y| ας BD Jar co che trian- 


NH ΠΜ ‘gle ABC about 
. the circle GKH, 


, | Continueoñe of the fides of the triangle given 
{ | BG to Daand Ε» and make the angle GIH equal 
« | ro che angle: ABD;:and HIK“equal to the angle 


ACE: then-draw the taggents LGM, LKN, 
| and NHM, through=the ipoints G;K, and Η. 
Thefe rangents will concur ; becaufe the angles , 


+ | IKL and IGL being’ tight angles} if you fhould 
. | draw a line KG; the angles KGL and GKL 





would be lefs han two ‘right angles : cherefore 


1 | the lines ΟΕ, and KL muft concur, [by the 15, 


Axiom) —« ; 
Demonftration. 

All che angles of the-quadrilateral GIHM 
pe equal rofour right angles} bécaufe ic may 
» δε divided into.cwo triangles. The angles IGM 

| 0d IHM, which are made-by the cangents; 

| | are 
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JP; are right anoles, ; therefore the angles M and I 
afe equal corwo right angles, as are alfothe an- 
oles ABC and ABD. But the angle 61Η is e- 
gual to the angle ABD, therefore che angle M 
will be equal tothe angle ABC. By the fame 
reafon the angles N ands ACB-are equal, and | 
therefore che criangles LMN'and' ABC are equi- 
anoular. 


PROPOSITION IV. 


ΙΑ PROBLEM: 
T'oinfcribe a circle in a triangle. 


A ον F you would: inferibe a cire | 


38 cle in che triangle ABC, | 
G ; divide the angles ABC and | 
DAO ACB. into eworequal parts, [dy | 
© the ο. 1.| .drawing the lines 
BD-and CD;which will concur | 
atthe pointiD.: This done, from the point. D | 
draw che :perpendiculars DE, ‘DF, and DG, |. 
whieh will berequal ; fo char arcirclé deferib’d | 
from che center D, ac the diftance DE, will |/.\ 
pafs through F andiG vf [the c 
LUDO τοσο b Demonftration, 205 | 
The triangles DES and DEB have the anelés | 
DEB and DFE equal, bia ‘borhright angles: 
the angles DBE‘and:DBF ‘ate alfo equal, rhe | 
u anole | 
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| angle ABC having been divided into two equal 
1 | parts; and che fide DB 14 common :; therefore 
«| (by the 26.1.) the triangles will be equal in all 
M | refpeéts, and the fides DE and DF will be equal. 
n | Afcer the fame manner’ might 1. demonftrate 
n | the fides DF and DG to be equal. Tis poffible 
ie | therefore to defcribé a circle, which fhall pafs 
| through the points'E;:F,and G ; and bécaufe 
| the angles E,F,and G are right angles,the fides ήν 
AB, AC; and BC will touch the circlés which* "~~ 
by confequence is inferib’d in the criañole, 











PROPOSITION v. 
dé | À PROBLEM, 
BC, | Το defcribe a circle about a triangle, 


F you would defcribe a circle 


iss N ~~ about the triangle ABC, di- 
sat po vide the fides AB and BC into 
‘DIB ca ete equal parts, at che points D 
| and E, drawing the perpendicu- 
|| lars DE and EF, which will concur at che point M 
ll Ες Which done, if:you defcribe α circle from 
[της center Ε, ac, che diftance FB, 1e will pafs 
| through A and C,s that is to fay, che lines FA, 
| FB, and FC, are equal. 
, | μμ. Demonjfration. 
À : The triangles ADE and BDF Have the fide 
| Bb DF 
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DF cofntrioh, and the fides AD and DB equal, | 
che fide AB having been divided equally in D; 
and the angiés at D ate equal’, being righran® 
oles. - Therefore (by thé.4, τν) the ‘bafes AF 
and BF are equal; as alfo the bales BF ahd: CF. 


The, MS Eli à 
¢ [have frequetic. occhfon to idfcfibe à 
© triangle th atcitcle ; as, forumftance;! in thé 
« firtt propafition of my 3: book of Frigonomes, | 
‘cry. This perfortrianes:alfo 15 neceflary for. 
‘che meafuring che area of a triangle sand up- | 
“on many other occafions, a | 


PROPOSITION VI. 


A PROBLEM. 
DONS οσοι ΠΤ.. 
T'oinfcribe a [quarétn a circle, 


A <6 Τό inferibe à fquarein the cite | 
=. T clé ACBD, draw the dia | 


Ρα, Meter ΑΒ, and perpendicular το | D 
Vian “Sethe lite DC paflfing through 
D "BR" the centét Es: then “dtaw’ che | 
(2) dines’AC, CB, BD, DAy aid you | 
will have inferib'd in the citcle thé Tqudte AC | 
BD. Demonftration. GB gh. | 
The triangles AEC and CEB have their fades 
equal, and the angles AEC’ and CEB equal, | 
| being | 








M  -— — ae 
-- 
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being bath right angles. : therefore their. bafes 
AC and CB arerequal ; (by the 4.5.) Further, 


becaufeche fides AE and: ECare equal, the an- 77. 
gles BAC and ECA. wiil be equal; and εμας 


anole.E being right angle, chey will be half- 
right angles, (by the.32,1.) therefore the angle 
ECBis half a right angle, and confequently 


theanele ACB will.be a right angle... And the 


fame reafon holds: for, all che reff :; therefore 
the figure ACBDis.afquare, ο. 





PROPOSITION VIH 
A PROBLEM 
To deferibe a fanare about a circle. 









rAvine drawn the two diame- 
LA rers AB, and CD, which-cut 
each other perpendicularly ac. the 


SAUT. center E,, draw the tangencs, FG, 
GH, HI, and 1F, by the points À, 


D, B, G; and you will haye defcrib’d the {quate 
Ες, about che circle ACBD.. _ 
| Demonfiration. 
The.angles,E and À are sight anoles, there- 
fore (bythe. 27.1.) thelines FG and CD are 


»parallels, ; Afrer che fame manner I may prove; 


that CD and HI, ΕΙ and AB, AB and GH, are 
parallels, Therefore the figure FCDG is 2 
+ Bb 2 paralle- 
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parallelogram, and (by the 34: 1.) the lines: FG 
and CD are equal, as alfo thelines CD and IH, 
FI and AB, AB and GH ; and confequently the 
fides of the figure FG and HI are equal, Ἐν» 
ther, fince the lines FG and CD are parallels, 
and the angle CDG is a right angle, che angle 
G will alfo be aright angle, (hy the 29.1.) Af- 
ter the fame manner I may demonftrate the-an- 
oles F, H, and I, to be right angles. “Therefore 
the figure FGHLis a fquare, whofe fides touch 
the circle. | 


PROPOSITION ΥΠ. 
“on À PROBLEM 


To inferibe a circle in a {quare, 


ΤΕ you would infcribe a circle in: the fquare 

FGHI, [fee fig. preced. | divide the fides 
FG,GH,HI1,/F, inthe middles ac the points 
A, D, B,C, and draw the lines AB and CD, 
which may cuteach other αι the point-F. I 
demonftrate chat the lines EA, ED, EB, and 
EC are equal, and the angles A, D, B,C, righe 
angles : and that-therefore you ‘may defcribe a 
circle from the center E,.-'which*will pafs 
through A,D,B, and C, and touch the fides of 
the {quare FGHI, | | ral 


* 


Dewon- 

















sa 
Le 1 
es 
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+: Demonftration. 

Since the ‘lines AB and GH do conjoyn the 
lines AG and BH, which are parallel and equal, 
they alfo willbe parallel and.equal : therefore 
the figure AGDE is a parallelogram ; and the 
lines AE and GD, AG and ED are equal : ‘and 
AG and GD being equal; AE and ED will be 
equal alfo. Tis afterthe fame manner that the 
lines AE, EC, EB, are prov'd equal. Further, 
AG and CD being parallel , and the angle Ga 
right angle, the anole D will be folikewife. 
Therefore the circle ADBC may be cefcrib’d 
from the center E, which will pafs through the 


points A, D, B, C, and touch the fides of the 
fquare, 





PROPOSITION IX. 


À PROBLEM. 
To defcribe a circle about a [qnare. 


Ο defcribe a circle about the fquare ACB 
D, | fee fig. in Ῥγορ. 6.] draw the diago- 


| pals AB, and CD, which will cut each other 


at the point E ;''the point? E will be che center 
of the circle, which will pafs through the points 
Α.Ο B,D. Ic ought therefore to be demon- 


| firated, that the lines AE, EB, CE, and ED are 
§ equal. 


Demure 
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Demonftration 

The fides AC and CB are equal, and the an- 
pleC is a right angles therefore the angles 
BAC and ABC are equal, (by the 5.1.) and 
half right angles, (by the 32. 1.) | 

After the fame manner I demonftrate, chat 
the angles ACD, ADC, BDC, ‘and BCD, are 
half right angles. Therefore the triangle AEC 
having the angles EAG and ECA half right an- 


eles, and confequently equal, will have alfo (by | 


the'6.1.) its fides AE and EC equal. The fame 
may be prov'd of the lines EC and EB, EB and 
ED, chat they likewife are equal. 

The USE Et 


€ We fhow inthe 12. book, that Polygons 
Cinfcrib’d ina circle, degenerate into circles: 
cand as thefe Polygons are always:in the dupli- 
€ cate proportion of that of cheir diameters, fo 
clikewife are cirdes. In practical Geometry 
«we have frequent occañon to:infcribe a fquare 
“and other Polygons ina circle, or to defcribe 
“them aboutir, coreducea circle Lo 4 fquare. 





PROP. | 


























| The Fourth. Book 
i sign ies 
ile.» PROPOSITIONS, | 
1 A PROBLEM. 
; | Tadeferibe can Ifofceles (or equicraral triangle) 


having its angles at the bale, each of them done 
Ma double to the third angle, 





hy | ΄ 

2 BPR defcribe an ffofceles ABD, 

nd À <M having“ each ‘of its angles 
| ABD and ADB, double che an- 
| AS _gté'A, divide thé line AB (2) the 
| BD ΣΣ) fortharthe fquare of AC 

ons | may be equal roche rectangle un- 

ls: | dér AB ahd BC sand ftom the cénrer A at the 


pl | diftance AB defcribe the circle BD, in which 
0] infctibe BD‘equal to AC; and drawing che 
wy} line DC deferibe a circle \about che triangle 
we] ACD, (Μες) κ 
301 Demonftr ation, ~— x 
| > Since ché fquare of AC or BD is equal to the 
| rectangle contain d'undér AB and BO; thelint 
| BDwill touch the circlé ACD acthe poinc D, 
| (by the 37.31) chétéfore the anole BDC will 
PE be equal tothe angle A, beine ‘ity che alternate 
§ feoment CAD, ‘(by the 32.3.) Now che anglé 
| BCD; beiñg an external angléin tefpe& of the 
ἡ triangle ACD, ‘is ‘equal tô the angles A and 
| QE CDA; 
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CDA; therefore the angle BCD is equal to 

the angle BDA. Further, che angle ADBus e- 

qual co the anole ABD, (bythe 5,1.) therefore 

DCB and DBC are equal, and (by the 6 τ.) 
the fides BD and DC will be equal : and fince 

BDis equal co AC, the fidesAC and CD will 

be\equal ; and. fo likewife ché: angles A and 

CDA. T'herefore the angle ADB is double the 
angle A. | NET OP as he 


PROPOSITION Xk 


: À PROBLEMS. 
 Toinferibe a:regular Peñtagon in a circle: 


EO. infcribe a Rez, 

η cular, Pentagon In, 

Ga circle, defcribe(by the: 

10.)-an Jfefceles ABC, 

having each of its an- 

oles ABC, ACB, at the 

pi Cs 4e Ybafe, double. the angle 

‘A ΑΔ. Infcribé,in the circle che triangle. DEF 

7" equiangularto ABC, then divide, the angles 

DEF and DFEinto-jewo equal pares} drawing 

che lines EG and. FH. Laftly, .joyn the: lines 

DH,DG,GR,EH, and you will have defcrib’d 

areguiar Pentagon’; that1s.to- fay, a Pentagon 
having equalides, and equal angles. » 








Demon. 
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we CH | Demonftration, | 4 
The angles DEG, ΟΕΕ, ΒΕΗ, and HFE 

being theshalves of che angles DEF ind DFE, 

each;of which 16 double ro:the angle EDF, are e- 

| qualito the angle EDF : ‘and cénfequently the 

| | sfive arches; whichare their bafes, are equal, (by 

| the:26.3.) atid thé lines DH; HE, EF, FG, and 

| GD, \areequal, (Op the 59:31) Secondly, the 

| angles DGF, GFE,-4ndsfo: of rhe: reft, having 

| each three of thofe-equafiarches forrits bafe, will 

| ‘bealfo equal;(by the /2 7.32): Therefore the fides 

| and angles:of the Pentagon DHEFG are equal. 


“PROPOSITION ΧΙ. 


1: A PROBLEM. 
To defcribe a Pentagon about a Circle. 


à  ENfcribe a regular Penta- 

gon’ ABCDE in the 

L&ifcie, (dp the 1 1.) and hav- 

; ing.drawa tangents chtough 

the points A, B, C, D,E, 

ο (2118ε 17.3.) youwill have 

| i » oda defcrib’d a regular. penta- 

egon:abouc’ the: circle. : Draw the lines FA, 

EG, FE;FH,FD. : bus | 

te TA ο: DemouStration, | 

ντι Thecangents GE and GA are équal, (by co. 

one cre rok. 
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roll, 2 of the 36. 393) 45 alfo EH, and HD : the |} 
lint$ FA and FE are alfoequal (by the: defini. of | 


acirele;) therefore (by the 8: 1.) checriangies 
FGA anid FGE are iequal’in ail refpeéts;' and 


che arigtes AFG and EFG are equal, ‘as alfoebe | 


angles EFH and DEH: i “And: becaufe (by the | a 
27.3.) ithe ‘angles EFA and EFD are. equal, | 5 


cheir-halves EFH and: EFG will be equal ¢ and |h 


(bythe 26. 1.) the triangles EFH and FG will 


berequab in all refpedts, | anduhe fides EG: and || 
EH wili -be'alfo equal: oA fcerthe fame manner |N 


I-can demonfirate all the fides codéodivided | 


into two equal parts; and confequently,fince |; 
the lines GE and GA. are equal, GH' and GI | 
will be alfo equal.) Further, the angles Gand |lei 


and H being double the anoles FGE, and FHE, | 
{ind ¢ 


st 


are alfo equal, "Therefore ‘Wwe have’ defcrib'd 
a regular Pentadon aboat the ditcle. SS 


| PROBLEM De 
To inferibe'a circle in a regular Peutagon. 


WO infcribe a circle in 


| the regular pentagon! 
ANS p ABCDE, divide chéangles! 
LV? A and B into to’ equal] 
Ya parts. by. the lines AF and} 

X ΡΕ, which concur at the] 





point. 
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point i Then drawing ithe line FG perpen. 
dicular to AB, defcribe a circle from the cen- 
ter Fac the: diflan ce FG. 1 fay iu wrlæouch all 


che other-fides ; thac is to fay, having drawn 
FH perpendicular to BC FH ‘and FG will be 


equal, Demonftr ation. 


Since the equal angles À and B were A ῤηι | 


| into, co equal parts, shetp halves GAF and 


nil | GBF yyill be, equal : and, fincé the angles ac G 
a are right angles, the, triangles), AFG and BEG 


M 


= 
oc 


al 


) will be: equal in alt: stelpedts 5 (by the 26.1.) 


therefore the lines AG and GB:aré equal, 





‘po Further, 1. may prove=the:lines BG and BH, 
las alfo the Aines FG and FH, το be equal ; “tnd 


πὰ το fides AB and BG ef,a regular, pentagon be. 


HE, | 
nbd] 


oan 


Mh 








ling equal, the lines BH and. HC will be equal 5 
land confequently, ithe angles ας εἰς point Η 
ibeing alforight angles, and.equal, che criangles 
BFH and HEC will be equalinall refpects, and 
the. angles. of ΕΒΗ. and, FCH. will b equal. 
And fince the angles B and C are. equal, the an- 
ele FCH will be ‘half che angle C. So. pafiing 
from one tothe other I will demonfirate, chat 
jall che perpendicutars dit FH, and τῆς τείῖ, 





deinjare equal 
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27,51 


PROPOSFTION xy 
A} PROBLEM. 


Το defcribe a ‘circle ο a regular Fentagon. ‘| 


πα describe a citelé abour the | 
repttlar pentagon ABCDE; | 
divide’ equally cor ofits‘ fides | 
AB and BC at ‘G ‘atid? Hy and | 
draw the ‘petpendiculars ° GF 
abd°ÉF The circlé drawn from 
che'céntét F, ‘at’ ae diftance 
FA, wit pafs chroigh Β: ΟΡ. Ey 
| Bh peatlaioas . | | 
Süppore the cifelé defcrib’dy it! is siétidenell 
(6; thet. 3.) that “having divided theline AB 
in fe middle in Οἱ ad drawa che perpendi= 
cular GF, ‘the center ofthe circle? mat" be in), 
thar perpendicular? fit 5 s alfoi in HF: : therefore \ 
It IS at the mS sa , 
ιό USE, ποια δή: ils 
© Thefe Propoition’ are folely ufeful for the 
ἑ compofing che cable of Sines, and drawing the 
« platforms of Cittadels, for their ordinary fi-| 
“ oures are pentagon’. * Obferve alfo that thefe} 
«methods of defcribing pentagons about a cire 
“cle, may be apoly'd likewife to other Polys| 
SOs! 


ο E 
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“ons, But-in my book of Miliary Archire- 
* &ure, I have {own another way of infcribing 
‘a regular Pentagon in a circle. 


PROPOSITION XV. 


A PROBLEM. 


To inferibe a regular Hexagon in aC irtle, 


O infcribe-a regular Hex- 

agon inthe circle ABC 

. DEF 3draw the diameter AD, 

and fixing the foot of the 

Ἑ, compafs acthe point D de- 

\ {cribe a. circle at the diftance 

5 of DG: then draw che dia- 

meters EGB,and CGF’; and the lines AB, AF, 

ΕΕ. and thesefi. Demonfiration. 

_» Tissevident, chat the triangles CDG, and 

DGE,. are, equilateral.s. therefore the angles 

CGD, DGE, and thofe oppos'd to them at the 

top, BGA,.and AGF, are each of them the 

chird ‘part of wo right angles ; that is to fay, 

contain 60 degrees. “Now all the angles that 
can be made about ‘the fame point are equal to 
four tioht angles, tharis tofay, 360 degrees. 
Theteforeétaking away four times 60, εἶας 15 
240; ‘from 360, there will remain 120 for 

‘BGCiand: FGE ; which therefore each contain 

60 
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Go degrees, Therefore all’ the angles ae ché 
center ‘being equal, all che arches “and, all ché 
fides will be e equal ; and every. angle as A, B, 
C, Ge. will be compounded of.two anoles of 
‘60 degrees ¢ach, chat is, 129 degrees , and 
therefore will be equal. 
Coroll, The fide of a Hexagon 15 equal to 
the femidia meter. 
Fhe POSES WAS, 
“Becaufe the fide of a λα! 1S the bite of 
“an arch of 60 degrees, and is s σου] τά the {6- 
*midiametcer, ics half will be che fine of 30 s\by 
“which fine we begin the table of Sines, Euclid 
“treacs of Hexagons i in che laît book of his. E/e- 
“ments. : 





“PROPOSITION XVI 


| APROBLE M. a 
Tosnferibea regular Pentedecagon ina circle. 


| Nfcribe in» che circle an 

equilateral. criangle ABC 
HW. (bythe 2.) and a regular 
pentagon (by the 114) {ο chat 
the angles may meet.at the 
: point À. The lines BF, BI, 
and IE, will be che: fides, of 
a Pentedecagon: and if youinfcribe inthe other 
29 arches 





% 
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arches lines equal to BF and BI, you will com. 
pleat the Polygon. 
Demonft ration, 

Since the line AB is rhe fide of an equila- 
teral crrahole, che arch AEB will be the chird 
parc of the whole circle, that is, five fifteenchs, 
But che arch AE being’ the fifth part, will con- 
tain three fifteenths; therefore che arch EB 
contains two Σ- and: if you divide ic in che mid. 
dle at the point I, ‘each part witl be a fisteenth, 


The USE. 


“Ts Propofition ferves enlyito pen the 
‘ way toother Polysonë, We havein che Com- 
S pals of Proportion fome mot eafie methods of 
“infcribing all ordinary Polygons, but they 
‘are grounded on this here. For ic would be 
‘impofhible to mark polygons upon that infiru- 
“Ment, if their fides were not fir found by 
“ chis, or.orher like propofitions. : 








on 
τι 





Chr ενα 
gees os 
Bin aha ἆ 





THE FIRTH BOOK 
OF THE aia 


ELEMENTS 
EUCLID. 


ae a fifth Book is:abfolucely neceflary to 
e demonftrate the propofitions of che fixth. 
«Της dotrine it contains is of univerfal ufe ; 
¢ and its manner of argumentation by: Propor- 
€ tion che moft fubtil,.folid, and brief. Info- 
€ much chat all thofe Treatifes, chat are ground- 
€ ed on Proportions, ‘are. oblig’d to make ufe 
“thereof, as a kind of Mathematical Logick. 
€ Geometry, eArithmetick, Mufick, Aftronomy, 
€ Staticks, and in 4 Word all parts of Mathema- 
6 ticks, are conttrath'd to botrow fome of cheir 
« demonttrations from the Propoñtions of this 


‘Book. The greateft part of, Meafurings in, |, 


pra. 
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| <prabliéal Geometry ‘isidone By:Proportion. All 
* che rules of -A7ithmetickcare demonfttable by 
|S che Theorems that: decasshere fo chat there 
| Fis nonecetlity. of having wecourfe: τό; the'fe- 
-“ venth, eight, or ninth books:for that ~purpofe. 
| ©The w4u fick: of the: Anvients is (carce any 
| “ebmg elfebut che doftrme iof Proportions âp- 
| “ply dito: Sounds. Thefame: may be! faid of 
|. διάµοζη which confiders che: proportiotof 
EWeghes. In fine tis mot certain, thitifthe 
| * knowledge ‘of Proportions): which: this hook 
affords) was taken aywayifrom the 2Adathey,a- 
| © ticks what remain’d would be very ihconfidér- 








abley £0 shine 








ἳ | | : cn eh 34 ms "4 

> APTE di) onl, ss 

tie E | Small quanticy:com- 
AB | UE par'd νὰ oreater, 
10° | 


ο- πο e “as'eall’d a Pare.: As" for 
inde er : €. ‘ 4 , 
Mu τι d'ions : example, if che line CP 
19 NES | “of cwoi foot long: be: com. 
ik |. par’d with ABiof 6; ἵε ΙΓ be: call’d its part. 
mbit Which name allo ir obtains, though indeëd ir 
Mm" be not contain’d in/AB,* provided AKy: sine 
elt equal (6 CD, be cherein found. ον! 


à “The whole is infwerablé ro the part and 
M therefore will be the grearerauantityl tot 


ie | Dd Parc 


=. 
a 
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| 
| 
“par 4 ΜΗ theless 3 whether 1 It do really con- |: 
‘rain. che less ODN. ο ον νεα] ες µε | — 
21 ‘A Part caken in genesal is Éd hit divided i 
‘incox that whieb-as sad) a Aliquot part, and | 
Scan Ahquant patter. 
en Aliquot part (wish alone, Euclid de- 8 
fines in this bôbk}is.. 4: Magnitude:ofix magnt- 
tude;:a lefs ofa: greater; when (it) exactly meas | 
fures thegrearer. : Thavis τὸ fay; Tissalefler 
quantity. compar'diwithia greater, .which pre- 
* cifelyamea(yres the: greater, , Asa line-twoaot |. 
© long,taken,chree,times, 1s-equal tov pate ok fix 
“ feerin length. biyos Al 
26K Multiple is a Boh Et of à magie 
tude, a greater ofalefs, when it is exactly mea= ή 
fard bythe ‘tefs;**-Fhatis to fay; A Mutter. |: 
ο. isa greater, quantity compar’d With ak 
st lefs, which i ie contains ‘exactly fo-many times. η, 
© For example, a dine- fix foot long 1s, ES ac, 
“Jinetwofooc long: À | 
An Aligquant ρατιρ.]ά à) \jeffer quantity com- 
pardiwithagrearef which ic docs not exactly |. 
mealure, Asa line offour feec in, length is an 
aliquane pare.of .a line ten foot long. τς In. ak 
‘word, An Aliquag part fo: many. umes repeate| (} 
© ed will equalxhe whole: but an Aliquant, partie, 
‘ though ic contaims :fuch a quantity,.of, the); δν 
“whole, yer repeatedas you pleafe; will never ir. 
© exactly-equal, but either come Mort of, or exe}; 
* ceed; the whole, ... 
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"UN Equsmuleiples Gare ‘magni- 
tudes: which *equafly contain 
| cheir aliquot pares? KT hac is 
“to fay, {6 Many times.» As 
ror" 1°” § for example, if A°contains B 
"| Sas many times as C contains D, À and C will 
“bé equimultiples of :B ahd D: Ni] 
3.0% Proportion is 4 refpeét of one magnitude 
to another of the fame kind. °°” le 
%& Grec. AbyG-. Gall Raifoñ, °° 
oA. Quantities are [aid to'have a certain pro- 
portion to each other, When being multiply’d 
[| chey can exceed each other.’ “ For which rea- 
ΑΕ < fon they ought robe of che fame’ kindoc °For 
πας indeed a line has no proportion’ to a fuperfi- 
lt cies; becaufe α line taken Mathematically is 
li WE confider’d without ‘any’ breadch ας ‘alt 5 "and 
ini) 5 therefore mulciply’d as müch'as you pleafé 
ip) € will never give any breadth,’ which yet a fu- 
à ‘ perficies contains. 85 no: Magog 8! 
co | “For as much as Proportionts a réfpe& or 
A < relation founded upon. quanticy, ic’ ought to 
MMS have το terms, ‘Thao which fome Philofb- 
‘In © phers Woutdicall the :Fundamentum, ot Foun- 
ently € dation, AZathematicians name the Antecedent, 
il < and che Term is éall’d bythem che Confequent. 
UNE Asifweweretocompare the’quanticy A with 
Me the: quantity: B ; chat réfpeét or proportion 
DATE would have forche Antecedent: the ‘quantity 
8-5 A, and {οἱ the confequent the quanticy F. 
Li uo d 2 On 
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qu “On, the -contraty if B.be compar’d with A, 
ail <chat.proportion of Bo :Α: would: have B for 
Qu ‘ the antecedents and: Afor.the confequent: 
ae À Propatsiqn; or the refpect of one quantity 
ee “to another,¢ 15 dimided:into: Rational Propor- 
“tion; and Irrationah: 0, nin | 
| Rational Proportion is the refpe&::of:one 
| dou “quahtity-te another, which is-comménfurable 
Ds “co it, that is, when both: the quantities have the. 
* fame common méafure, by. which bork) may: be 
hee “exaGtdymeafur’d, As’ the proporcion-ofa .line 
aed “four, foot long to another that is fix, is rational, 
“becaufé a line two foot’ long may. exaétly mea- 
“fure both. And when this happens; thefe quan- 
‘tities have the fame proportion as one number 
‘toanôther. : For-example, fince the line two 





Sfauhd wice:in chefour-foot line; and thrice 
“in chapwhich is Gx foor:lons εἰς firfithas the 
“fame proportiontothe fecand, : as 2 10:39 

το “Arrationak Proportion ‘is. berwixt:two quan- 
“titiesof the famexkind,:which are incommen- 
‘urible, aeshavenocommon meafurey; As the 
“proportion of theside of <a fquare tooits:diago- 


“precifely meafure:borh. !; “HE 
“Four quantities/witk be proportionals, : ivheñ 
‘che proportion of the frft:to the fecond, is the 
fame wich, or liketojochat of: the third'to the 
“fourths: fo that, το féeak properly, Proporri- 
| PbO onality 





ffeet long, whichis their common meafure, is? 


“nal... Forthereismomeafurefofniall, res wifi 
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‘onality isa-fimilicude of propoftionss But it 15 
‘po eafie matter to underftand in what. .confit$ 
“his fimilitudé of proportions; rhar i§'to fay, 
“how two refpe&s of relations may’ be alikes 


- "For &aelid has not given ius a juft definition 


‘thereof, or fuch anone; as ‘micht explain che 
‘nacure of che thing, bit’ coritenred*himfelf ro 
“fer down fome marks! or figns,t by which ic 
‘may be known, whether‘ or’ no quantities ‘Had 
‘che fame proportion. “And tis the obfeurity of 
“this definiciony which has rendet’d’ rhe whole 
“book fo difficule to beunderfiood ; which de- 
“fect therefore T {hallendeavéurto fupply. 

5- Euclid makes four magnitudes ra have the 
“fame proportion, wheri‘taking the Equimulti- 


| Sples of the firft and the ‘third, and Jikewifé the 


‘Equimultiples of the fecond ‘and the: fourth, 
‘according: to any multiplication whatfoever: 
“if che multiple of thefirtKexceed tr: of the 
‘fecond, the multiple 6f the third willHalfo ex- 
“ceed that of the fourths and if!it be equal co, 
for lefs.chan the fecond, ‘the ebitd will be equal 
‘co or lefs thatthe fourth. : In’ {uth a caféthe 
‘firft has the fame proportion τό thé fécond, as 
‘the third to the fourth. © | 
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A,B: ο ‘As for example, if four 
2,4% 3,6.) | Smagnitudes were propos'd , 
ER: G,H| ‘A,B;C,D ;> having caken 
10,8 15,12 ‘the Equimuleiples Of À 
κ. L:M,N/ “andC, as their quincuples 
8: 8 :r2,r2 | :‘EandG; and Fand Hthe 
ο ο. R | ‘doubles of Brand D; In 
6,169, 141 ‘like mannettaking’ K and 
TT SM the quadruples'of “A ‘and 
‘€ and Li and ‘N the doubles of Band D; A- 
Soain taking O and'Q the triplesof AtandC, 
“and P and R the quadruples of Band D; Be- 
‘caufe E being greater chan Ἑ, G isgrearer 
‘chan H 5 and K being equal to L, M is equal 
StcoNos and Jaftiy; © being lefs chan? Qus 
“Jefs than R : cherefore Α΄ will Πάνε δε fame 
‘proportion to B, as C to D. Burmechinks Ek- 
‘clid ought to have demonftrated this propoñ- 
*cion, it being too perplex’d and obfcure to pafs 
“for a principle. $ 3 


‘To explain aright what Proportionality is, | 


‘or how four magnitudes may be in the fame 
“proportion ; though ic may be fufficient co fay 
“in.general, chat the firft ought to be a like 
“part, or alike whole in refpe& of the fecond.5 
“as the third is, compar’d with the fourth: yec 
‘becaufe this definition agrees not to the pro- 
‘portion of Equality, 1 fhall give a more gen¢- 
“ral one ; and to make ic rhe more intelligible, 
“explain firft what is a fimilar or hke Aliquot 
“patte Similar 
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& ‘Similar Aliquor parts, chen are fuch 4 are 
<concain'd fn-cheir wholes’ as many times} one 
“as theother:: as 3 in refpeët of 9, and 2 in re: 
“{pe& of-6,arefimilar aliquor pares; becaufe they 
“are each contain’d three times in their -refpe2 
“Aivei wholes. | i 

“The firft quanticy will have the fame propor- 
‘dion. to the: feconds as thé! third: tothe fourth ; 
“if rhe fitft-contains fo many: times fuch’ aliquot 
‘partsiof che fécond, as che; third, contains: the 

0 sd 2: fi Κε aliquot parts of che fourth. As 
A5B,C, D; pofif A contains the hundredth, thou- 
| 5 evMandth, | or hundred-choufandch 
‘part of B, ras oft as C containsiche hundredth, 
“choufandch,: or hundred-choufandth part of D: 
“(and thédlike'may be faidof alf.orher atiquoc 
“parts imaginable :) chère will be the-fame pro: 
‘portidmof Ato B;ras of C to D. 

Torender this Definition fil more clear! I 
“Will prove fir chacy if Aihas,the famé propor- 
‘tion to;.B-as. Cro D, ΑΗ] ‘tonräin the ali: 
“quot parts of B;» as oft'ds Gsdéesrthe likerof D : 
‘and fecondly, if A contain the aliquot Gärtstof 
‘B as ος 45Ο doesthe like of ‘Dy then there 
‘will beche fame proportion: oftsAy τό-Β: 35 10f 
‘€ to D. Q 31 

‘The firft poine, feems fufficiently evident 
“fromthe, very notion of:the: terms : for if A 
“containsthe, tench part of:Bonce morethan-an 
‘hundied.einigs,, and. C copcains.che tenth part 
of 
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‘of D an hundred times only: ; whe quanticy A 
‘will be a greater Whole compar'd to By than 
“C compat ‘d to" D therefore ic cannot be com- 
‘par’d after the fante manner, che vale δε Of τό» 
“jacron being not the fame. 
‘The fecond point feems more: difficult; Viz 
if aquantity, fuppofe AB, contain the aliquot 
«parts of another, CD, as oft 48.4 third, E, con- 
“cains the like of a fourch, F : there will be 
£ the: fame proportion of AB'to CDy ‘as of E to 
G sopsis Bat if it be other- 











| G ‘wife, let us fuppofe 
A Tri À | AB rohave a greater 

nc Ἡ Ἱ Κι 6350 proportion. to GD, 
Gris chan B has to F3 chat 
Erin ats ο] is tofay, chat AB. is 
K 2" ‘iv ob Stoo great‘ 56 have the 


“fame proportion -to 
CD, char Ἐ µας to EF. Therefore a quanticy lefs 
chan AB, as AG, will have the fame? propor- 
*tio2to CDs E t0.F.' Divide therefore CDi _ 
“themiddle in H, and HDio the middiein I, 
ταπά 1Ώ in the middle in K ; continuing the 
“like divifion tifl you arrive at an aliquot part 
‘of CD lefs than.GB, which 1 will λος to 
be KD. 
Demonftrarion, 

‘Since there is the fame proportion of AG 
‘to CD, as of Eto F ; AG. will contain KD, 
‘an aliquot part of CD, as oft as E contains i 

like 
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po ee 





The Fifth Book. αἱ 


“tike aliquot pare of F: Now AB will contain 
‘KD once more than,E contains che like aliquor 
“part of. F gowhichsis contraty co the fuppoñ- 
“ion, 
6; The firft Quanticyais. faid το Laie a grea- 
ter proportion to the fecond, than the chird to 
the-fourch; when the: firft.contains a certain ali- 
quot part of the fecond oftner than ‘the chird 
concains-che like aliquoe pact of the fourth: As 
“tot hasa gteater:ptopertion/to 10: than. 200 
‘to 20,: becaufe Tor coprains the’ tench part of 
‘I 0, that icy 13 once above. hundred times; and 
“200 contains ‘the tenth part, of 20,46. 2, a 
‘hundred stimes only." 

+7Magpitudestor Ant having the fame 
proportion; are called Propartionals.. : 

68, #%r Proportionality; or Analogy; -is,a fimi- 
litude of Proportions ot, Refpects,.. 
cit Be 2Ayeaozle. Buel. 

"Op: In each’ proportionality. are required ac 
the leaft three terms: -For-tbatthere may be 

“a fimtlicude of proportions, - there mutt. be two 

fofi:thems: and: every proportion having. two 


-“cermsjian Antecedent:and a Gonfequent, "there 
10 ‘feems co be-anecefiity:of fous terms ;..as when 


wefay; thac A-hasthe fame proportion to B 
‘as Gt0 D ; but: becaufeche confequent of the 


|: Arf proportionomay-be) the. anrecedenc of the 
-Sfecond, three rerms:may fulfice ; as when A is 


Sfid:to have the. fame proportien,to. B as B 
ιο, Bee 10. Mag- 
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10. Magnitudes are faid ro be continnally 
propoitionals, when the intermediate-cerms are 
taken twice; 7, ¢. bothas antecedents and con- 
fequents. ‘' As if there be the fame propor- 
‘tion of Ato B, as of Ῥ τος, and of € to D 

11. In that cafe ΑΟ ΙΙ have the’ duplicate 
proportion to C, and the triplicate to. Djof what 
1 has to Be 19 ΡΩΟ29Ι 341105 αφ 1ου 

‘Butheteic is to be obferv’d, thatichere‘te’a 
“creat deal of difference! berween ;double :pro- 
“portion, and duplicates We ‘fay. that the:pro- 
‘portion of four to twois double; Becaufe: four 
“is the double of cwos ‘the ‘number wworpiving 
‘rhe name to the proportion, or rather tothe 
Sanrecedént thereof.” Accordingly double, rri- 
‘ple, quadruple, quintuple;’@c. are denomina- 
étions drawh from the mumbers two, three, four, 
“five, de. compar’d with unity 5 whichibin- 
‘fance in, becaufe we More. eafily» conceive the 
‘proportion, the lefs are its ‘terms. oBur,oas I 
aid, thefe denominations’ do: rather affe&-the 
canrecedents, than the proportions themfelves ; 
“for we call chat double: or triple proportion, 
‘whofe antecedent is double ος triple jtscon- - 
‘fequent But ‘by duplicate”proportion wWe-uti- - 
‘der(tanid fuchan one, 4s-is:compounded of two "| 
‘Gmilat proportions. “As,1f chere be che fame 
‘propottion of two to four; as of four coeight : 
“the proportion of two to” eight being: com- 
‘pounded of the proportion of twoto four, and 

| εμας 
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“chat of four to eieht, which are fimilar, and 
“equal, will;be the duplicate of each of them. 
‘So-three ro twenty fevenus the duplicate pro- 
“portion of that of three, co nine. The .propo:- 
“tion of two co four is.call’d the fub-double, be- 
“caufe two is the half of four ; bur that of two 
‘coeight, is che duplicate of the fub-double ; 
“which is.as much as torfay, chat cwo is the half 
“of half of eight, as threeis.che.chird. part of 
“che chird .part of, cwenty feven ; where you 
‘may.-obferve, thac che Denominators + and 2 
are caken, twice, $75 
‘In like manner, the proportion of eight to 
‘rwo 154 duplicate, proportion of thatof eight 
‘co four, becaufe eight is the double of four, 
‘buc ic is the double of che double of rwo.. If 
‘there be four terms in continual proportion, 
‘che proportion of the firft tothe Jafi is a cripli- 
“care of chat of the firft το the fecond ; as in 
| “chefe four numbers,.‘Two, Four, Eight, Six- 
‘ceens- the proportion of two to fixteenis a cri- 


À Splicateof that of two to four, becaufe two 15 


‘che half of the half of the half of fixreen, So a's 


A “fo the proportion of fixteen to two is a. tripli- 


M Scace of thacoffixteento eight, becaufe fixteen 
“is chedouble of the double. of the double of 
«το, 

12. Antecedents -to.antecedents, and confe- 
“cuents {ο confequents, are cell d Homologous 
‘maonitudes, As if chere be the fame proportion 

Ee :2 of 
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‘of A to Bj'as of C to‘ D; A 'andC, Band D, 
‘are homologous, Fes 

«ΤΗΕ followine Definitions explain the divers 
‘manners of arguing from proportionals : for the 
‘demonftration of which'this book was princt. 
‘sally compos’ d. | 

13. Alcérnate proportion is when we com- 
pare the antecedent of the one with the ante- 
cedent of the other, and the confequent of che 
one with the confequent of the other. “As for 
‘example, if becaufe there is the fame propor- 
“tion of Ato B, as of C co D, 1 infer, chat there 
‘is che fame proportion of A to C, as ofBtô D. 
“This manner of areumentation holds only when 
‘all the four terms aré of the fame /pecres or 
“kind ; ze. either all lines, or all fuperficies’s, 
for all folids. Tis demonftrated Prop.t6. 


14.*Inverced Proportion is the comparing of | 


‘che confequents wich the antecedents. 
᾽Αραίπαλιν Ewcl. Converle. Gall, 
“As, if becaufe chere is che fame proportion 


‘of AtoB,aso: Οτο D, I conclude that there 


‘is the fame proportion of Bto A, asof D to 
°C. Corol. of Propof. 16. ; 

15. Compolition. of Proportion is the com- 
paring Of the antecedent and the confequent 
taken together , with the confequent alone. 
“As if, becaufe there is the fame proportion of 
‘A to B,as of CtoD,'I conclude char there is 
‘the fame proportion of A and B to B, as of C 






‘and D to D, Prop, 18. 16, Dis” 
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16, Divifion of Proportion is the comparing 
of the Excefs of the antecedent above the con- 
fequent to the fame confequent. ‘ As, 1f there 
‘be the fame proportion of ABto B, as of CD 
«(ο ; from thence 1 infer, chat there is the 
‘fame proportion of A to B,as of Cto D. Pros 
polition 17. 

17. Converfon of Proportion is the compar- 
ing of the entecedent with the Difference of 
the Terms :, ‘ As, if there -be rhe fame prow 
‘portion of ABto B, as of CD to D. I thence 
‘conclude, that there is the fame proportion of 
“AB to A, as of CD to Cy: Corof, of Prop. 18. 

18, Proportion of Equality is che comparing 
of the extreme magnitudes, and omiting thofe 
in the middle,  Asif, there be- 
‘ing che fame proportion of A to 
‘to B, asof Ero F ; and of B to 
‘C, asof F to G ; and of CroD, 
“as of G to H; 1 infer, thar there is the fame 
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ion) “proportion of A to D, as of E to H. 
ere} 19. Proportionality of Equality orderly 
Dom placd, is chacinwhich the terms are compar’d 





together inthe fame order. ‘* As in the fore- 
‘ going example. Prop.22. 

20, Proportionality of Equality diforderly 
| plac’d, is chat in which the terms are compar’d 
| inadifferenc order. ‘‘ As if, chere being the 
| ffame proportion of Ato B, as of G to H ; and 
i fof BtoC, as of FtoG; and of CtoD, as of 
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‘Eco s 1 conclude that chere is the fame pro- 
‘portion of AtoD, as of Eto H. Prop, 23. 

‘See in fhort all the different manners of ar- 
‘cumientation by Proportion. 


:: As AtoB, fo,C to D.;_ therefore 
“By Alternate proportion : as À to.C, foB 
Prot D oh 
‘Inverred: AsBto A,foDroC:,. 
“Compofñtion. . As AB to B, fo CD to D. 
“Divifion. If as AB co B,fo CD co D: chen 
As A to B, fo € to D. 
‘Converfion. As AB to A, fo CD toC.: 
Orderly Equalicy. 1f as Ato B, fo C to D ; and 
as Bro E, fo D co F:. chen 
| as AtoË, fo C to F. 
Diforderly Equality. If as A to B, fo D toF,and 
as Bto E, fo C to D:. then 
as A co Β, {ο roF. 


© Enclid’s fifth book contains but 25 propoñ® | 


“tions, co which nine more have fince been add- 
“ed , and are commonly receiv’d. And che firft 
‘fix in Eaclid, ferving only for the proof of 
€ chofe that follow by the method of Equimul- 
‘tip/es, (ince Lincend not to make ufe of thacme- 
‘thod,I fhall wholly omit; begining with the Se- 
‘yenrh, withouc changing either the order or 
number of the Propofitions. 

Demands 
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- Demands, or Suppohtions. 


πο Three quantities A, BC, being propos‘d, ic 
, | is requir'd tobe granted, ‘that there is ai fourth 7 
#{ poffible, το which che quantity’ C has the fame 
| proportion, as A to B, | | 











a | “PROPOSITION VIL. 
wf “A THEOREM. 
anc 


À Equal quantities bave the [ame Proportion 16. #no= 
ther quañiity, and another quantity has the [ame 











; |< > properties to quantities that are equal, 
| A, 8. E che quantities A and B be e- 
BIC, 4. ο qual, they will have the fime 
BAB: 8: proportion to che chird.c, 
ot De # Dewonftration, 
ie 


Ifone of the two; fuppofe A, hada oreatér 
i! proportion teC! than B: A would contain any | 
{4 aliquor patt ‘of C; oftner than B could contain 
wv the fame; and conféquencly A would be eréater 
chan B, which’ is contrary €0 what was fuip- 
tS pos’d. | | #3 
EN Again, Tfay, if che quantities A and B Here. 
Miqual, che quanticy C will hate the fame proper 
mMition to A as to B. | 


Ie 


220 Thé Elementsof Euclid. 


Demonftr ation. 

I¢ che quantity Ο hadoa ‘greater proportion 
to A, than co B; i¢ would contain a cercain ali- 
quot part of Asofrners than the: like part of:B; 
which parc therefore’of A muft be- lefs chan the 
like: aliquot part of! B, and» confequently the 
quanticy A wouldbeilefs shan By which is con- 
crary tothe fuppofition...s Ki Fetsiene î 


Eee OO 


PROPOSLT LON, VIII 


A THEOREM. | 
The greater of two, quantities hasa.greater propor- 


tionto the fame, than the lefs-s and. the fame }y; 


wantsty bas a leffer proportion. tothe greater, | 
thanto the lefss : 


LE SE the | 
AES J quantities, AB | 

GI and C be com- | 
Bit bpd : with. the | 
3 fame EF, and thar | 

ABexceeds C. I fay, char AB will have a grea- | 
cer proportion {ο EF, chan C will have coche | 
fame. Cut ADequal co.C, and divide EF in| 
the middle, and again one halfin the middle, 


(η 


and fo on, till you come to an aliquot. part of |" 


EF lefs chan DB, as GF. | 
Demon- |" 
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| Dexson ftv ation. 
| AD and € being equal, AD has the fame 
lt || proportion to EF, as C to EB, (by the 7.) and 
i | therefore AD will contain GF an aliquot part 
of EF, as oft as C will contain the fame, (07 de- 
| fin. s.) But ΑΒ contains the fame aliquot pare 
+ | once more than AD, DB being greater than 
GF ; therefore (by defin.6.) the proportion of 
AB to EF is greater chan that of C το the fame 
EF. 
| Secondly, I fay, that EF has a lefs proportion 
to AB, thantoC, Takea certain aliquot part, 
asthe fourth, ef C, as oft as you can in EF, 
which fuppofe tobe five times : either there 
will remain fomething of the quantity EF, or 
nothing ; if nothing remain, it isevident, that 
five times the fourth part. of AB making a erea- 
ter line than fomany times the fourth part of C, 
"che fourth pare ef AB could not be five times 
contain d'in EF. But if the fourth part of C 
taken five times reach no farther than G, che 
9 fourth parc of AB caken fo many rimes will pro- 
WE ceed either as far as F, orto I fomething fhort 
AN of F. [fit reach asfarasF, EF will have the 
wt fame proportion to AB as EG το, Buc (by the 
Li MD preceding part) EF bas a greater proportion to 
008) C, chan EG co the fame G ; therefore EF. has 
greater proportion to Ο, than to AB. Butif che 
H fourth part of AB reach no farther than I, EI 
Dw" will have the fame proportion to AB as EG to 
54 Cc 


+ 
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C. But ΕΙ [ας a greater proportion to C, than | i 
EGtoC; cherefore EF, ereater chan Ef, has | 

a greater proportion to iC, (chan the fame EF co 





PROPO SLTEON IX 
À LE BOR BM. ae 
Quantities that have the fame proportion to another 


quantity, or ta whom another quantity has the 
fame proportion, are equal, A 4 





LF thé quantitiés Α΄ and B have | 











A, B, C; che fame’ proportion to a third | #0 
12.126 | ‘’quantity: CS" I fay, Α and B are {she 
+ OR πο μα BI AYRH Ha 2 AB 

18" Demouffratron, > | Άι 


If one of che two’, v. g. Α΄ were greater | the 
than By itwould havea eréater proportion {ο | 
the quantity’, (67 the 8.)°which is contrary coul 
the fuppofitiün, Ρα a lo 
— Secondly, if the-quanticy Chas ‘the: fame: | lin 
proportion tothe quantities A‘and B 5 ΤΑ ΑΝ 
and B are equal. For if A were greater than B, | ‘on 
C would have a greater proportion to the quan | (ny 
tiry B, thanto A, (bythe 8.) whichis alfo cons 
trary co the {uppofition. | 











PROP. | 
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nds) 01 00110. T2 ώμος Chi ais 
PROPOSITION: 

-1 - A Τα ξόπεΝ- 

The quantity that has the Lreattr proportion to an- 

| other,ts the greater quantity ; and that she lef- 


fer, to which «that otheg quantity has the greater 
ve À Proportion. À ) 


IF the quantity À has a érearer pro- 
.B,C| i he quantity C;thanB to 
a portion tothe quantity C,than 
ue à | the fame.C, Ifay, A ts oreater than B. 
waif ForifA and Bwere equal they would have both. 
αἱ the fame proportion to Chand if A werelefs than. 
À 
| 





>|: 








i B, B would have a greater proportion to ο» chan 3 
fA coche fame ©} both which. are contrary to” 
the fuppofition. ~ | 

; of Secondly, if. C. has a greater. proportion to B 
M ΜΜΕ toA, I fay, char A.wilbbe-greacer than B. 
A Forif A and B were equal, C would have che 
rae Lame proportion to both, (bythe:7.) Andif A 
am. were lefs chan B, Ὁ would, have α lefs propor- 
d | tion to B than to À, (7 the: 8.); both which are 
wall contrary to What was fuppos’d, 
0 «Of | 


| Ff2 PROP, 





Πε 
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PROPOSITION XI, 


A THEORE™M, 








Proportions that are equal to another, are alfo: PR 


. qual among ff themfelves. 


F A hasthe fame pro- 

A,B; C,D; EF. portion to B, as C to 

44, 23 8,4: 6,24 D; and Crhe fame pro- 

portion to D, asE toF 

X fay, A willhave the fame proportion to B, 38 
E ro F. Demonftration, 

Since A has the fame proportion to B, as C 

to D; A will contain any certain aliquot part 


of B, as oft as C contains the like aliquot part © 


of D, (dy defin. 5.) And in like manner,as oft as 
C contains chat aliquot part of D, fooft will E 


contain the like aliquot pare of Ἑ, So that as 4 


oft as A contains any certain aliquot part of B, 
fo many times alfo will Ε΄ contain che like ali- 
quot parc of F. Therefore A ‘has che fame pro- 
portion to B, as Ero F. 


PROP. 
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PROPOSITION XII. 





ATHEOREM. 


ne À Sf many quantities be proportional, one Antecedent 
| will have thefame proportion to his confequent, 

as all the Antecedents taken together to all the 
AE < Confequents, à 


x Α.Ε, ΤΕ A has the fame. proportion to B, 
OM 4,12. as (τοῦ; I fay chac A and C 
88 |(C,D,|. taken together will:have the fame 
§ j2, 8. proportion ro B and'D, as AtoB. 
+ ee Demonftration. 
pat] : “Since A has thefame proportion to B, as C to 
gut) D; the quantity. A will contain any certain 
(188, aliquot part of B,oas oft as Ci contains the like 
ΙΣ8 aliquot part of D, (dy defin.i52)" fuppofe the 
ur 8M) fourch part. Now chefourch part: of B and the 
dB, fourch part of D, make the fourth parc of BD: 
ell and accordingly :A€ will contain the fourth 
spit parc of BD, as oft as A contains the’ fourth pare 
lof B ; and the like may be faid of any other ali- 
| Quoc parts. Therefore A has the fame propor- 
ition to B,as AC to BD. 


np 
Ube 








PROP. 
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PROPOSITION XHE 


A THEOREM. 


Tf of two equal proportions . one. 1s. greater..than 4 
third, the other will be fo dikewife. 

calla Pak 2 Deh ls A FA hasthe fame pro- 

|A, B:C,D: Ε, F.| portion: to" B,.asC to 

D 3: bur \a-greater* pro- 

portion το B, than E toF: I fay, char C alfo 


will have a greater proportionto D, than Eto «| 


F, Demonftration. Jet 64 

Since A has 4 greater proportion to B than 
Έντο F, A will contain a certaiñ aliquocy-part of 
 B, oftner than E-contains-thevlike aliquot part 
of F, (by defin.i6.) but. G contains a like: ali- 
quot part of:D,.as oft as A.contains that of B; 
becaufe A has-the fame proportion to B; as C:ta 


D: and theréfore-C contains a cerrain aliquot 4 


part of D, oftner than E contains the like alt 


quot part of EG and confequently,.C has'a grea= | 


cer proportion to D, chan E:to F; (by defiv6s) 


PROP. 
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PROPOSITION XIV, 


H 
| A 'THEOREM. 


Tf the firft quantity has the fame proportion to the 

À  Jecond, asthe third to the fourth : according #4 
the firft is-greater, or equal, or lefs, than the 

ἡ oithird, the fecond-will be greater, or equal, or 

D fs, than the fourth, © 

| 





j FA has che fame propor- 
| .Β56,Ώ] tion to B, as C ro D: I 
1 ay firtt, if A be greater than 
N C, Bwill bealfosreater than D. 

| Démonffration. 


Since A is greater than C, A will have a grea. 








+ 

7 
4 

|. 


A ter proportion toB, than C:toiche fame B, 
8 (6 the:8.). But there is che: fame Proportion of 


| AtoB, as of @to D:: therefore C. has a greater 
proportionto D, than G to'B, ‘and confequent- 
| 1y (épthe το.) Β isoreater than D. 
| Secondly, if A be equal to C, B will be allo 
| equal to D. Demonffration. 
| Since AandC are equal, there will be the 
à fame proportion of A to B, as of C to the fame 
|B, (bythe 7.) But as AtoB, fo Cro D; -there- 
\fore C has the {ame proportion το B, as the faite 
[C co D, and confequently Bi and D are equal, 
i (by the 9.) | 


Pelee 3 
ad ο Scie À 


aie PS 
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Thirdly, if A belefsthan C, B will alfobe 
lefs chan D. Demonfiration. 

Since A is lefs than Cy A will have a lefs pro- 
portion to B, chan Crothe fame B, (éythe8.) 
Butas A istoB, fo Cto D: therefore C will 
have a lefs proportion to D, than the fame C 
co B, and confequently B will be lefs than D, 
(4y the 10.) 








PROPOSITION XV. 


A THEOREM. 


Equimultiples, and fimilar aliquot parts, are in 
the fame proportion. 


A,B;G,D, F the quantities C and D be 
25336, 9 the Equimultiples of A and 

E,2;H,3,} B, their aliquot parts, A will 

F,2;1,3,{ have the fame proportion το B, 

G,2,K,3 
TT CintopartsequaltoA,v.g.E, 
F,G, and che quantity D into parts equal to 
B. Becaufe C and D are the equimultiples of 
A and B, there will be as many parts of one, as 
of the other. Let the parts of D therefore be 
H.LK. 

Demonftration, 

E has the fame proportion to H, and F rol, 
and Gro K, as AcoB, becaufe they are all ε- 
qual, 


asC to D. Divide che quantity | | 




























Où 
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| qual. ‘Therefore (67 the 13.) as À to B; fo Be 
| E,G, co H, I, K, te. fo € to D. 


Corol. The fame ‘numbers ‘of the aliquot 


| Parcs of two quantities are in the {ame propor- 


cion that che quantities are. For fince E has the 


| fame proportion to Ἡ, as C to D sand F to 


D, | I, as C to D ; E and F will have che“fame pros 
| portion ro H and I , 4ς C to D, 


(0 
ήν 
di} 
qu 


| 





DE AE νε! = 


| 
| 


PROPOSITION xvi.” 


A THEOREM. 
.>1 »Alcernate Proportion. 


Sf four magnitudes of the fame kind be proporsie= 


“onal, they will be alfo alternatively fo, 


F A has the’ {ame propor-: 


Bop, ἆ 


É fo B; C,D, tion to B as C to D , and all 
12,8: 9,6,/ the four quantities are of che 


| fame kind, char is, either all 
Lines; or all Superficies’s, or all Solids; A 


ΜΗ] have the fame proportion co C, as B co D. 
D For if not, fuppofe Α΄ to hive à greater oropors? 
Mitton to.C, than Bro D. 


| D'emorflration. 

Since tis fuppos'd, that A'has a gréater pro- 
portion toC than Bto D, the quanticy A will 
contain certain aliquor partof C, 2g. achird 

σα spare 





239 The Eleméritsof Euclid. 


part, oftner. than. B « oncainsa third: part :of De 
Let A therefore congain a chird pare of € four 
cimes; but’ B che chisd-pase, of D only, three 
times. ;.having then diviced À .inco-four.parts, 
each will-concain one. third. patcof ϱ1 but, B 
being divided inco four partg, they will not cone 
cain each.ofthem,athird pare-of Ds; therefore 
chreé fourths of A will contain three rhixds, of 
C, thatis, the whole quantiry of C ; bur three 
fourths of B-will-norconr:in three thirds; or 
the whole quantiry of D, But on che contrary, 
fince there ts the {ame ptopértion of À ro B, as 
of Cto D, there, will bealfoehe fame propor- 
tion of three fourths of À το three fourths of 
B, as of C to D, (bythe corellof the 15.) and 
(by thet4.) if three fourths of A be-equal ca. C, 
three fourths of B will ὃς equal (ο Dig«there- 
fore À cannot have agreacer proportion to C, 
than B 10.D. Re A 
| A LEMM A. 


If the firft bave the [ame proportion to-the-fes 
cond, asthe third to the fourth; any aliquot part 
of the. firft will have the [ame proportion. to the fe- 
cond, as the Like aliguot part of the third tothe 
| | (fourth, 





16,35 32,6 If Ahas the fame’ propor- 
A, B;.C, D, tiontoB, asC.toD; and | 
Ey à |. E besanaliquot part of A, 
di 


and Falike aliquot part of 
Ce: 
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tut | Cs Tfay,chat E vilbhave the fame Proportion 
, | toB,as Fro D. 

| Démonfration, 

» |  IFE had agteater propottion to B than Ἐ το 
|-D, E Would contain 4 cefcain aliquot part ‘of B, 

| oftnérthinF contains the like aliquor part of 


Lu, 





fore ; ‘ 
of | D; and confequently, E taken twice, thrice, ot 
ye | four times, Would contain an aliquot part of B 


ofcner than F taken twice, thrice, or ‘four times 
_ contain" che like aliquot part of D. But. caken 
| four times is equalto Α΄; and likewife F taken 
four times 15 equal co C3 ‘therefore A ‘would 
| contain an aliquoc part ‘of B oftner chan C con- 
| ται che like aliquot part of D, and by’ '‘confe- 
quence A would have a’grearer proportion to 
BthanC to D ; which is contrary tothe fup. 
| pofition. | 
| A COROLEAR Y, 
“ which Euclid plices afrer his ath Prorofitions 
Inverted: Proportion, 


Lf the firft bas the (ame proportion to the fecond, as 
| the third to the fourth ; the fecond will have the 


tits À : 
eh arse’ proportion to the first, as the fourth to the 
th 9 | | 
4° Î | third. 


| À B ; Cy D, 





tf 
jh μή | 





ἴ our | 
. ε 
op” | 








| FA has the fame proportion 


); M4, 8: 12,24, to BaéC το D, B will have 
ΜΜΕ ΙΕ, | che famé: proportion to A 45 
ut OR, 3: DroCGro. . } is; 
| | | Gg 2 De. 
| 
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Demonftxation. Per ie 

1£B had a greater propottion to A than D to 
C; B would contain amaliquot part of A, fup- 
pofe a fourch E, ofcner chan D contain’d F the 
fourth part of C. Let us fuppofe then chat B 
contains eight times. the. quantity E 5,,D muft 
contain but feven times the quantity F. Now 
fince A has the fame, proportion to B as C to 
D, Ewill have the fame. proportion to B as F 
το D, (bythe preceding Lemma,) and (by the 15.) 
E raken eight cimes will have the fame propor- 
tion to B, as F raken eight timestoD; but E 


taken eight times is contain’din B, therefore. 


F taken eight times muft be contain’d in D, 
notwithf{tanding whac was fhown to the contra- 
ry ; therefore B cannot have a greater propor- 
uonroA,thanDtaC. - 
The USE, 
‘The Followers of Averroes feem to have 
“made ufe of a manner of argumentation not 


‘much unlike this, ‘to ptove, ‘that the world had — 
“exifted from eternity; urging, that chereis the | 


‘fame proportion between an eternal a& of the 
“will of God, and the eternal produion af the 
Sworld, as betiveen a temporal a&, and a tem. 
“poral éffect ; therefore by a kind of Alterna. 
“tion, there is the fame propaftion of a tempo- 


“ral actof the will, i.e. an aét begining in time, 


ro an ecernal.effe% ; as of an eternal will to a 





fcemporal effect. Now. tis evident, that the” 
| will 
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€ « 9 9 πας 7° 
will, or 4η aét of the will chat begins in time, 





0 | cannot produce an erernal ‘effe&; therefore 
” £ 

ip | the eternalaét of God couldnot produce an 
‘it | - Efe& in time. Bucchis argument is faulty in 


iB} two refpects ; firf, in chat it fuppofes ic poffi- 
ble for an a&t of the Divine will to. begin in 
time 3 and fecondlÿ, in that ic is drawn from 
Li | Alternate proportion, though the terms be of 
si | a different kind or fpecies. 


| EX TE . D ae OS SUR Se Sa eee) 
jf à 





ra | PROPOSITION XVII. 
oD, fi A TusoREM. 

pita Ἡ 

pot | The Divifion of Proportion, 


à Af compounded quantities be proportional, they will 
| be fo likewife being divided, 


Hi ῇ AB,B; CD,D, AB has the fame propor- 
EE 








she |S > 3116, 6,) tion co B as CD to D, 
(ΠΙΑ, B; C,D,} À will have the fame propor- 
ie WIS22.110, 64 tionco B, as C co D. 

ur. Κι | Demonftration. i 

uel Since AB is fuppos’d to have the fame proporti- 


sq" toBasCDrtoD, AB will contain a certain 
re Maliquor parc of B, as oft as CD contains the like 
19 imeltquoc part of D. Now tharaliquot part mutt 
ρε found as oft in B, as che like aliquot part is 
a US 2 

vil found 




























+. db σον 
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found.in D, Therefore caking away B'from AB, | 


and D from CD, A will conrain as many aliquot 
parts of B, as C contains the like of Dy ‘and con: 
fequencly A will have che fame -proportion to 
B,as C vo D. 


SIGS 


PROPOSITION XVIIL 
A THEOREM. | 
The Compofition of Proportion. 


If quantities, being divided, be proportional, they 
will be fo likewife when compounded, 


A, B: CD, F A has the fame propor- 
5> 33 10, 6! tion to Bas Cro D, AB 
AB,B;CD,D,| . alfo will have the fame pro- 
O's 3% 16: 6,| Portion to Bas CD co D, 
ΕΕ ) Demonffratien. 


Since A is fuppos’d to have the fame propor . 


tion toBas CoD, A will contain any aliquot 
parc of B, as oft as C contains the like aliquot 
partof D. Now che quantity B contains any of 
its own aliquot parts, as oft as D contains the 
like of his s therefore adding Bro A, and Dito 
€, AB will contain any aliquot part of B as oft 
a$ Ὦ contains che like aliquor pare of D, and 


confequently (4y défis. 5.) AB will have the’ | 


{ame proportion to B as CD to D. 
























The Fifth. Book, 235 


A COROLLARY, 
‘Thé Conver ion of Proportion, 


If AB has:the fame proportion to Bias CD to 
| Dy chen AB will have the fame Proportion to 
— | Aas CDira.c. . For (67 the preceding) A has 

| che fameproportion to B, as C to D: and ¢ by 
| the Gorell. of the 16.) Bwill have che fame pro- 
| portion to À, as D'roC: and therefore com- 
| Pounding chem, AB will have che fame Propor- 
| tion co AyasGDto Cy» : | | 


LE 
| The USE, 
fo We have frequent ufe of this manner of 





i ) “argumentation in almoftall Parts of the 444. 
N° chematicks. 
pro | | 


ee a 
i PROPOSITION χΙΣ, 





WG 

4 

jou À A THeoRe κ, 

Aquoe ἡ If the Wholes be in the fame proportion, as the parts 
DOM shat are taken away from thew, the Kemasn- 
SUR ders will be alfa in the [anse proportion, 

10 

“MAS CD 5B, D 4 JF che quanticy AB has 
), 100 16, 8°3 4, 25 che fame. proportion to 


ela ο ; AB,CD,}| CD, as the part B tothe 
Hi, 6; 16,8, ] part D: I fay, A will 
a ση have 

18 | 
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have the fame proportion to C, as AB to CD, 
| DewmonStration. 

AB is fuppos’d το have che fame proportion 
to CD, as B co D : therefore alternatively (ac- 
cording to the 16.) AB hasthe fame proportion 
-toB,asCDto D; and by converfon of Ρο” 
portion, AB will have che fame proportion to 
A,asCDtoC; and again alternatively, there 
will be che fame proportion of AB to CD, as 


of A.toC, 
The USE. Pe aie 

“This Propofition is commonly ‘made ‘ufe of 
‘in the rule of Fellowfhip. For inftead of work- 
Sing by the rule of Three for every particular 
6 Affociate or Partner, ‘having done it for the 
“reft, coche laft they affien the Remainder of 
‘che Gain ; fuppofing chat if chere-be the fame 
‘proportion of the whole fumme of all the Prin- 
“cipals to the whole Gain, as of the Principal 
“of one Affociate to his parc of the Gain : there 
“will be alfo che fame proportion of the Princi- 
‘pal chat remains co the Remainder of the 
‘Gain. 

€ The 20 and 21 Propofitions are noe necef- 
“fary. | | 



























PROP. |. 
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in | “PROPOSITION xx 
Me 7 
Wr gk οἱ A Turon ew. 


| “The proportion of Equality orderly plac. 


ue 7 diners terms be propos! dj and an equal ‘namber 
of others compar’d ή, them, fo that ::thofe, 
| _which anfwer to each other in the fame order be 

proportional: the ο and the i oy mil pe allo 
κά | proportional. | 














tke A 

απ 4 [TP the quantities A,B,C, 
ie | [26 363351) Hi .“vand.the quantities Ds, Β 
t CA C:D, ΕΕ be: proportional $* that is, 
Came M if there be the fame pro. 


Prin |. portion: of A to Bas of D to, and'ofB to ο 
pdf 25 of Eto F ; A‘will alfo ‘have the ο Proper 
rere | tion to C, as D to F. 
inde | Demeniirdvians | 
ιτ HE A has à gréatér proportion to Cthan D «6: 
PF, cA wil? concain an aliquot part, -%¢. the'half 
ή Ἡ of C; oftner than D’-can contain che half of Ε.. 
| Let us fuppofe chien the half of Gite bé éohrain"d: 
itwelve times in A) ad the half of F only eleven 
Mrimés in D. Now Hécdufe: Bis the me: pro’ 
RO? portion OC as E το Ε che quantity’ Ῥ 


Mcontain thehalf of ο; as'dft ‘45 BE) Éfrains'rhe 
| | 


half of F : Suppofe then thofe halves to be con. 
FH h tain'd 








ain -αρι---- 





= 8 
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mind fix timesin each, B and.E, A, which con» 
rains the halfof C twelve times, wilthave a 
oreatel proportion to By which contains the 
fame half of C fix timess than D, which con- 
rains the half of F eleven times only, to E, 
which contains che fame half of F.fix cimes ; and 
confequently A will have a greater proportion 
co By than D> to. Ey. which is. contrarÿ to what 
was fuppost de 4 di 
PROPOSITION XX. 
Φομυδ aOR Mo oe 
"Fhe proportion of Equalicy diforderl y’ 
ch ateiek. ο ce eer τον] 


If two Orders of terms, bein the [ame proportion, | 


hot 


diferderly Ρίκο ας the. {ή and laf of both Or 


ders will be proportional. :;. 


τε che quantities ABC; 
and. the, others. DE» 
a Alert Sa à KB, equalin number, be 
inthe. fame proportion, diforderly placd, εμας 
is, if A has,che fame proportion to Bas E.to.F, 
and Bto € as Ότο EB: A will have the fame 


TN 
A, B,C. DBF G, 
1226ad4 4) Αν tp 





proportion to €, as D to.F.,. Suppofe B.to have 


tlie. fame proportion to G, as F 10 G.- . 
Demon: 































ee 
Posed 
== => 











The Fifth Book. 239 
Demonftration, 

Since there is the fame proportion of A°to Bas 
| of EcoF, and of B'to Cas of FroG; (A has 
‘À the fame proportion to €, as E to G; 1(by the 
| 32.) Further, fince Bihas the fame spropottion 
κ Ἡ τού ας Ότο E, and alfo'as Fro G3; Ὁ will 
À have the fame proportiôn το E, as F co'G,(by 
WA their.) and alternatively (according to the 16.) 
| Duwill have che fame proportion to F,as E το 
| G. Now we have before prov’d, chat as E to 
G, fo Ato Cs; therefore, as AtoC, foDtoF. 





PROPOSITION XXIV. 


A THEOREM 


Tf the firft quantity basthe fame proportion to th® 

|. fecond, athe third to the fourth ; and alfo thé 
fifth t0 the fecond, as the fixth to the fourth? 
the firft with the fifth will:bave the fame propor- 
tionto the fécond, asthe third with the fixth 2° 
the fourth. 





ς TF A has the fame proportion 

1 *" toBas'C to D, and E toB 
as Fto D: AE wilk’have the 
fame proportion to B, as GF to 
D. 


D emonftr ation, 
Since-A has the fame proportion to B as € to 
| Hh 2 


2 
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D, A will contain any)aliquor part of B, as ofc 
as C-contains the like aliquot pare of D, (by:de- 
fin. 59) : 1 like manner; E will contain the fame 
aliquot pare of ‘By as oft. as.F contains. the like 
of Ὁ.ς {ο chat A and: E will-conrain -any‘aliquor 
part of B,-as oft as Cand) F'concain che ;like alt- 
guot part of D: therefore. AB wall, haye the 
fame. proportion to.B, as CE {ο Ὦ, bes ντ. 


mene 





PROPOSITION XV, ’ 


A THEOREM 


If four magnitudes. be proportional, the greateft 
and the leaft will exceed the other two. 


BD, οι ΤΕ the four magnitudes AB, 
182 6, CD, E, EF, be proportional, 
(4,35 4 2.4 and AB che greareit and ÆF\the 
[AC ER]. ελα: AB and F will ‘exceed 





fame proportion to CD as EtoF, and AB is 
fuppos’d greater than E ; CD will be alfo grea- 
cer than F, (by the 14,), Divide therefore AB 
fo, that the magnitude A may be equal to E ; 
nd CD fo, thac the magnitude C may. be equal 

to F, Demon ftr ation, | 
Since AB has the fame proportion to CD as A 
ro €, B will.alfo have. the fame proportion to 
Das AB to CD, (by-the 19.) and! AB being 
! | 2 fup- 


CD and. Es Since AB has the | 
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fuppos'd greater than CD,B will be greater chan 
D. Now ifco A and E, which are equal, be 
added, Fand Ον which are ‘alfo'equal, A and 
é will be equal co € and E , and addine torhe 

wo firft B, which is the ereate?,'and το the two 
iat D , which is che lefs:, AB ‘and. F'aillibe 





greater chan CD and E. 
The 8 Fe 
By this Propofition is demonftritéd: x pro- 
‘ptiety of 9 Geometrical } proportionality, whereby 
“ic ks diftineuith’d from! thar iwhich is» call’d 
€ Arithmetical, For in thisdaccer the tivo mid- 





| "dle cerms are equal ro the two? extreams ; but 
‘in the former, (as has been prov'd,) the greats 


Ceft and the fealt exceed che rwovothers. 





“Tho the nine following Propofitions are not 
CEuclid’s 2 yet, becaufe many RC ufe of chem, 
| Sand quote chem as if they were his, I thought 
“Toughe not to omit them. 
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PROPOSITION XXVI. 





A THEOoRE ». 


If the frffhas a greater proportion to the fecond 
than the third to the fourth, the fourth will have 
a greater proportion to the third than the fecond 


fo the firft. 


9,43 6,35, QF A has à greater proportion 
A,B; C,D, co B than Cro D, D will have 
R, a greater proportion to C than B 
3, toA. Suppofe E to have the 
~~. fame proportion toB as C to D, 
A will be greater chan E, (by the 10.) 
Demonftration, 

There is the fame proportion of E to B, as-of 
€ to D : cherefore (by the Coroll. of the τό.) D 
has the fame proportion ro C, as Bto FE. But B 
has a greater proportion to E chan {ο A, (b7 the 
8.) therefore D has a greater proportion ro C, 
than B to À. 


PROP. 








ss 
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PROPOSITION XXVII. 


A THEOREM, 


df the firff bas a greater proportion to the [econd 
than the third to the fourth, the firft will alfo 


have a Lreater proportion to the. third than the 
Second to the fourth. 


243 


Be ti be 3 IF A has a greater proportion 


AsB; C,D, to B chan Cco D, I fay, that 
FE, A will have a greater proportion 
| 6, | 


το Crhan B to D. Let E have 
the fame proportion to B, as G to 


) D; inchat cafe A muft be oteater than E: 


Demonftration. 
F has the fame proportion ro B, as C toD: 


) therefore (by the 16.) E has the fame proportion 


to C, as Bro D. And becanfe A is orearer. chan 


à E, che proportion of A to C will be greater than 
§ thatof EtoC. Therefore the proportion of A 


to C, is greater thanthat of Bto D. - 








% 
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PROPOSITION: XXVIIL 
A THEOREM: 
Ifthe ρω: a) greater’ PU to the fééond 
than the third to the fourth, the “Are and the 


fecond will have a-greater proportion ta the fe- 
cond, than the third and the δν to ze 


Pour ὧν | 4 





43 6,3 ni [F the proportion of Ato B be 
is oy oreater than that of G to D, 


| 

& of: ‘alfo'be’ grearer than char of CD 
to D. Suppofe Eco have ché 

fame proportion to B, as C to D. 

Demonfiration. 





“Æ has the fame proportion to By. 4e to D: 


~~ therefore (7 the 18.) EB has the fame propor= 
tion ro B, as ep: to D. And AB being greater 
than EB, AB will’have a greater ‘proportion to 


-B, than EB to the fame B, and ππκά σα 


fie CD to D. 














‘he ‘proportion of AB to B will 
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PROPOSITION XXIX, 


A THEOREM, 


| 

wi the frf with the fecond has a greater propertion 
} © totht fecond, than the third with the fourth to 

À the*fourth ; the firft will have a greater. propor- 

WU tion tothe fecond, than the third to the fourth. 


9145 63 3: JF the proportion of AB to B 


of |A,B; CD, be greater than the’ proportion 
π À ΙΕ. of CD to D, the proportion of A 
“i 18. co B will be alfo greater chan that 
Doh. of CtoD. Suppofe EB to have 


«κ Ὦ the fame proportion to B, as CD to D : EB will 
~ A be lefschan AB, and E Tr than A. 

ἡ Demonftration, 
‘DM Since EB has the fame proportion to B, as CD 
a τοῦ; ‘dividing them E will have the fame 
|) proportion, to Bas Cto D, (oy the 17.) And A 


eat 


à being ereacer chan E, the proportion of Ato B'p, 


if will be ; grearer than char of E tothe fame By 
~ Band confequently than that of Cto D, 





J i/ 
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PROPOSITION XXX, 


A Tr BoRE M. / 

If the proportion of the. [τῇ with the fecondta the 
fecond, be greater than that of the third with the 
fourth to the fourth ; the proportion of the. fir ft 
with the fecond to the firff, will be lefs than that 
of the third with the fourth to the third, 


A,B; 6, JF the proportion of. AB to B | 
9245 6, 3. be greater chan that of CD 


to D, the proportion of AB to 
Α will belefs than that of CD to C, 7 
big Demonftration. ; , 
The proportion of AB to B is fuppos’d co be 
ereater than that of CD'to Ds therefore (by the 


29.):the proportion of Ato B'willibe greater | 


than that of CroD; and (by the 26.) the pro- 
portion of D το C will be creater chan.chac of B 
to À : thereforebeine compounded (by the 38.) 
the proportion of CD to G, will be greater chan 
that of AB to A. 


PROP. ῃ 
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PROPOSITION XXXE 


A 'THEORE M. 


| many quantities are in a greater proportion - 
mong themfelues, than an equal number of other 
quantities, plac’d after the (ame manner ; the 
{0 of the firft order will be in a greater propor. 
tion to the laf? of that order, than the first of the 
fecond order tothe laff of that. 3 


Fe B,C, | D,E,F,| BF A has a greater pro- 


ο #[16,10,3, Lo, 6,2, portion to B, than D 


| to E; and B a grearer 

{proportion to C, than ‘E to Fs A will have 4 

greater proportion to C; than D to F, 
Demonstration, 

Since A has a greater proportion to B chan D 


P'ftoE, A will alfo have a greater proportion to 


[D chan Bro E; and becaufe B has a greater 


| 8) proportion to Crhan Eco F, B will alfo have a 


forearer proportion to E than C toF. Therefore 
HA will havea greater proportion to D than C 
to F: and Alternatively (by the 27.) A will 
have 3 ercater proportion to C, than D to F. 





li 2 
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PROPOSITION XXXII 


A T wEoRE Μ. 


If many quantities are in greater proportion Among 
them{elves, than an equal number of other quan- 
tities, plac'd after a different manners the firft 
of the first order will have a greater proportion 
to the laft of that order, than the firft of the: [e- 
cond order to the laft of that. eet 


” 7 ΄ 


13,6, 2, | | F A has a greater pro- 
» CE, * portion to G than E 
B,. F|H,I,K,\ to K,-and-G-a-ereater 
4. 2,1,] proportion ro E thanH 





[12 3 


tol; A willhave a great= 7/1 


er proportion to E, than. H to K. Suppofe B 


to have che fame proportion to C as I to K,aud 
C the fame proportion to F ας H tol; chen A® 


will be sréater chan-B, and F rhan-E. 
Demonfiration. 

Since tis fuppos?d.chas B has the fame. pro- 
portion ro Cas ito K, and Cro F as H to I; 
B will have the fame. preportion to, F,.as Hto 
K, (by the 23.) But A has a greater proportion 
to F,than B cathe fame BE, (by the 8.) and 


che proportion of A toE is greater than chat of; | 


Ato F,*becaufe.F 1s gteater chan E: therefore 


the proportion of Ato E, is greater than that of | 
PROP, | 


Hiro kK, 
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PROPOSITION XXXII. 


A THEOREM. 
If the Whole has à greater proportion to the Whole 


than the part taken away to the part taken away, 
the Remainder will have a greater proportion to 
the Remainder than the Whole tothe Whole. 


hee & + F AB has'a greater propor- 
tion to CD than I B to D, A 





will havea greater proportion 
to C than ABto CD. 
DemonStration, 
We fuppofe that che proportion of AB to CD 
is greacèr than that of Β το D; therefore (67 
the 27.) the proportion of AB to B 15 greater 
than chat of CD toD: ‘and (dy the 30.) the Ρίο» 
portion of AB co A, 15 lefs than thac of CD τα 
; therefore alcernatively, the proportion of 
| AB to CD 15 lefs then that of A to C. 
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PROPOSITION XXXIV. 


A THEOREM. 
If two orders of magnitudes be propos’d, and the 


roportion of the firft of the firft, tothe firft of the 
A be Phe, than a of the fecond to. the 
fecond ; and that greater than that of the third 
to the third, G°c. the whole firft order will have 
à greater proportion to the whole fecond, than 
the whole firff order except 145 firft magnitude, 
to the whole fecond order except its firft magnt- 
sude. But a lefs proportion than that of the firft 
magnitude of the firft.order, to the firft. magnt- 
tude of the fecond ; and lafily, a greater prepor- 
tion, than that of the laft, magnitude of the βλ 
order, to the laft of the [ecoua. 


A, B,C,[IE;F, A to E be greater 

_, than that of B to F, and 
che proportion6£ Bfo F greater chan that of C 
τος: Ifiy rc A,B, C, will have a greater 
proportion to E,F;G, than che proportion of 
BC to FG. 


far 3, | 4, αν αἲ bi the proportion of 
b; F,G 


Demonftration. 


Tis fuppos’d the proportion of À to E is 
oreater than that of B to F ; and therefore al. 
cernatively 
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ternatively, the proportion of A to B is greater 
than that of E to F: and by compounding 
them, the proportion of ABto B greater chan 
thacof EF to F; and again alternatively; ‘the 
proportion of AB το EF grearer than’that of 


| Beto F. And becaufe the proportion! of the 


| whole, AB to EF is greater’than that of the 
| part B roche pare F, the proportion of the Re- 
| mainder À to the Remainder E will be greater 
| chan that of the whole ABtothe whole EF. In 


| hike manner, 1 may prove: the proportion of B 





| co F greater than that of BG to FG, and confe- 
| Guencly chat of A to E much greater chan thar 

| of BC to FG... Therefore alternatively, the pres 
,. | Portion of: Aco: BC is greatér than thac of FE το 
| FG; and compounding them, che proportion 


( 


of A,B,C, to BC, or ater than chat of E,P,G, 
yi 


το FG: therefor Proportion of A,B,C, to 
E,F,G, will be greater chan chat of BC to FG. 

| Secondly , the proportion of ‘A to E, is 
[greacer chan chat of A,B,C, το E,F,G. 

| Demonfiration. 

|. Thave demonftrared 

the whole A,B,C, to th 

Jer chan chat of 

Mrherefore the 





Thirdly, the proportion of A,B,C, to E,F,G, 
ἠθΙΗΙ5 greater chan that of C τος, De- 
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Demonftration. 

The proportion of A to E is greater than 
that of Bto F; and therefore alternatively, 
chat of Ato B is greater than thavof E toF; 
and compounding them, the proportion of AB 
το B willbe greater than that of EF co F; and 
again alternatively, thacof AB to EF .greater 
than thac of B to F. But the proportion of B 
ro Fis greater than that of C to G, therefore 
the proportion of AB to EF is greater chan chat 
of CtoG; andchacof AB to € greater chan 
chat of EF to G; and therefore by compound- 
ing them, the proportion of A,B,G; toG; will 
be greater than that of E, F,G,toG; and that 
of Are E, F,G, greater than that of C 
to G. 








THE SIXTH BOOK 


OF THE 


| ELEMENTS 





THis Book begins το apply the doëtrine of 
(4 Proportions, explain’d’in general in che 
“preceding, to particular matters; and taking 
ics rife from the mott fimple figures, 1. ε. Fri 
|Sanotes, ic gives Rules todétermine-not only 
‘the proportion of their fides, bur alfo rhat of 
|“their capacity, Area ‘or fuperficies. In che 
‘next place we learn from ir, bow to find out 

_} ‘proportional lines, and to augment or diminifh 
tb} “any fioure,accordine to any proportion affien*. 
‘Here alfo is demonftraced the molt ufeful Rule 
“of Three ; and che Forty-feventh of the Firft 
“extended to any figuré whatfoever. Laflly, ir 
Pays down ‘the moft facile and moft certain 
principles cô conduét us in raking any manner 
ef Dimenfons. Kk DE- 
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DÉFINITIONS 9p 


À 1, VD E@ilineal figures are 
3 fimilar , when cheir 

| anoles are equal, and che fides, 
BOA that form thofe angles ο Po” 
portional. *¢ As the triangles 

E F SABC, DEF, willbe fimilar, 

: Sif che anoles A and D, Band 

‘F.C and F,be equal; and AB hag che fame 
‘proportion to AC as DE to DF,-and AB to 


“BC as DE to EF. 
A 2. : Figures are reciprocal, 
when they may be. fo; com- 
ο par’d, that the antecedent. of 
one proportion and the con- 
= fequent of another are. both 


B F D ‘ 
. found in the fame: figure. 


¢ That is, when the Analogy begins.and ends 


in the (ame figure. As if AB has che fame pro. 
‘portion το CD, as DEto ΒΕ.. ον) 


3. A line is divided according to the ex” | 


treme and middle proportion, when the whole 
: line has che fame propoïtion 


























ή ἵ----ὼ to the greater part,.as. the 
A CB» greater parvroche lefs. * As if | 
| AB has the fame proportion! 
(ο. | 
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to AC, as AC to'CB: the line ΑΒ 15 divided 
‘according vo the εχτίέππε and middle propor- 
ions q sd 30 ‘omen 

; Δι: The height ofany figure 
is a .perpendicular::drawn 
fromits fummityco irs-bafe. 
| 6 Asan the triangles: ABC , 
| Fes 5 © ΕΕ: the perpendiculars 
| παιδό à | EH and AD; whechér they 
1 À <fallwichin or-without che:trianglés,:;aré their 
| ‘heights; Hence teféllows, char all: criangles 
1. Sand parallelograms, chat: have equal heights; 
| “may be plae’d:within che fame parallels. For 
} Shaving fec cheirbafes upon ché Ime HC, af che 
| ‘perpendiculars DA and HE be equal; the lines 


.) *BA.and HC will:be parallels. 





| © ssA Proportion is faid so be compounded 
of many cothers, when the | 

| *quanticies of thofe proporti- * | Penominatorse 
| ons. being’ multiply’d ,::make 3 

| another.’ “Το underftand the true ‘intent of 


A ‘chis definition, ic mutt be obferv’d, chat every 


| ‘Proportion, at leaft, every * ra- 
“Ἡ “tional Proportion,eakes its De. * Expre(ible by 
À ‘nomination froma certainnum. ο αν 
“ber, denoting that refpeét or relation that the 
“4ntécédent of che proportion bears tothe con. 


i Sfequent. As if ewo magnitudes were propos’d, 


| Sone of cwelve foot in length, and the other of 
§ ‘fix; we fhould call chat proportion of 12 to 
Kk 2 6 
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‘6the double proportion. In: like manner if 
‘4 and 12 were propos’d, we fhould'aive that 
‘che name of fubtriple proportion, + beingits 
‘Denominator ; importing. as much as chat che 
‘proportion of 4 to 12, is the fame as that of 
« to unity, Οἵ 45 one to three, This Denomi- 
‘nator is call’d the g#antity of the Proportion. 
“Suppofe therefore three terms were given, 12, 
‘6, and 23: che firft proportion of 12 co 6 being 
“double, its Denominator is to’; the fecond of 
‘6 to 2 being triple, its Denominator is‘three ; | 
‘che proportion therefore of 12 to 2 is faid:t0 . | 

‘be compounded of chat of 12 το 6, and of 6 | | 
‘co 2,the double and thé criple proportion. 
«Το find therefore the Denominator of the pro: 
“portion of 12 to 2, multiply chree by two,and © 
‘the produ& fix will fhow che proportion of - 

“12 to 2 to be fextuple, ze. asone to fix. This à 
‘ig chat which J4athemati¢ians commonly un- 4 
‘derftand by compounded Proportion, though | 
“methinks ic might more properly have been | 

$call’d Proportion multiply'd. | | 


+ 


ba < 


PROP, ο 
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PROPOSITION I. 
“A THEOREM. 


1 | Paralelograms, and triangles, of the fame hight, 


1 are in the [ame proportion as their bafes. 


wie the triangles 


ον 
| Ah AGC, and DEM, to 
have che fame hight , 
and co be plac’d beriveen 


| GKIBCEEHL™M the fame parallels, AD, 
and GM: 1 fay, chey 
ÿh will have che fame, proportion as their bafes 
5 GC, and EM. Divide the bafe EM into as 
À many equal parts as you pleale, and draw lines 
À from the point D to each divifion, as DF, DH, 
| DL. In like manner divide the line CG into 
HW parts equal το thofe of the line. EM, and draw 
ws lines from its fummity A to thofe divifions, as 
| AB, Al, cc. All chofe ficcle triangles, being 
Henclos’d within the fame parallels, and having 
Hequal bafes, are equal, (67 the 38. 1.) 
Demonffration. 
). The bafe GC contains fo many aliquot parts 
” of EM , as there.are parts found init equai 
“Wo EF ; but as many parts equal to EF as are 
found in the bafe GC, fo many little triangles 
are contain'd in the criangle μαι to 
thofe 
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τηοίς΄ contain’d in DEM ; -whtch~betng-equal 
among themfelves are the aliquot parts “of the 4 
triangle ΡΕΜ, As oft therefore as thé bafe GC Al: 
contains thofe aliquor parts of EM, fo oft does | 
the triangle AGC contain the aliquot parts of | 
rhe triangle DEM.}° which alfo wilh happen ia || 
every divifion Whaxfoever : therefore the trian- 
ele AGC has the fame proportion to the trian- 4 
ele DEM, as chebafé GC to the bafe EM. … 4! 
Now Parallelogcatns » defcrib’d upon the 
{ane bafes, and encfos’d becween the fame pa- | 
rallels , are ‘double the triangles, (by the Ahi.) | 
therefore they are in the fame proportion as che | 
triangles, j, ο, as theit bafes, | 


be WS Bit M 


This Propofition is not only fewvicesblesi iñ |. 
*demonftraring thofe that follow, but alfo of 
“oreat ufe: in dividing laroe fields, or: plains. 
As for example, ‘Tappofe you wefe to rake the | 

‘third pare OF the Trapefuns © 
! CABCD, havite che fides AD 


“Gnd BC) parallel’: produce the 
Fine BC το €, fo chac CE 
ase “ay be: equal to AD ; and 


Etfandtakine BG the chird part |» 

“Of BE, draw AG: Éfay the tris | 

‘anole ABG isthe third part Of the Trape fim | 
‘ABCD, | 








+ 


Demos | 
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Demonftr ation. 

‘The triangles ADF, and ECE, are equian- 
“sular, becaufe che lines AD and CE are pa- 
‘rallels, and their fides AD and CE are equal : 
*therefore (by the 26. 1.) the crianoles are e- 
“qual, and confequently che triapole ABE is 


| ‘equal co the trapefiam ABCD.. But the tri- 


‘anole ABG is che: chird. pare, of the triangle 


.f) ‘ABE, (by the preceding,) therefore che trian- 
h “gle ABG is the third pare of the trapefiams 


‘ABCD, 





PROPOSITION IL 


A THEOREM. 


| A line drawnin a triangle parallel ta its bafe di- 


vides its fides proportionally : and the line that 
divides the fides of a triangle proportionally, will 
be parallel t9 its bafe. 


À F in the triangle ABC the 

line DE be parallel to che 
bafe BC; the fides AB and AC 
will be divided proportionally, 
1. €, AD will bave the fame pro-= 





—r— 





a = portion to DB, as AE co EC. 


Draw che lines DC and BE. 
The triangles DBE,and DEC, having the fame 
bafe 
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bafe DE, and being enclos‘d within.che fame 
parallels DE and BC, are equal, (by the 37.1.) 
Demonftration. | 
The triangles ADE and DBE have the fame 
hight B, aking AD and DB for their bafes, and 
therefore may be plac’d within the line AB and 
another parallel co it drawn through the point 
E, and confequently have the fame proportion 
as their bafes, (67 the 1.) Le, the triangle ADE 
has che fame proportion to che criangle DBE, 
or its equal CED, as AD co DB. But the tri- 
angle ADE has likewife the fame proportion 
to the triangle CED, as AE to’AC ; and there- 
fore AD has the fame proportion to DB, as AE 
to EC. 


Secondly, fuppofe AE to have the fame pro 


portion to EC, as AD to AB: 1 fay the lines 
DE and BC will be parallels. 
Demonffration. z , 

AD has the fame proportion to DB, asthe 
criangle ADE to the triangle DEB, (by the 1.) 
and AE has the fame proportion to EC , as 
che triangle ADE to the triangle CED ; and 
confequently the triangle ADE has the fame 
proportion tothe triangle DEB, as che fame 


ADEtothe triangle CED. Therefore (by the 


9.5.) the triangles BDE, and CED, are equal, 


and (by the 39.1.) between the fame parallels 4 


Therefote the lines DE and BC are parallels. 


σέ 7 
Thé 



































—_ | 





| 
| The sixth Book: 263 
The ASE; 
| “This Propofition is abfolutéty neceflary for 
| ‘the demonftration of thofe that follow. It may 
1 ‘alfo be ferviceable in taking Dimenfons. As, 
! “in the following figure, if you were to mea- 
A ‘ture che hight of BE ; having ere&ted a!ftaff or 
À ‘pole DA, there will be the fame proportion of 
A ‘CD to DA, as of BC to BE. 
1 


 & 





ms 


a PROPOSITION III. 


A THEOREM, 

{BLA line that divides an angle of a triangle into 
teva equal parts, divides its bafe into two parts 

Ù which have the fame proportion as the fides. 

sl) And if it divide the bale inte two parts propor= 

tioual to the fides, it will divide the ‘angle into 

| two equal parts. 


| = JF the line AD divide the angle 
| y A BAC into two equal parts, AB 








will have the famé proportion ro 
Spe ACas BD to DC. Produce the fide 
CA, and take AE equal co AB; 

MA then draw the line EB, 

Demonftration. 

The external angle CAB is equal το the two 
, Minterna) angles AEB, and ABE: which being 
equal; (bythe 5.1.) becaufe the fides AE and 
q LI AB 


Al 
1 
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AB are equal ;,ahe angle BAD, which is the 
half of BAC, wil be equal (ο one of them, fap- 
pofe ABE ; therefore (byithe 27. 1.) othe-limes 
AD andoBB are parallels and «(by the 2.) chereiis 
the fame proportion of EA.or AB to AC; as of 
BDDC, a 2 

Secondly, if: AB has! the: fame: proportion 
to AC as BD to DC, ithe ‘atgle BAC will ibe 
divided into two equal parts. 

Dewmonftration. 

AB or EAihas the fame ‘proportion to AC; 
as BD to DC: therefore EB and AD are pa- 
callel; and (by the 29.1.) the alternate angles 
EBA and BAD ,: che internal BEA; and the ex. 
ternsk DAC, will beequal: and thes angles 
BEA and BBA being equal; the angles BAD and 
DAG willbe alfo equal. ‘Therefore the: angle 
BAG will be divided inco two equal parcs: 

| The USE, | | 

© We make ufe of this Propofition chiefly to 

‘fndche proportion of thé fides ofa triangles 


PROP, 
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‘| PROPOSLTLON 1, 
if A THEOREM. 
| The η des of eqinangalat. ‘triangles are proportte- 
n | nal, 
x | | | | 
a Fche:trianotes ABC, ‘and 


DCE}; (be equiansulaty 7 ie, 
if the angles ABC and DCE, 
BAC and CDE be equal; AB 
ks NE will:have the fame propeftion 
ef woe € = 16 BG4s DC to CE, and-alfo 
4 AGwiltthave the fame pro- 
frere to CB as DEto EG: 19): the tria noles 
lafcérfucha manner, εἶναι (ως bafes BC and CE 
may be upon the fame’ line, re produce'the 
Hides BA and ED till chey meerin F ; fince the 
angles ACB and DEC ate equal, che lines AC 
ή ο hand FE are paralels; | δ)40ε28. ¥.] and by the 

| fame reafon CD and BF are parallels, and there- 

i fore AFDC aParallelogram. 

| DemonStration. 
| Inchetrangle BFE, AC is parallel t 0 FE, 

yp, therefore [27 the 2: AB has the fame propa 
"ον to AF, or, whichis equal toit, CD, as BC 

to CE: and alternatively, AB | has he fame 

serge BC, as CDro CE. In Îrke man- 

[ner in the fame triangle, CD being par Sel to 

E12 BF, 


re) 





4 
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BF, FD or AC has the {ame proportion to DE, 
as BC to CE, [by the 2.] and alcernarively, AC 
has the fame proportion to BC, as DE to CE. 


The USE. 


‘This Propofition is of fo general ufe, that it | 
‘may pafs for a moft univerfal principle in cak- 
“ing all manner of Dimenfions. For in the firft 
“place all che methods of meafuring inacceffible 
‘lines, by defcribing a fmall triangle fimilar, co 
‘chat which is form‘d. upon the ground, és 
“founded uponit ; .as.alfothe greateft part of 
“chofe Mathematical, Infiraments, upon’ which 
“are de{crib’d triangles; fimilar to thofe of which 
“we defire to take the dimenfions, as the Geo. | . 
"wetrical [quare, che Pantometer, the eArbalef : 
“or Crofs-ffaff, &c. Nor could we-know :how-to 
“raife the Plane of any place, but by the help: 
“chereof. So chatin fine, to unfold all the ufes 
Sof this Propofition, ic. would be neceflary το 
“cranfcribe the whoie firft book of Prattical Ge- 
“ometry. 


PROP. 
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PROPOSITION V. 


A THEOREM. 
Triangles, which have proportional fides, are tqui- 


angular, 
À D F the rriangles ABC and 
: | DEF have proportional 
fides, i,¢. 1f AB has the fame 
HN F proportion ro BC as DE to 
wae ΕΕ, and alfo AB the fame 


proportion to AC as DE to 
ΤΕ ; the angles ABC.and DEF, A and D, C 
and F, will be equal. Make the angle FEG e- 
qual το che angle B, and EFG equal to the at 
ole G, 
Demonftr ation, 

The criangles ABC and EFG havetwo an- 
oles equal, therefore (dy Coroll 2. of the 32. 1.) 
they areequiangular ; and (bythe 4.) AB has 
the fame proportion to BE as GE to EF. Now 
tis fuppos’d, chat DE has the fame proportion 
to EF as AB to BC, therefore DE has the fame 
proportion to EF as EG to EF; and confe- 
quently (by the 9. 5.) DE and EG are equal. 
After the fame manner DF may be prov'd equal 
co FG, and confequently (by the 8. 1.) the τ{]- 
aneles DEF and GEF are equiangular, But the 
anole 
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anole (ΕΕ was made equal to B, therefore 4 D 
the angle DEF is equal to the angle B, and |) 0 
ee the angle DFE ‘to thé angle C; “and confe- à 
il Uh quently, che triangles ABG and DEF are equi- du 
| À | anoular th 





his PROPOSITION VL 


A THEOREMA 
Triangles, whichhave tach one of their angles. € 


RE EE CS. 
DE ΦΑΕΙ Meds EE 





ie qual to one of the other, and the fides containmg | V 
τη. that angle proportional, are equiangular. | 
Jp TE che triangles ABCand DEF (fee fig: preced. ) 

ui have the angles Band E equal; and the fide 

oat AB‘has the fame: proportion to BC as DE to 7 
NET EF, the criangles ABC and DEF will be equi- 4 / 
+4 noufar. Make chéangle FEG equal to the an- M; 


gle B, and the angle EFG equal co the angle C. 








ag . Demonftration, | ole 
ie The triangles ABC and GEF ate equianu’ A 
Wa aes (by Goroll. 3. of the 32.1.) therefore AB 4 

Bete has thefame proportion to BC asGEtoEF, 47 
3 a, (by the 4.) Butas AB co BC, fois DE to EF; dl 
Khas therefore DE has the fame proportion to EF as ano] 
vy GE tothe fame £F; and therefore (by the 9. Ml 
| a) 5.) DE and EG ate equal ; and the ctranoles Shi, 


ο DEF and GFE ; having the angles’ DEF ‘and Itoh 
μι GEF, each equal tothe angle B, andthe fides Ml 
. D 1. « 


ιν 





ο ο cer. GE > -υ 
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DE and EG équal, with the fide EF common 
co both, will be equal in all.refpedts, (dy the 4. 
1.) therefore they will. be equianoular : and 
the triangle EGF being equiangular to ABC, 
the triangles ABC and DEF are équianoufat, 





> ας RSP begets «νι ον ο 
ano θες 








The Seventh Propofitien ts of no ne, 





PROPOSITION, VII, 
| . A THEOREM, 
) ο perpendicular, drawn from the right angle of 


|. arellangulartriangle to the oppofite fide . ‘di- 
| vides the triangle into two others fimilar te it, 








: B ÏF the perpendicular BD be 
: drawn from the righc angle 
_ABC to the oppofite fide AC, 
|A D ο it will divide the reétanoular 
| triangle ABC into two trian- 
| gles ADB and BDC, which wilt be fimilar, or 
| equiangular co che triangle ABC; 
| Demonffration. 

The triangles ABC and ADB have the fame 


i 


«il angle A, and the: angles ABC and ADB dios 


| angles, therefore they are equiangular, [y Co: 


i voll, 2. of the 12.11] In liké manner the trian- 


ti 


joles BDC and ABC haverhe anole C comm 


, CULAR on 
Ἱ toboth, andthe angles ABC and BDC riche 


Ks . e 22 x 
angles ; therefore they alfo are equiancular, 
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qu Therefore the triangles ABC, BDC, and ADB; 
oa are fimilar triangles. 

ia The USE. 





η. 
η ‘By thehelp of this Propofition inaccefhible 

μι <didtances may be meafur’d by a Carpencer’s #1 
πι “fquare. As for example, 1f[ were το meafure hi 
+ a “che diftance DC ; having drawn the perpen- | Fr 
Whe ‘dicular BD, and plac’d my fquare upon the | 
Patol ‘point Bin fuch a manner, that by one of ics |/ 
ή τν “fides BC 1 could obferve che point C; and by |} { 
1 il. ‘che other the point A: “tis evident, there | ¢ 
τη: ii ‘would be the fame proportion of AD to DB, |« 


| εις of DBto DC. Therefore multiplying DB 
ce ‘by its felf, and dividing the product by AD, |- 
| M À. ‘che Quotient would be DC. | 


PROPOSITION IX. 








À πι | A PROBLEM. Fr 
ια κ Of a line given to cut off what part you pleafe. 
| He hs s 
hee τ ET the line propos'd be | 
iid Et AB, from which you de="} 
Ke G fireto take away three fifth | 4 
a | | parts. Make an angle ECD,” 
RU F7 D and upon one ofits fides CD 1. 
| i π x cake five equal parts, three-of | © 
| * which fhall be contain’d in. 


CF: 
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CF: then taking CE equal to AB, draw the 
line DE, and another parallel to chat. FG: che 
line CG willconrain three fifth parts of CE or 
AB. Demonstration. 

Inthe triangle ECD, FG being parallel to 
the bafe DE, “CF will have the fame propor- 
tion to FD as CG to GE} [by the 2.] and com: 
pounding chem, [dy the 18. 5.| CE will have 
the fame proportion to CG as CD to CF; and 
(by the Coroll, of the 16.5.) CG will have the 
}} fame proportionto CE as CF to CD. But CF 

- contains three fifths of CD, therefore CG will 

| contain three fifths of CE or ΑΒ. 


PROPOSITION X. 


‘A PROBLEM. 


To divide a line after the [ame manner at another 
line givens divided. 


ΤΕ you would: divide 


Jt 


the line AB after che 
fame manner as AC ts 
divided, make with the 
tivo lines the angle CAB 
of what magnitude you 
pleafe; chen draw che 
line BC, and par allel to 
Nm | ic 
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icthe lines EO;FV, andthe refts The line AB 


wilh be divided afterithe fame manner that AC 
is. Demonftration. 

Since in the tfiangle BAC; HX 15 drawn pa- 
rallel to the bafe BC, ic will’ divide the fides 
ΑΒ απά ΑΟ propor retorrall y3 (by the 2.) andthe 
fame may be faïd' of all che reft. 

Το do this moreeally, you may draw the 
line BD parallel το AC ; and transferring the 
divifions of AC to BD, draw lines from one to 
the other. 








er ee a SE IRE 


PROPOSITION ΧΙ. 


A PROBLEM: 
Two lines being given to find a third proportional 





Ae 
oe 
D L E 


D 


B [F you would find a third 

proportional to the. lines 

AB and BC, ze. that there 

may be the {ame proportion 

of ABto BC, as of BC to 

A the line fought; make at 

pleafure the angle EAC,and 

upon one of its fides take 

the lines AB and BC, one immediarely' after 

the other ; ‘and upon the other fide take AD e- 
qualto BC: then draw the line BD, and pa- 

rallebto ithe line CE ; and the line DE will 

e that which you feek, De 
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Demsor firation. 
| In the triangle EAC theline DB 
i to Le Res Sade ther efore [by La 2 


i$ 
4 
24 





Ε ΡΕΟΡΟΞΘΙΤΙΟΝΙΧΙΗ, 
| 


A.PROBLEM, 


Three lines being given to find a fourth proportro- 
nal, 


ET the chr 1: 
à tne tnree Hnnes 
Ὥ 3 TAR s’d r yt a 
LE pe: 3 propos JE ιο nied 
mag’ = £ you are fO0-H00,4 fouftn 


a we a) F A [2 pr 
dD. pr OT DO! ΓΙΟ om2i, De AD; i> ; 
IE Mak < 
| 4 1 : KE at : P4 












ἴ 
and BC, and upon AF .¢he line AD equal t 
: : HA NN 2 À Hi Th i 
DE ;-then draw che line DB, and parallel toi 
: | DF is che liñefouchr. {ο 
“ ay, πας 4/Fre1S the NC {+01 silts fe ba 
chere 15 the fameproportion of AB-t0 BCas of 
DE or AD to hs 







rsa ? 
‘Lhe 
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The Us E, 

The ufelof che .Compa/s of | Proportion is 
‘orounded: upon: thefe four, Propofitions ; for 
“chat Inftrumenc teaching us to dividealine as 
‘we pleafe ; co make ule of the Rule of Three, 
“wichout the help of. Arithmetick ; το extract 
‘che Square, and: Cubick roots; to double the 
‘Cube ;.romeafüre all {ores of: Ttiangles ; το 


‘find che capacity, of Superficies’s; and che foli- 


“dicy of bodies ; and “co-augmenc jor diminifh 
‘any figure, according \to. what proportion we 
‘defire; allthefe operations are demonftrared 
‘by the preceding Propofñtions. 








ο. ..--ᾱ -----ε 


PROPOSITION ΧΙ, 
A'PROBCEM, 1117 A 


Two lines being given to affign a middle propor- 


tional, 


T IF you defire a middle 
proportional becween 


3 a V TR having plac’d chem fo, 
LV that chey make burt ‘one 
Der ee tight line LR, divide 
NV R char line into two equal 


parts in M ; and) hav- 
Ing 


the lines LV, and VR3 4 




























a 
Les ας PURES 
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| ing defcrib'd À femicircle LTR from the cen- 
| cer M, draw the a ps ο ΥΓ which will 
| be à middle proportional between LV and VR 

8) Draw the lines LT, and TR. 

ή Demonftr ation. 

if The anole LTR, being deferib'd in a femt- 
KA circle, isa right anste, (by the 31: 3.) and (6) 
| the 8.) the triangles LVT and TVR ‘are fimi- 
Ny | Jar ; therefore chere is che fame proportion of 
bf] LV co VT inthe triangle LVT, as of VI to 
































KA VR im the triangle TVR, (by the 4) there. 
fore V'T is a middle proportional between L ν 


and VR. 








The “SE. 
¢ By this Propofition any reftangular Paral- 
“lelogram may Be reduc’d toa Square. ee es 
cample, in the’ Re&tangle concain’d under 
‘and VR, the fquare of VT vis equal to σα 
| <R edanele under LV and VR-3~as À {hall here- 


“after demon! (trate, 
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= PE ay 


PROPOSITION XIV. 


A THEOREM. 


Equal. equiangular Parallelograms have their 
_\ fiaes. reciprocals and equangular Parallelo- 


grams, that have their fides reciprocal 3 are 
equal, 


| F che parallelograms L 
and equal, their fides will 


be reciprocal, -z.¢¢ CD 
will have. the {ame pro. 





Flig ES 


DB. Sincethey have.e- 
gual angles, they; mey be fo joyn’d cogerher, 


chat the fides C Dand DE, FD and. DB, will 


concur in two right lines, (6). the coroll...of the 


15.1.) producing therefore the fides AB and: 


GE, you compleat the parallelogram BDEH. 
Demonftration. | 

The.parallelograms. Land M being equal, 

willhave the fame proportion to the parallelo- 


eram BDEH. But che proportion of L co BD 


EH,isas che bafe CD το the bafe DE; and 
thac of M, or DFGE, ro BDEH, is as the bafe 
FD to the bafe DB, (by the 1.) Therefore CD 
has the fame proportion to DE, as FD to DB. 


and M be-equtangular | 


portionto DE as FD ro 





















|| 
ce=2| 
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Secondly, ifthe Parallelograms L and M be 
| equiangular, and have their fides reciprocal, 
D they will be equal. 


Demonstration, 


The fides of the parallelograms are füppos’d 
to be reciprocal, :7. ε, that chere is the fame 
à proportion of CD to DE, as of FD to DB: δις 
yas the bafe GDisto DE,f0 is the parallelogram 
‘4 L tothe parallelogram BDEH, (bythe 1.) and 
i as FD to DB’, fo is the parallelogram M το 


ll) BDEH : chereforé T has the fame propor- 














tion to BDEH, as M to the fame BDEH; 
tM therefore (by the 9.5.) che parallelograms L 
jand M are equal, : 
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PROP. 98.110 N:XV. 


À TuEOoRE M. 


E qual triangles, that have one angle equal each to 
the other, have the fides, that form that angle, 
reciprocal: and if thofe fides be reciprocal, they 
will be equal, 


F the triangles F and G, 
À being equal, ‘have the 


qual,.cheir fidesthac form 


procal, νε, BC will: have 
the fame proportion to CE 
as CD το CA, Place the 
trianoles fo, that the fides CD and CA may 
make one right line; and chen becaufe the an- 
eles ACB and DCE are fuppos’d to be equal, 





BC and CE will alfo make one right line, (by 


Coroll, of the 15. 19) Draw the line AE. 
‘Demonftration. 

{ e τι 7 e 

he triangle ABC has the fame proportion to 


τό the former, to the fame ACE, (by the 7. 5.) 
But as ABC ro ACE, fois the bafe BC to the 
bafe CE , (by the 1.| having both the fame 
hieht A; and as ECD to ACE, fo is the bafe 
CD 


anoles. ACB and DCE e-, 


thofe ‘angles. will be rect- | 
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| CD to CA, (by the (ame: therefore BC has 
che fame proportion to CE; as CD to CA: But 
if the fides be fuppos’d reciprocal, ἐν ¢. that BC 
has the fame proportion το CE as CD to CA, 
the triangles ABC and CDE will be equal, be- 
caufe chey will both have che fame:.provortion 
to ACE, 





«ns 


DE en ea ie 


= 
— => 





το 
es 


ο... 


PROPOSITION XVI, 








Pe es 


A Τπεοκ ΕΜ. 


If four lines be proportional, the retiangle contain'’d 
under the firft and the fourth, will be equal to 
the rettangle coutain’d under the fecond and the 

‘third, eAnd if theretlangle contain’ à under 
the extremes be equal to that contain'd utider the 
midale'termes, the four lines will be peepertie 
nal, 











E the fines A, B.C D, be 
proporonaly<t.erif as A 
(ο B,fo Cro D, the rectan- 
ole coritain’d under the firft 
À, and the fourth D, willbe 
equal to the réétangle con 
tain'd undér B and C, 
Demonftration. 
~The rectanoles have one angle equal each (ὁ 
a th’ other, becaufe: tis a right anete in both ; 
M their ae alfo are reciptocal : the réfore they 
} are equal, [by the 14.) No. In 
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In like manner, if they are equal, cheir fides 
will be reciprocal, i.4 À will have che fame 
proportion to B as C to D. 





PROPOSITION XVI. 


A THEOREM. 


If three lines be proportional, the vetlangle con» 
tain'd under the firft and the third, will be equal 
to the {quare of the middle terme, Ana if the 
Square of the middle terme be equal tothe reti- 
angle under the extremes, the three. lines. are 
proportional. 


Fthethree lines A,BjD,' be 

proportional, the rectangle 
contain d'under A and Dwill 
be equal to the fquare of B. 
Take C equal.to B, and there 
will belie fame proportion of 
A toBasof Cro D : therefore 
the four. lines are ‘proportional. 

Demonstration. 
agle under À and D will be cal 
i der B > and C, (by the preceaing, ) bat the 
lalt brace 6 15 sa au ATC yt che lines B and C be- 





= 
οσο 


snes t Aand Dis equal το gh fauare of Β, 
n like manner, ifthe reétangle under Aand 
D 





| 







































ete à 
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af 
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D be equal το the fquare of B, A will have the 
fame proportion to Bas C to D : .and B and ο 
being equal, A will have the fame proportion 
to B, as Bro D, 
The HSE, 
“ By thefe four propofitions may be demon- 


“frated thacRule in: eArithmetick, which is 


“commonly call’d the Rale of Three ; and con- 
‘fequently, the Rules of Felomfhip, of Falfe, and 
tall thofe others that. depend: upon Proportion. 
‘For example, fuppofe ‘Three numbers given, 
‘A 8,B6,and 04, andit be requir’d to find 


Ha fourth proportional number ; waich taking 


Sas found, I willcall D. The rectangle then 


i Scontain'd under À and D, is equal co thac un- 
| “der Band C. Buel may have chis later reét- 


“angle by multiplying Bby C , 5. & fix by four, 


à “che product will be twenty four; therefore che 
|“ reGtangle contain’d under A and D is alfo 


ewenty four; and therefore dividing chat num- 
“her by A, which is 8, the Quotient three will 
‘be che number fought. 
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PROPOSITION XVI 


A PROBLEM. 


To defcribe 4 Polygon fi milar to another gi 4 
lane given, 


σ D ET AB be che line 
F E affign’d. ; upon 
which you are requir d 
to defcribe a Polygon 
fimilar'to the Polygon 
CFDE; and having ‘divided the polygon 
CFDE into triangles, upon the line AB make a 


MO: DUB Go 


triangle ABElfimnitar to: che criangle CFE, be Oo Mh 


make the angle ABH equal το the” anole CFE, 
and BAH equal to FCB;: for chenthe: trianoles 


ABH and CFE will be équiangular, [6] Corol.2. | 


of the 32.11 Make alfoupon “the line BH atri- 
angle equiangular to FDE, 
Demonftrations 

Since che triangles, :whtchare parryiefeehe 
polygons, areiequiangular, the two-polysons are 
equianeulars ; Further, fince the triangles APH 
and CFE are equianeular, AB» willy have: the 
{ame proportion to BH as CF to FE, [by the 4.1 
Tn like manner, the criangles HBG and EFD 
being equiangular, BH will have the fame pro- 
portion co BG 45 FE to FD: and by equality, 
(accord- 
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| accor di: g to defin. 18.5-| AB will have the fame 
proportion to FG , as CF to FD. ‘And the 
{ame may befaid of all the other fides, There- 
fore (by defin.1.) the polygons are fimilar. 

The 45 Ε. 

“Upon this propofition is grounded the great~ 
“eft part of Prattieal Geometry, chat relates to 
‘the railing the plane of any place, as oi 
‘building, field, forreft,or a whole country. να 
‘having divided a line into equal parts, to an= 
“fer the feeror pit contain’d in the plane, 
‘you may defcribeafieure finiilar. to, but les 
‘than, the Original; in which you may fee the 
“proportion of al its lines. And having by εκ- 
“perience fou indbic much more eafie ‘to travel 
‘upon paper, than το take a redious journey εἰ- 
“ther by: land or water, this propoñrion will 
‘likewife afford us affiftance in this refpect, 11 


|. {forming usin almoftall the parts of Geodefa, 


Sand Choragraph y sand Siving inftructions ‘ae 
‘co compoie Geographical Charts, and CMaps; 
‘which are nothing elfe bursmechods of recuce- 
fing oreatfioures tofmalls: Further, the ufe of 

“this “propoñtion extcends.aitifelf ro almott all 
‘thofe Arts, that require the idefign and model 


1 Sof cheir works before hand. 


PROP 


TA 
EN | 
| 
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Hi PROPOSITION XIX. pu 


| fe IN A THEORE M. tla 





Similar triangles are in the duplicate proportion of @lisr 
their homologous fides. 


A [F the triangles ABC and 4%... 
D 


αν ας 
DEF be fimilar or equi- Fic 

Ἡ 1 : ‘ | feu 
angular, they will bein the η, 


BG ς £ = duplicate proportion ο νὰ, 
their homologous fides BC, Ge 
EF, #,e, the proportion of the triangle ABC to, 
the triangle DEF will be che duplicace of the νι 
proportion of BC to EF ; fo that finding a 
third proportional HI co the lines BC and EF, 
and making BC co have the fame proportion to κ 
EF as EF co HI, che triangle ABC will have 
the fame proportion to DEF as the line BC to Ἶν 
the line HI ; which is to have toic a duplicate Ἱ 
proportion, [by defin. 11.5.| Take BG equal to 
to HI, and draw the line AG, 
ine Demonfiration- % 
din The angles B and E of che triangles ABG 
i and DEF are equal 1 and befides, fince the cri-# 
Doha angles ABC and DEF are fimilar , AB will have? 
ia the fame proportion to DE as BC to EF, [by 
Be ee the fourth.| But as BC to EF, fo EF co HI or 
Πω ae BG; therefore as AB to DE, fo EF to BG ; 
a : and 


Late | 





… || 
4 





| 
1 | 
| 
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land confequently , the fides of the. triangles 
| ABG and DEF being reciprocal, the triangles 
pill be equal, [bythe 15.] And.[by the τ.] che 
Ἱτηαρρία ABC has the fame proportion tothe 
triangle ABG, as BCtoBGor Hi: therefore 
the triangle ABC has the fame Proportion to 
ÿ | the triangle DEF, as BC to HI 

The ASE, 
ii, Thefe Propofitions may help to corre& the 
. Werror of chofe, who are apt to imagine fimilar 
“ Wfigures to have the {ame proportion as their 
“Aides. For iftwo fquares, two pentagons, two 
» | hexagons, or two circles, be propos’d, and the 
4 fide of the firf be dauble that of the fecond , 
O ithe firft figure will be quadruple ‘the fecond : 
i Hi the fide of the firft be triple that of the fe- 
> cond, che Πτβ figure will be nine rimes greater 
Ht jchan thefecond. “Therefore to make a fquare 
i etiple to another, you mult feek a middle pro- 
“portional between ‘one and three, and you’l 
de nr for the fide of your triple: figure almolt 13. 


“aC 
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PROPOSITION XX. 


A THEOREM. 


Similar Polygons may be divided into An equal 
er of triangles, and are im the duplicate 


7 
nantes s 
BUMICT L 


proportion of their homolog ous fides. 


A: ¥ F the Polygons 

ABCDE - and 

B Eg GHILM. be fimi 

H M lar, chey may be 

| divided into an e- 

€ Di t, qual number of 

| fimilar criangles , 

which will bethe fimilar parts of their wholess 
Draw the lines AC,AD,GI,GL. 

D emonffration. 

Since the Polygons are fimilar, their angles 
Band Hwill be equal ; and 48 will have the 
{ame proportion to BG as GH to Hil, (by define 
1.) therefore the triangles ABC and Gul are 
fimilary (dy the 6.) and (by the 4.) BC has the 
fame proportion to CA as HI το Gi. Further, 


becaufe CD has the fame proportion to BC as) 
ILtoLH, and BC the fame to CA as ΗΙ vof 


IG ; by é quality; CD will have the fame pro. 


portion to CA as JL to Gl, Now the angles 
6 BCD 
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BCD and HIL being equal, if the angles 4CB 
and GIH, which are equal,be taken from them, 
the angles AGD and GIL will remain equal, 
Therefore (4y the 6.) the triangles ACD and 
GIL will be fimilar. In like manner, tis eafie 
torunover all the triangles of the Polygons, 
and to. prove them fimilar. 

I add furrber, chat the triangles are in the 
fame proportion as the polygons. 

Demonftration. 

Since all the triangles are fimilar, their fides 
willbe proportional, (dy the 4.) but each tri- 
angle to its fimilat is’ in the duplicate propor- 
tion of the homologous fides ; (21 the το.) 
therefore every triangle of one polygon toevery 


| triangle of the other is in the duplicate pro- 
| portion of its fides; which being the fame, the 
i] duplicate proportion mult be the fame; and 


there will be the fame’ proportion of each trian- 
ele to its fimilar, as of all the triangles of one 
polygon co all the triangles of the other poly- 
gon, (by the 12: 53) 196. of one polygon to the 
other. | 

Corol. x, Similar polygons are in the dupli- 
cate proportion of their fides. 

Coral. 2. If three lines be in continual pro- 


J portion, a polygon deferib’d upon ché firft will 


have the fame proportion to a polygon de- 
{crib’d upon the fecond, as the firft line to the 
third, ze, it will bein the duplicate propor- 

ο tion 
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tion of that of che firft line to the fecond: 


ay 


PROPOSITION: ΧΧΙ, 


A THEOREM. 


Polygons, that are (imilar to.another polygon, are 
fe allo among ft themf{elves. 


Α ΤΕ two.polygons be fimilar 
pan » . coathird, they will be 
D foalfo beewixe themfelves. 
For they. may each be dis 
vided: into as many fimilar 
triangles,as are in che chird. 
But triangles fimilar ro third, are alfo fimilar 
amonoft themfelves’; becaufe:angles;equak τος 
third, are equal amonoft themfelves >; and the 
angles of the triangles. being equal, chofe ofthe 
polygons being compounded of chem muft be:fo 
likewife. 
I add, that the-fides of the triangles bene 
proportional, thofe of the polygons mutt. be fo 
alfo, becaufe they are che fame. 


BLE CME F 
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PROPOSITION XXII 
A THEOREM. 


| Similar polygons deferib’d upon four proportional 
| - dénes, are alfa proportional, And if the poly- 
gons be proportional, the lines are [ο 100, 


F BC has the fame pro- 
portion to EF as HI to 
MN , the polygon ABC 
will alfo have the fame 
νο] proportion co the fimilar 
TN polygon DEF, as HL to its 
PT. fimilar polygon MO. Seek 
| a third proportional G to the lines BC and EF, 
land co the lines HI-and MO another third 
proportional P, (by the 11.) Since BC has the 
{ame proportion to:EF as HI: to MN; and EF 
to Gas MN to P; by equality, BC will have 
the fame proportionto G, as HI (ο P: and 
| this proportion: will be the double of that of 
BC to ÉF,orHl'to:MN. 
Demonftration, 

The polygon ABC co the polygon DEF is 
inthe duplicate proportion of that of BC to 
M EF; (by the 20.) char is, as BCtoG ; and the 
à polygon HL-has the fame proportion to MO, as 

| HI το Ps Therefore ABC has the {ame pro- 
Hi Oo 2 portion 
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portion’ to DEF , as HL to MO. 

And ifthe fimilar polygons be proportional, 
the lines being in the fubduplicate proportion 
to theim, will be alfo propartional. 


The US κ. 
ΓΑ, B ; C,D,} This propofition may be ‘ea- 
13,2: 6, 4,) ‘Gly apply’d το numbers, if the 
9,4: 36,16, ‘numbers A,B,C,D, be propor- 
ESF 3G, Η,, ‘tional, their {quares E,F.G,H, 


TR will be fo alfo s which is very 
Een in Arithmetick, and more in «4ΐσε. 
Ve 








PROPOSITION XXIII 


A. THEOREM. 
Equiangular Parallelogvams are in the proportion 


compounded of the proportions of their fides. 


1 the parallelograms 1. 
and M be equiangular, 
the proportion of L to M 





of AB to DE; arid rhat of 
BD to: DF. :Joyn the pa= 
tallelograms fo, that their 
fides BD.and DF may make burene right line, 
as ao CD and DE ‘another; which, the Ps 
ral- 


will be compounded of that | 
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rallelograms being equiangular, may be done» 
[by the coroll. of the 15.%.| and compleat the 
parallelogram 1912511, 

Demonftration. 

The parallelogram L ‘has the fame propor- 
tion tothe parallelogram BDEH, as che bafe 
AB tothe-bafe. BHor DE, [01 the 1.] and the 
parallelogram BDEH has the fame proportion 
to the parallelogram DFGE, i.e. M, as the bafe 
BD to DF... Bui che proportion of the paralle- 
logram L ro the parallelogram M is compound- 
ed of that of L torche parallelogram BDEH, 
| and of chat of BOEH.to the parallelogram M. 
§ ‘Therefore the proportion of L to M 15 com- 
| pounded of that of 48 to DE, and that of BD to 
ΡΕ. For example, lec ABbe8, DE 5, BD 4, 
i) DE 73 and make as 4 to 7, fo 5to 843 by 
which means you will have three numbers, 8, 
| s,and 825 8 co 5 being the proportion of the 
| parallelogram L toBDEH, which is that of 
| ABtoDE; and 5 to 8% chat of the paralle- 
logram BDEH ro M. ‘Taking away therefore 


‘M che middle term five, there will remain 8 to 





82 for the proportion compounded of the two. 


PROP. 
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PROPOSITION XXIV. 


A THEOREM. 


Is all parallelograms, thofe through which the ds- 
ameter paÎles, are fimilar to the great one. 


Α. Ἐ, Grete the diameter of the 
| LA] parallelogramAC pafs thro 
τω che parallelocrams EF,GH: 1. 
fay they are fimilar to the paralle- 
logram AC. 
Demon ftrasion. 
The parallelograms AC and EF have: the 
, fame angle B: and becaufe in the triangle BCD, 
FF is parallel to: the bafe DC, the criangles 
BFI and BCD are equianeular. Therefore [by 
the fourth| BC has-the.fame proportion to CD 
eke 4s BF to Fl, and confequently che fides are in 
Teer the fame proportion, In like manner IH being 






DH ο 


ay parallel to BC, DH will have che fame propor- 
aya tion to HT as DC to BC ; the angles are alfo 


equal, all che fides being parallels: therefore 
Loy ἄεβη,τ.] the parallelograms EF and GH are 
fimilar to che parallélooram AC, 


ον, The USE. 
pi | Ihave made ule of this propofition te de- | 
hive. ‘monftrate the -10. propofition of my laft book 
Lis of 
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“of Perfpeëlives, where Ihave fhown a way to 
“draw an Image fimilar to the Original, by a pa. 
‘rallelogram compos'd of four Rules, 





“esr pret > 





PROPOSITION ©XXV. 


A PROBLEM. 


Το deferibe-a polygon fimilar to ane polygon given 
and equal to another, 


| 18 you cefire to de- 

fcribe a polygon e- 

qual. to the reétili- 

CG Ἡ neat À, and fimilar το 

the polygon B, make 

a parallelogram ΟΕ equal to the polygon B, {by 

the 44.1} and'uponthetlise DE make another 

parallelogram equal to the re&tilineal A, | dy the 

45.1.) Thenfinda middle propottional. GH 

etween CD and ΡΕ; [by the 11.1 Laftly, make 

| upon'GH a’polygon O,fimtlar ro B [47 the 18.1 
| which'will-be equal to the ‘reAilineal A. 

Demonflration, 

Since CD, GH} 4nd DF, ‘are in a continual 

§ proportion, the reétilineal B defctib’d upon the 

| firft, will have the fame proportion to the re&i- 

lineal O defcrib’d upon the feeond, as CD to 

DF, | by coroll, 2. the 20.1 Buc as CD to DF, 





ook Ml fo is the parallelogram CE to FE, οἱ Bro A, 


* |] ; pm, fi 
¥y i} | ς i? 
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which are equal co them. Therefore B has tlie 
fame proportion to O as Bto-A; and confe- 
quently [by the 9.5.1 À and O are equal, 

The HSE: 


‘This propofition teaches how to change one 
“figure for another, retaining ftill ics equality 
‘co athird ; which is very ufeful in praétical: 
“Geometry , for the reducing all figures to 
‘fquares. 





nn ἷ- a 


PROPOSITION XXVI 


A THEOREM. 


If in one angle of a parallelogram you defcribe a 
lefs, fæilar to the former, the diameter of the 
greater will fall upon the angle of the les. 


A B JF in the angle D of the pa- 

rallelogram AC you de- 

fcribe a lefler: parallelogram 

61. DG, fimilar to the other, the 

DEF € diameter BG will pafs by the 

point G. Forif ic do not pafs 

by that point, fuppofe ir then το pafs by the 

point I, and ro make che line BID. Draw the 

line LE parallel to HD. 

Demonftration. 

The parallelogram DI would be fimilar to 

the 
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che paralielogram AG, (by ‘the 24.) But the 
parallelogram DG is alfo fuppos’d fimilar τοῖς, 
therefore the parallelosrams DI and DG would 
be fimilar , “which 1s-impoffible ; for fo HI 
would have the fame proportion to iE or GF, 
as HG tothe fame GF ;-and-(by the-g. 5.) the 
lines HI and HG would be equal. 





PROPOSITION. XXX. 


A PROBLEM. 


| To divide a line according to the extreme and 


middle proportion. 


| | το AB be the line pro- 


A C B pos’d τὸ be divided accor- 


ding to the extreme and middle 


| e 2 
| proportion, 2.6, fo, thac AB may have the fame 


lll proportion to AC as AG to CB.Divide the line 
tel AB (by the 1 1.2-){0,thac the reStanele conrain’d 
wil] under AB and CB may be equal co the fquare 
itm of AC. ο Demonftration. 
nel! Since the rectangle under AB and CB 1s e- 
willl] qual το the fquare of AC; AB will have chefame 
the] proportion το AC as AC to CB, (éythe 7.) 
4 The WS E. 

| Les 

‘This propoficion 15. neceflary in the Thir- 
| “ceench book of Ewelid, for che finding che fide 
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cof five revular bodies, And Frier Lucw,.of the 
Holy Sepulcher, has compos’ d a whole book 


L 


concerning the properties.of.a line divided 


according tothe extreme and middle, propor- 
ς . 
«tion. 


eT sat 








PROPOSITION XXXI 


A THEOREM, 
cA polygon defcrib’d upon the bafe of a retlangue 
lar triangle, 3 equal to the twa fimilar polygons 
decrib'd upon the other fides of the fame. tri- 
angle. 


LE the anole BAC of che 
trianote ABC. be α right 
angle, the polygon D, de- 
ferib’d upon its bafe BC, will 
be equal tothe cwo fimilar 
polygons F and E deferib’d 
upon che fides AB and AC. 

Demonftration. » 

The polygons D,E, and F, are among (t them- 
felves in the duplicare proportion of their ho- 
mologous ndes BC, AC, and AB, (by the 20.) 
and if fquares were defcrib‘d upon the fame 
fides, they alfo would amongft themfelves bein 
the duplicate proportion of their fides » but [oy 
the 47.1.) the fquare of BC would be equal to 
“the 
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the fauares of AC and AB : ‘therefore the po- 
ly gon D deferib’d upon the'bafe BC, will be ‘e- 
qual to the fimilar polygons E, and F}'defcrib’d 
upon AB and AC. 


The USE. 


“This propofition ismade ufe of ro augment 
“or diminifh all manner of figures, being. more 
‘univerfal chan the 47.1. -W hich yet is exceed- 

‘ing ufeful, in as much as almoft all Geometry is 
“grounded upon that principle. 
The 32. Propofitionss is. ufelefs. 


αλ ee ee λα ER EEE EE CRC eee 


PROPOSITION ΧΧΧΙΠ. 


A TuHEOoRE M. 


In equal circles, the angles as well at the center as 
circumttrence, as as alfo the fettor, are in the [ame 
proportion aa the arches upon which they flard. 


NW F the circles 

ANC and 
DO )E are equal, 
the angle ABC 
will have the 
the fame pto- 
portion to the 





| angle DEF as the arch AC tothe arch DF. 


| Suppote AG,GH, and HC, tobe equal archs, 
Pp 2 8 
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and confequently the aliquot parts of AC ; and 
ler. DF be divided into as many parts, “equal to 
AG, as ir contains ; and draw che lines ELEK, 
and the reft. DemonStration. 

All che an ngles, ABG, GBH, HBC, DEI, 
IEK, and the reft, are equal, (by the 27.3.) {fo 
that AG, an aliquot parc of thearch AC, will 
be conrain’d in the arch DF, as oft as the angle 
ABG, an aliquot part of the angle ABC, 
contain’d in the anole DEF; therefore he 
arch AC will have the fame proportion to the 
arch DF, as the anole ABC roche angle DEF. 
And becaufe N and O are the halves of the an- 
oles ABC and DEF, they willbe in the fame 
proportion as thefe: therefore the angle N has 
the fame: proportion to the angle ο, as the 
arch AC tothe arch DF. 

The famecholds likewifeofthe Setors: for 
if you'draw thelines AG, GH,HC,;DLIK, and 
the reft, they will be equal, (47 the 29.3.) and 
each little feétor willbe divided inro a triangle, 
and a feoment,s “Bur πα triangles will be equal, 
{by the 8. 1.) and the fittle feoments will a 
fo be equal; (hy the 24. 4.) therefore the. whol 
lictle ectors will be equal 3 and Ελ κ αἲς 
as Many aliquot parts.of the arch AC4s are con- 
tain’d in the atch DF, fo many aliquot ee i 
the feor ABC will be contain'd in the fe& 
DEF, Therefore che arch has the fame RE 


tion to the arch, as che feétor to the fedtor. 


THE 
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THE ELEVENTH BOOK 
ΟΕ ΤΠΕ, 


| ELEMENTS 














OF 

ας His Book eftablifhes che firft principles re- 
: lating το folid bedies.; infomuch τας it 
“ig impoffible to know any thing certainly con- 
‘cerning the third /pecies. of quantity, without 
‘underftanding what is herein caught. Upon 
“which account the knowledge of iris abfolute- 
‘lyneceflary to à through-intig he into the great- 


‘eft part of Mathematical Treatifes. In he rh 
“place, che Doatrine of the Sphere deliver'd by 





li | Theodofmidoes fuppofe a perfect knowledge 


geal fof the:whole, In like manner, Spherical Trigo- 





Cpometry, the third part of Prathcal Gromeiry, 
‘divers propofitions of Srarzeks and Geography 


A] ‘are built upon the principles of Solids. The 
"M (main difficulties in Gnomoncks , Conick Se- 


hons, 
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‘tions, and the Traéts concerning the cutting of 
“pretious Stones; arifing chiefly from their emi. 
‘nencies and rais’d parts, not eafily reprefented 
‘upon paper, and ‘their being contain’d under 
“many {uperficies’s , are render’d incelligible 
‘and eafie by, the previous knowledge of che 

“do&trine of Solids. 


‘I have omitted the feventh, eighth, ninth, # 


“and tenth Books of che Elements of Euclid, be- 
“ing of little or noufe in,any part of rhe Ma. 
‘thematicks. And 1 have oft wondréd how they 
‘obrein’d a place amoneft the Elements, fince tis 
“evident Exclid compil ‘d them for ho other end 
“but to fertle che doûrine of Incommenfura- 
‘bles: which,-being litrle better chan a vain 
“cutiofity, ought not to be receiv'’d into che 
Sbooks which treat of the F irft Principles of the 
“Science, but tomake a particular Treatife by ic 
“felf. The fame may be faid of the Thirteenth 
“book, and thofe chat follow it. And therefore 
“tis my opinion, char almoft all parts of the Ma- 
sthematicks may fufficiently be underftood by 
“the help of chefe Hight books of the Elements 
‘of Euclid, 
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DEFINITIONS. 


Buen i ae À A Solid ‘body is’ a 

| GSE quantity , “char 

Li pe hath length, bredth,/ and 

| ολ. VW depth,; or thicknef “As 
L x 














| “the figure LT, whofe 
|‘enoth is: NX, bredth’ NO,” and “thicknefs 
“cr N° 


2. The extremes or terms of a folid body 

















Mare fuperficies’s, 





. 3. &Line ts tighe, or perpens 
dicular toa plane, when tis per’ 
pendicular το allithe lines,which 
it meers in the plane, (As the 
“line AB willbe fioht to che 





.) plane CD, ifit be perpéndiculakto the lines 
BCD and FE, which bein 


| g drawn upon the 
|'plane CD, ipafs: by the point Ῥ, {ο that the 


Bangles ABC, ABD, ABE; ‘and ABP, are right 


i ‘angles. 
| 4. One plane'is perpendicular’ 
to another, when a perpendicular 
line drawn upon one of them τὸ 
the common feStion, is alfo pers 
pendicular to the other, M 
| We call the line chat is com 
. mon 
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&mon to both che planes the common fection 
εεοξ che planes: AS che line AB, which is as 
«cell in tbe plane AC as in the other AD. If 
«therefore the line DE, ' diawn.on the plane 
CAD), perpendicular to AB, be alfo perpendi- | 
“cular το the plane AC, che plane AD will be 
“sieht vo the plane AC, 

ς. Iftheline AB be not per- 
pendicular to the/plane CD, and 
from the point À a perpendicular 
be drawn τοῖς AE, and alfothe 

Bs a: line BE ; che angle ABE ts che 
Inclination of the line AB co the plane CD. 
6. The Inclination of one 
A B . plane ro another, isthe acute 
angle form’d by the two per- 
pendiculars drawn upon each 
= plane co cheir common fectt- 
on. Asche Inclination of the plane AB to 
«che plane AD, is nothing elfe but ‘che angle! 
“BCD, form’d by the lines BC and CD 5 drawn | 
“upon the wo planes, perpendicular το their 
“common fection AE. | 
a. Planes areinclin’d afcer che fame manner | 
if cheir angles of Inclination be equal. | 
8. Plancsare parallel; if being continu'd as 
far as you pleafe, they fill retain the fame di-h 
{tance one from the other. | ; 
9. Solid figures are fimilar, which are con- | 














tain’d within, of cerminaced by, an equal num- J.) 


ber | 
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ber of fimilar “planes; as two Cubes. “This 


‘A ‘‘definition does not agtee to rhofe” figures, 
A “whofe fuperficies’s’ are crooked’; 4s the Sphere, 





κ the Cylinder, and the Cone. 

‘10 Equal and fimilar folid figtires are "con- 

| tain’d Within, or terminated by, an equal num- 

| ber of equal and fimilar planes.“ Tnfomuch, 

‘A “that ifthey were fuppos’d to penetrate each 

WA “other, neither of them would exceed, having 

4 <écheir fides and angles équal. 

κα nr 11. À folid angle is the con- 

courfe, or inclination, of divers 

lines ; in different planes. * As the 

“conéourfe of the lines AB, AC, 

‘“and AD, which are in different 
planes. 

13. APyramidisa folid figure, rerminated 

Sf by trianofésy whofe bafes are In che fame plane. 

08 **As*the figate ΑΓΟΡ, 

By 13. A-Parallelepipedon is a folid Foure cons 

[tain'd within fix quadrifateral planes, of which 

ithe oppofites are parallel. 

A “14, À Prifme is a folid f- 
eure, having two parallel planes 
fimilar and equal, and che ο- 
thers Parallelograms. AS the 

B “figure AB. Its oppofite planes 

| IQ . may be polygons. SA 

D 15. Α Sphere is a folid fisure, terminated 

by? ote only fuperficies : from which divers 

| Ως lines 
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lines: being drawn, to.a point in the middle of | 
the. figure, they will,be all-equal.. ‘Some de- 


‘Gea Sphere by che motion of 4 femicircle, 
curd about upon.its.diameter,, which -re- 
‘mains immoveable, ; Μαι ΑΝ 
16., ‘The Axis of a Sphere ἵδιεβας immove- 
able line-about which the: femicitcle ts cusnid. 
17, The Center of che Spheres is the:fame 
with char of che femicirele, by whofe: motion 
it is made. | 
13. The Diameter of a Sphere, is any, line 
whatfoever, pafling through its center, and tere ΄ 
minated at the fuperficies. pap Noe 
19. If aline, immoveable at one of 
irs points, taken above the plane of a 
circle, be mov’d about the circumfe- 
rence, it will defcribe a Cone, "As if 
“che line AB, being fix’d ac the: point | 
| A be movd ‘about the eircumfe-' 
rence BED, it will defcribe the Cone ABED, 


co 





Thepoint A willbe its fummity: or vertex, M 


end the circle BED its 'bafe. à 
204 The Axis of a Cone, 15 che line drawn 
from che vertex to the center of chebafe. Ας 
«SAC, , : 

21. Ifaline be mov’d about the 
circumference of two parallel cir= 


cles, fo that ir remains always parallel | 


toa line drawn from the: center. of 


ther, 

































one of the circles το. chat of the, 0-7) 
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Cher, 4e. the Axis, ic will defcribe a Cylinder. 

22. Cones are faid ro be: right,! when,the 
axis isperpendicularto the plane of the bafe. 
Alfo right cones are fimilar, ; when ‘their axis’s 
and the diameters of their, bafes are in the fame 
proportion. But Incliñd'Cones are not fimilar, 


unlefs they have a ‘thirdicondition § thac)cheir 
-axis’s be equally inclin’diito the Plagne of  cheit 


bafes. 





ee ey 


πω. I, 


WDA THroReM. 


10 4 vicht Vine cannot have one of its parts upon a 


plane, & and the other above or below 4 it. 


F the line AB be upon aie 
ος plane AD, it will not, being 
PER | ni continu’, either: rife above or 
fall below i ic, but all its parts 
will AE ἡρόῃ che fame. For 1 
itbe pall ichac BC cambe depart οξ \AB.cof- 
tinued, drawoupon the fame; plane.AD. the wline 
BD perpendicular to AB, and alfo BE ta 






‘dicular τὸ BD'upon the dene! 


Demonfirdrion. 
The Hs ABD and DEFare two ‘igh an- 


‘oles 5: therefore (ΗΕ: x.) AB and BE 


make burlôhie right fined: confequently..BC 
Qq 2 19 
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is no part of the line AB continued : -otherwife 
two tight lines CB and EB would have the fame 
part AB in common , which 16 repugnant co 
che 13. Axiom of the firft book. | 


The USE. 


Upon this propofition is buile a! principlein | 


*Gnomonicks, by which we prove, thatthe‘ Ha 
“dow of the Style cannot fall out of the plane of 
fa great circle, in which 1s the Sun. For che 
“extremicy of che Style being caken for the cen- 
‘of the heivens,;>and confequently “of all che 
‘greater circles, and the (hadow being always in 
“a right line of a Ray drawn from the Sun to the 
“opacous body, and. this. ray being.in the.plane 
“of this. greac circle, the fhadow mutt be fo 
κοινής, ges + 


se PROPO SLTLON ILS 


3 νά 
ἳ L} / i 
A * 
Re ER ——" ωμμμωυμο 


— 


LAULHEOREM ~ © 
«5 that cut each otber, are in the fame plants 
#s are alfo allthe: parts\ of a triangles), || | 


x 


D 







ΤΕ the Νο dines; BE. and CD 
2 PHONE TE 
cut each other at the point A; 

and a triangle be-form‘d by 

drawing the bafe BCs 1 fay, all 
c.che parts. of the criangle. ABC 
are 


À 

















ni — 
κο 
ο ου --------. 
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are inthe fame plane, and alfo rhe lines BE and 
CD. Demonftration, 
Ic cannotbe faid chat any part of che trianele 


| ABC is in a plane, and another part of the 


fame triangle. noc dn: ithe fame , bur ic 
muft be alfo afirm’d,: chat one part of a riche 
line is ΤΠ a plane, and another part of the fame 
line isnot ib the famebläné : which is-contra- 
ry to Prop. te And becaufe the fides of the-tri- 
angle muftbe in che fame-plane in which ig the 
triangles the lines. BE and CD will bé alfoin 
the fame plane, ; 





ST. The USE. 

“This -propoñtion fufficientiy. determines: 4 
“plane, by che concoufe of two right lines; or by 
‘a triangle. ~ I have alfo made ufe of itiin’ Ope 
“teks, sto: ptove that. objective. parallel Jines; 
“which meet upon 2 Table, ought to, be. Γέρις- 
‘fented by lines chat concurin a point, 
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A RETIRE AR mr mr 


PROPOSITION IN 


ar 


A THEOREM. 
The common fettion of two planes is ‘one right lint. 


A [F the planes ΑΒ and CD 
cut each othet,their com 
mon fection EF wilf’be one 
7 > tight line. For if nor, take 
B “two points common to both 

planes, as-E and F ; and draw 

aright line from the point E-co‘rhe point F 
upon the plane AB; which fuspofe to be EHF. 






Draw likewifeupon'the plane CD a-right line | 


from the fame point E to F ; and ifeic be ος 


the fame with'the former, fuppofe it tobe BGF. © 


Ex Demonffration, : + 1 
Thefe lines drawn upon cwoplanesare two 
different lines, and enclofe {pace ; which is eon- 


trary to the 12. Axiom, of the 1, ‘Therefore 7 


they will make but one right line, which being 

in both the planes will be their common fe- 

ction. | , 
The ASE, 


*This isa fundamental propoñtion, fuppos’d in 


“divers parts of the ©Mathematicks, though it 
“be not always quoted. Particularly, it is ta- 
“ken for granted: in Guomonjcks, when che hour- 
lines 
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‘lines are reprefented upon Dials, by marking 
‘only theicommon fe& ion of theit plane, and 
“that of the wall. . 





PROPOSITION IV. 


A THEOREM. 


| If a line be perpendicular. tovrwo others that cut 


each other, it will alfo be perpendicular to the 
plane of the fame lines. | 


JF the line AB be: perpendi- 

cular το the lines CD and 
EF, which-cut each other at 
the poinr B, fo that the an- 
gles ABC, ABD; ABE, and 
ABF,be right angles, (which 
cannot conveniently. be \reprefented upon 4 
plate; ) it will be alfo perpendicular to .the 
plane of the lines CD and EF, 5e. to/alkche 
lines that; fhall be drawa upon the fame plane 
through the point B ; as, for example, the line 





) GbH. cLecthe lines BC, BD, BE, and BF, be 


equal,and ‘draw the lines EC,DF,AC,AD,AE; 
AF,AG, and AH. 
D emonftration. 

‘The four trianeles ABG, ABD; ABE, and 
ABF, haveeach aright angle-at the poine By; 
and the fides BC, BD, BEjand BF equal, with 
the: 
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the fider AB commonto: all. 
bafes AC,AD; AB} and AF, are a (Gy the 
4-1.) 

Dee Pd Bite triangles E3C and DBF will be in 
all epee equal, having cheir fides BC, BD, 
BE, and BE, equal; and! the angles. CBE and 
DBF, being ας ‘d at the top, “equal thete- 
fore thea angles 'BGE) “BDF, BEC, and BED, 
will be saul (by the 491 3, andralfo the bafes 
EC and.D 

2. The ΜΑΝ GBC, and DBH, having 
the oppofite angles CBG, and DBH, equal: : as 
alfo the angles BDH, and-BCGs-and-the-fides 
Be@ and BD: the fides: BG and BH, CG and 
DH, will be: alfo equal; (47 the 26.1 is 

4. The triangles ACE and'AFD, having the 
fides AC,AD, AE, and AF; equal; “and che ba- 


fes EC and DE alfo vipa ; the angles ADF anid. 


ACE will be equal; (oythe' 8.4 Je avi 

tig. OT be criang tes ACG and ADHhive the 
fides AC and AD, CG and’ DH equal, with 
the angles ADH. aad ACG; chérefore their bas 
fes AG and ΑΗ οτε equal. 

Laftly, che triangles ABH’ and ABG have: 
all their fides equal. ; therefore (011088. 1.) the 


ancles ABG and ABH will be Seu and che. 


line AB perpendicularto GH Accordingly the 
line AB will be perpendicular to’ any line drawn 
through the’ point :B upon the plane ‘of. the 
lines CD and EF, which 1. call being-perpendi- 
eular to their plane. The 


Therefore their 
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ther Ἡ The USE, 
jit À This Propofition occurs very oft in che firft 
. À “book of Theodofiws : for example, to demon. 
επ Ὦ “ftrace chat che Axé of che world is perpendi- 
1D, | cular vo the plane of the Egwinottial. In like 
où À ‘manner in Gromonicks, cis demonfirared by 
{ “this propofition, that the Eguinettial Line in 
D, 9. * Horizontal. Dials is perpendicular co the Ate 
N ‘ridian. Not is ic lefs ufeful in other AZathe- 
) ‘matical Treatifes ; as thofe concerning Aftroe 
)) “/abes, and the.cutting: of pretious flones. 


Ora ne en comte mie See 





ns 





PROPOSITION V. 


A THeoRs M. 


Ifa line be perpendicular to three others, which 
|. cat each other at the fame. point, they will be all 
three in the fame plane, 


1% theline AB be perpendicu- 
lar to three lines BC, BD, and 


A 

me © F 

ην BE, which cut. each other at the 
te AL > fame point B; the lines BC, BD, 
WA po? 


and BE, are in the’ {ame ‘plane. 





ή Suppofe the plane AE to be thar 
x ) of chelines AB and BE, and CF that of che 
Mines BC and BD, If BE be the common: {ex 
i, ῃ :Δϊο of both the planes, it will be in the plage 
4, | LW ο 
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he 
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of the lines BC απά BD, as was afferced : bucif 


BE be nor, Ίος BG be their common fection, 


ο σσ ο... 

AB is perpendicular ito che lines BC and BD, 
therefore iris perpendicular to chetr. ple CF, 
(by the 4.) and (by: defin: 3.) AB will be per 
pendicular to BG» But icits al fo fuppos’d per= 
pendicular to BE ;/cherefore thé’ angles ‘ABE 
and ABG:are riehr'angles and confequently 
équat-, thoagh one be parr of the other, \There- 
fore the'fivo planes ican have no other common 
fection bit BE, BE is therefore in ché plane 


CF. | | 


PROPOSITION VE 


ATHEORE Me 


Liesthar are perpeñdicular to the [ame plane; are | 


parallel,” LAIT 


yt | pendiculariceé the fame plane 
EF ,chey wall be: parallel. Tis e- 


ABD and BDC are right angles; 

13.90 « but ichatri$ not enough? ir te 
mains to be prov’dy τηαξ AB and! € D ateanthe 
fame plane. Draw DG perpendicular to BD; 
sridequalto ABs drayralfo che lines\BG, AG, 
gad AD. | De: 


























[Fitheilines:AB pnd CD be pers" 


:! viderit gothac~ che internal-angles ” 
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—Demonft ration, 

Thetrianoles ABD and BDG ‘have-the: fides 
AB and DG equal, and : BD. common co both : 
andthe angles ABD and BDG are right angles, 
therefore cheir bafes; AD and BG ate equal, (by 
the 4.:1.), Further, the, triangles ABG and 
ADG have all cheir fides equal : therefore the 
angles ABG and ADG are equal ; and'ABG 
being a.right angle, becaufe AB is perpendicu- 


| lar tothe plane, ADG is alfo a right apgle. 
| Therefore the liné DG is perpendicular to - 
| three lines CD, DA, and DB, which confe- 
quently are in che fame plane, (47 #he s.) but 


the line AB is in the planeof the lines AD'änd 
DB; (47 the 2.) therefore AB and-CD_are in 
the fame plane. : 

Coroll, Two parallel lines aré in the fame 
plane. 


s The ASE. 

By this propofition we demonftrate, thar che 
Shour-lines, in all planes thac are parallel to 
‘thee4 xis. of the world, as the Polars, Meri- 
dional; and othets, ‘ate “parallel among them- 

| felves, 


em 


PROP. 
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PROPOSITION VII. 


AT. EOREM, 


eA line drawn from one parallel to another, 3 in 
f the (ame plane with them. 


ς Ὁ Eline CB,being drawn from : 


ŸE the point B of the line AB 

Th ο che point C of its parallel CD, 

is (I fay) in che plane of the lines 

AB and CD. 
Demonftration, ο, 

The parallels AB and CD ate in che fame 

plane : in which if you draw 4 ‘tight line from 


the point B ro.the pointe C, ic will be the fame « 


with CB; etherwife wo right lines would én- 
clofe fpace, contrary tothe 12. Axiom, of the 1. 


EE EE ES 





PROPOSITION VIII. 


A TuHEoREM 


If one of two) parallel lines be perpendicular toa 


plane, the other will be fo alfo. 


TF of che two parallel lines AB and CD,| fee fg. 
prop. ©.| che one AB be perpendicular to the 
plane 




























7) 
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| plane EF, che other CD will be fo alfo. Draw 
| che line DB : fince the angle ABD is a right an- 
| gle,and AB and CD are fuppos’d to be parallels, 
| the angle CDB will be a right angle, (7 the 29. 
| x. Jcherefore if 1 can‘prove,char the angle CDG 


: } is allo 4 right angle, ic will follow (by the 4.) 


) that CD is perpendicular tothe plane EF. Make 
| aright angle BDG, and cake DG equal to AB; 


iq then draw the lines BG and AG. 


| Demonftration, 

The triangles ABD and BDG have the fides 
| AB and DG equal, with the fide BD common 
| co boch ; and che angles ABD and BDG are 
{ tight angles : therefore (bythe 4. 1.) their ba 


nf fes AD and BG areequal, The triangles ADG 


{and ABG have all their fides equal, therefore 


jin À (Oy the 8.1.) the angeles ADG-and _ABG are 


. 


equal. Bur the latter isa right angle, becaufe 
| AB is {uppos’d to be perpendicular το the 
{plane EF, therefore the angle ADG is a right 
jangle ; and the line DG being perpendicular 
to the lines DB and DA, will be perpendicue - 
lar co the plane of the lines DB and DA, which 
{is the fame in which are the parallels 4B and 
| CD. Therefore the angle GDC is a right an- 
gle, (ey defin, 13) 








PROP. 
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PROPOSITION IK, 


A THEOREM. 


Lines, that are parallel to a third ave alfo parals 
lel amorg themfelves, though not all in the fame 
plane. | | 


Α σα Ὦ τι the lines «7 Β and CD are 

eA parallel ‘tothe line EF, they 
| ~——E will be parallel το each ‘other, 

__\ __ chough all che three lines -be-not 

€ ZX D in the fame plane, . Upon the 
Plane of che lines AB and EF 


draw the line HG perpendicular co 48 ; which 
will be alfo perpendicular to EF, [by the. Lemma 


efter the 26.¥:\ In like manner upon the plane 7)! 


of the lines EF and CD draw the line HT Ῥει- 
pendicular to EF and ΟΡ. 


Demonstration. | 
The line EH being perpendicular to thé lines 


GH and, HE, 1s fo alfo ro the planes of che lines 


HG and Hl, (y the 4.) therefore: (by the 8.) | 


che lines. AG and Clare,.perpendicular to the 
plane of che lines HG..and-HI,. and [by the 6.] 
parallel co eachother, | 

The “SE. 


“This propofition is frequently ufed; in: Pers 


“foettives, to determine che.reprefentation, ο 
“parallel 
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| “parallel lines upon a table:; as -alfo in the cur 
| “cing of precious stones, to prove the fides οξ 


‘che Pannels to be parallel among themfelves, 


— 











PROPOSITION x. 


A THEORE N. 


Tf two. lines, which Contut, are parallel ta ο) 


thers Concurring, of 
; / 
make equal angles. 


κ F the lines AB and’ CD 
CF Be parallel, thouoh 


3 


“becaufe they are fo to a line in 2 differene 
| ‘plane. In Gromonicks likewife we ate fome- 


| *times oblig’d to prove; thatthe Vertical! rs 
| “cles oughr tobe defcrib’d on 
| “dicular lines: becaufe che lines, char are the 
| “common feStions of them and the wallss are 


| “paralieltoadine drawn from the Zens) tothe 
| ‘Nadir, | Lt 


walls. by perpen: 


a NT ttt mm 


fons 


4 diferent. plane, the ο... 


ΑΕ and 
they be 


hot all four upon che‘ fame plane, yer 
tne Ποιες ΒΑΕ and DCE Will be 


. 1 - |; € | < re ων 
equal,: “Lec the lines AB and CD, 


D EF ΑΕ and CF be equal, and 


lines BE,DF,AC,BD, and ΕΕ, 


Demonfiration. 
: 4" A T» : αν Y 5 " « " 
The iines Ab and CD are inppo 


ΠΡΟΣ 


draw the 


ἆ to be 
both parallel and equal, therefore | by the 


a9 Ï 7 
aon 
the 
Lis 
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che lines AC and BD are parallel and equal, as 
alfo AC and EF: and {by che preceding) BD 
and EF are paraliel,and equal, and confequent- 
ly (by the 33-1.] BE and DF will be alfo pa- 
rallef and equal. ‘Therefore the triangles BAE 
and DCE have all their fides equal: and [by 
the 8.1.) the angles ΒΑΕ and DCF will be 6- 
ual. 

Céroll, Many the like prepoñtions might be 
made, which would not be alcogether unufeful ; 
as for example, if upon a parallel plane the line 
CD be drawa parallel to the line AB, and the 
angles BAE and DGF be equal, the lines AE 
andCE will be parallel. à 


The USE, 


‘By this propoñtion we demonftrate, that 
“che angles made by the planes of che hour- 
“circles with a plane parallel co che Equator, 
Care equal co the angles made by chem with the 
‘plane of che Equator. | 


PROP. 
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PROPOSITION XI, 


APRoswen; 


7ο draw a perpendicular to Ἡ plane from a point 
given ous of the plane, 


ς F° you defire το draw α per- 

A pendicular from the point C 

cothe plane AB, draw the line 

EF -at pléafure, and-CF per- 

pendicular co ics [bythe 12, τ.] 

BE And again [by the rt.1i] upon 

_ the plane AB draw FG perpen- 

dicular to ED, and CG perpendicular to FG, 


1 fay, CG will be perpendicular:ro the plane 


AB. Draw GH parallel το FE, 
Demonfiration, « | 
The line EF being:perpendicuilar το the lines 
CF and FG, will be perpendicufarté the plane 
CFG, [67 the 4.] and HG being parallel co 
EF, will be alfo perpendicular to che fame 


| plane, (47 the 8.1 And becaufe CG is perpen- 


dicular to the lines GF and GA, ic will be 


per- 
péndicular co the pl#he AB, [by tbe 4. | 


S ¢ PROP, — 
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PROPOSITION XII. 


A PROBLEM: 
To draw a perpendicular to a plane through 4 
point of the fame plane, 
FE 
\e2\ E, caken at pleafure out of the 
+ plane, the line ED perpendi- 


cular το the fame plane, (by the 11.] Draw alfo 
[by the 31. 1.] CF parallel to DE. CF will be 
perpendicular coche plane AB, [by the 3. | 


rene 


the plane AB chrough the 








PROPOSITION: XII. 
A THEOREM. 


Two lines perpendicular 10 a plane. cannot be: drawn 


through the {ame point. 


drawn through the fame point 
C, ‘Were perpendicular to che 
plane AB, and CF the common 
feftion ‘of the planes of thofe 






DCF 


point C, draw from the point ! 


lines, with the plane AB; che angles ECF and. 

















τι draw a perpendicular το M 


Εν. JF che:ewo lines CE and CD, 
| À 
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DCF would be both right angles, which is im. 
poffible. | 

1 adde, that two perpendiculars DC and DF 
to the plane AF cannot be drawn from the fame 
poinc D: for having drawn the’ line CF, there 
would be two right angles, DCF and DEC, in 
the fame triangle, contrary to the 32.1. 


The USE, 


“This propofition is neceflary to fhow, that a 
“perpendicular to a plane was fufficiently de- 
‘ferib'd, inas much as but one fuch can be 
“drawn through the fame point. | 


PROPOSITION XIV. 


A THEOREM. 


Planes, to which the fame line is perpendicular, are 
parallel. 


F the line ABbe perpendicular 
to the planes AC and BD, 
x. fe they will be parallel, 7, ¢. they 
will in all places be equally di- 
| E ftant from each other, Draw 
the line DC parallel to AB, [by the 31, r,| and 





joyn che lines BD and AC. 


Demonftration, 
AB 1s fuppos’d to be perpendicular to the 
OS Be planes 
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planes AC and. BD, therefore the line CD» 


which is parallel to it, will be alfo perpendicu- 


lar to them, [27 the 8.] and confequenrly the 
angles Band D, A and Ο, willbe right angles; 
tind [27 the 28. τε] chelines AC and BD will 
be parallels, and the figure ABDC a parallelo- 
gram. Therefore the lines AB and CD are e- 
qual, [by the 34.1.] 1. ε. the planes in the points 
À and C, B and D, are equally diftant. Accor- 
dinoly the line CD may be drawn through any 
other point whatfoever 5 ‘therefore. the planes 
AC and BD are equally diftant in all places che 
one from the other. 3 


The HSE. 


“Theodofius demonfirates the circles,that have 4 


“the fame poles, as the Equator, and the two 
© Tropicks, tobe patallel,':becaufe che Axis of 
‘the world is perpendicularito: their planes 


PROP! 
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PROPOSITION XY. 


A T'HEORE M. 


| 
| Tf two lénes, meeting ata point, be parallel to two 


lines of another plane, , the planes of thofe lines 
ws be parallel, 


À IF the lines AB and AC be pa- 

rallel to»che lines DE and 

DE, which are in another 

c plane, che planes BC and FE 

are parallel. Draw AI perpen- 

dicular το της plane BC, [bythex1.] and GI 

and ΤΗ parallel to FD and DE: they will be 

alfo parallel το che lines ABand AC; [67 the ο.] 
Demonftration, 

Thelines AB and Glareparallel, and ché 
angle IABis aright angle, Al being perpendi- 
cular to the plane BC: therefore [by the 29.1.] 
the angle AIGis a right angle, as alfo the an- 
ole AIH. Therefore (by the 4.1 the line ΑΙ is 
perpendicular to the plane GH and being alfo 
perpendicular to the plane BC, the planes BC 
and GH, or FE, will be parallel, [ey the 14. | 





PROP. 
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PROPOSITION XVI. 
A THEOREM. 


Ifa plane cut two ethers which are parallel, their > | 


common fettions : will together with. them be 
parallel, \ haat 


AG F che plane AB cur two other 






I {ays their common fe&ions 
AF and BE wiff be parallel. 
| B. Forif not, being continu’d they 
Would at length concur, e. g. atthe point G. 
od ; Demosfiration. re 
.Uhe-lines AF and BE are upon tbe. planes 
AC and BD ; and therefore [by the 1.] can ne 


ver be cither above, or Helow ics, therefore if 


they.concur at he point G, rhe planes mutt do 
folikewife, and confequently. they would not 
beparallel, which is.couitrary to what was fup- 
pos'd. de ο οκ 
The USE, 

“By this Propofition we demonftrate, in the 
“Treacife of fConck and Cylindrick SeStions, 
“that if the Co or Cylinder be. curby a plane 
“parallel to its bafe, che-fe&ions are circular. 
“By the fane we defcrihe Affrolabes ; and 
“prove in Gromonicks, char the angles, ee 

: AGE 






















parallel planes, AC and BD 5° 
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“the hour. circles make with a plane parallel to 
‘a great circle, are equal to chofe which they 
| ‘make in che circle it felf; and again in Per. 
[ Spettives, that che Images of the objedtive lines 


| “perpendicular το the table, concur at the point 
| “of fight. 





ξερω... 


| PROPOSITION XVII, 





1 A THEOREM, 
hf] Two lines are divided proportionally by parallel 


| planes. 


F che lines AB and CD be 


2) Bae 
| mee be divided by parallel 
| LT planes, I fay, AE will have 


the fame proportion!to EE 

| 38 CE,ro FD: Drawthe line 
| AD, palling through) the plane ΕΕ at,the point 
| G; Draw alto AC: ,BD,FG, απἀ (ΣΕ. 
Them ration. 
| The plane of thé triangle ABD cuts the three 

planes, therefore {by the. 169) the fe&ions BD 
µ and EG. are parallel ».. and ff the) 2.66) AE 

has the fame proportion.to. Eb, as AG to GD, 
| In like manner the plane of, the triangle ADC 
cuts the plan es EE and: AC; therefore rhe fe- 
ions AC and FG are parallel sand FC has 
the fame proportion to FD. as 46. το GD, i.e, 
| as AE to ER, PROP, 


| 
| 
| 
| 
| 








D | 
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PROPOSITION XV Tue 


A ΤΗΕΟΕΕΝΜ, 
Tf α line be perpendicular to a plane, all the planes, 


in which that line is found, are perpendicular to 


the fame plane, | 


Τε the line ΑΒ. be. perpendi- 
cular to the plane ED, all 
the planes in which: it is found 
will be perpetidicujar to the 
Γή plane ED. Suppofe-ABte be in 
the plane AE, having fora common fection 
wich the-plane,ED the fine BE toWwhich 
draw a perpendicular FI. aN 





LDemonftration. 

The anoles ABI and BIE are right angles, 
therefore chéslines AB'and Flare paraliel-; and 
(dy the 8.) FL will, be perpendicular το. she 
plane ED.Therefore the,plane AE will be 
perpendicular co che plane ED, (67.def. 4) “te 


“The fame may. be prov’d'of ché plane 
The δε 


“The firft Propofition in G nomonicks, which 


‘may pafs for a Fundamental one, 4s butloupon ΄ 


‘this propofition ; which is alfo frequently 


‘made ufe of in Spherical Trigonometry, in Per- 
: πο ενος, 

























‘an 
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| ‘{petlives, and generally in all thofe Treatifes 
| ‘which are oblig'd to confider divers planes. 


| PROPOSITION XIX 


A THEORE M. 


If two planes cutting each other be perpendicular to 
another, their common fetlion will be perpendi« 
~ Culay td the fame, 
| 


LL À PET AB and 
A ED , which cut 
%~ each other, be perpen- 
dicular to che plane 
IK, their common fe- 
| | ns “tion EF is allo: per- 
| à 1pendicular tothe plane 












| Demonffration. 
If EF be: not perpendicular co the plane IK, 
upon the plane AB draw’ the line GF perpen- 
| dicular to ‘the ‘common fe&ion BF: and the 


À plane AB being® perpendicular to che plane IK, 


che fine GF’ willbe petpendicular to the fame 
| plane. ‘Draw likewife FH ‘perpendicular to the 
common fection DF {it will be alfo perpen- 
| dicular to che plane IK." We fhall have there- 














1 fore tWo-perpendiculats to che fame plane, 


| drawn through che fame point F, (eontrary to the 
“baa « + £ 1 36 
| 
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13. Propof.) ‘it mu(t-therefore “bé granted: ‘thet 
EF ‘is ‘perpendicular corhe plane 1K. LOS 18 à 


The 45 By 3 


‘By chispropoñtion wedernonfirare, that the 
“circle which pafles chrough: tHe: Poles: of che 
‘world and 'the Besith dsbrbe: LM eridian, sand 
‘cuts all:the diurnal jarcheso<intoupwo , equal 
‘parts 5 ; and’ char the Scars; fpend-as much üme 
‘in their'motiotis ftom: cheirdifings co'this. cir- 
‘cle, hs from che ciné £0 chen: Ἰθήφορε, 


2 





PROPOSITION. XXe 


αμ TS st νο» 


VA THEORE M. 


if three late angles make one ο one, any treo of 
thens ought, tol be: greater than the third. 


D, a the; ορθό, BAD, sind 
CAD, make che folid angle A, 
“andes vanelé BAC .be che s ereat- 
ét ahele ; theewo others. taken 
réééchers fare greater. chan: BAC, 
Suppofe the angle. CAE: toi be €qual-to che-an. 
ole CAD, aid the lingssADiand) AE. το be.e- 
qual ; aca dravwethe: lines CEB ,CD;ind ΕΌ 
Deemonftravion: 

The ttiabeles CAE and-CAD'have the ides 
AD,and AE equal, and the fide AC common to 
both, 





τα EB, 
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| both; anid theangles: CAD aad :C AE equal: 
cherefores( by the 4.15) their» bafes CD-and CE 
| are equal. » But the fides:CDand DB ar ereat- 
à er thamthe fide CB alone; (ὐν the 10.21.) there- 
| forétakingaway che équallines CD dnd CE, 
| the lineBDwiilibergteater thing BE.) Further, 
| the triangles BAEAnd BAD have thiefides AE 
| and AD:équaly and cheifide BA common, and 


ee 


: | thebafeBD ereatet chanthe:bäfe BE: cheres 
it |) fore (6ythe 18 19): the angie BAD: isigreater 


| than the angle BAB#s! adding therefore)-the ς- 
qual angles. CAD atid ‘CAE, : the aticles. BAD 
and CAD will be greater chan the angles. CAE 
and ΒΑΕ: .2.¢./:.the angle ΒΑΟ. | 


ae re 





© PROPOSTTION xx1. 

| ere M TU Ro nat 

| Al the plain angles, that inakëone folid angle, are 

| ons, AU Vefs than four right angles. 

| é Re, à JE the, plain angles BAC, BAD, 
cA LE «and, CAD; make the-folid an- 






B|.-.\ --gle- A, they will: be lefs chan 
PH four ο αν Draw the lines 
= B: BG; BD; and CD, and you’ will 
| havea pyramid, whofe bafe'is the triangle BCD. 
Demonftration; 

+ The folid angle at the point B, has the an- 
i gles ABC and: ABD- greater (than that of the 
| TZ δείς 


| 
| 
| 
| 


| 
L 
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bafe alone CBD, “In like manner ACB and 
ACD are greater than BCD alone, and the an+ 
gles ADC and. ADB. ire grester than CDB 2-° 
lone. But all che anglesiof che bafe are equal to 
two rightanglesy therefore the angles ABC, 
ABD, ACB, ACD; ADG;'and ADB, are great= 
er chan tworight.angles., ‘And becanfe all the 
angles of che three triangles 846,8 AD, and 
CAD, are equal to fixurightaneles ;. caktng ᾱ- 
way more than‘two'tightaagles, chere wiltre- 


‘main lefs chat four,: for thé “angles made at the 


point A.’ Bur if the’ {olid ble | A, ,confft of 
more than three plainianelés, fo char-theibafe of 
the pyramid be’a polysonsiemay be divided in- 
to trisholes'#"4hd che computation being made, 
you will ad,’ tha all che plaiti anoles, Which 
make up the folid one; are always: lefs than four 


‘tight angles. "+" 


Othe BSB. & sige. alle | 

‘Thefe ‘two Ῥιορόπεϊσης - fhow When’ Παπ 

‘plain angles may make up one folid one, Which 

‘is often neceflary th the treatifes Of ‘cûtting OF 
‘Stones, and inthe foHowins'propoñrions? | 

The 22, And:134 Propoñtions are-of no ules. . 


BiG D) ; 
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‘nd | | ν΄ 4: at atk L Z Qt 

κ [ > SOPROPO-SITION: XXIV. 

oe N9.S16 glad ory GS Si 

CN SA estons SA Tittiok αµ., 

it || Hf a folid body be ‘terminated. G7 parallel planet, 
te | the oppofite fdes- will bé fimilar and equal paral- 
4 e colons sp HS OF SYS SR . 

te | F As) ,2pEshe, folid AB be rerminated 
hi oe }opne>¥ parallel pla ness. the oppo- 
d A E} fire fupesticies’s- wilt be: fimilar 
η Hy aad equal_paralfeloorams, 

w À -: x D veg Démorfitations ; 

bY 127 sursaut πο Ες ρα τα εἰ. planes, AC and 
ch |) BE are cut by che) plane FE: therefore their 
jit | common féétions,ate. parallel,,: (δε 16.) and 





| fo likewife DF and AE; therefore ΑΡ will be a 
| parallelogram. Afterorhe fame mannér Ἰ may 
| ¢emonftrate, cha AG, FB, CG, and.the raft , 
| are parallelograms,..L adde,, that the, oppofite 
| parallelogramse, ¢,. AG:and FB, are fimilar 
| and equal 


J 


he dines. AE and EG are parallel 


| to che Îmes ΕΤ) ΙΔ DB: ; therefore the anoles 
| AEG and EDB'ate equals (2) there!) Accord- 
πρίν IEmay demonttrate:all che fides and alf 
‘the angles of the oppofite parallelograms το be 
| equal, therefore the parallelograms are fimilar 
| and equal, 


PROP. 
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PROPOSITION ΧΧν.- 
A TH EOR M, a 
If a Parallelepipedon be divided by a plane parallel 
| to one of its planes; the two (olid bodies which 
iy a arifehythat divifion, will have the Jame, pro- 


divided iby’the_plane CD, 


bhi: portion a their bales; 
Nea [F the parallelepipedon ABbe 
FAR 





paper is:compounded of all its: fheets:and quires 
laid one upon another. Tis evident chacfothe 
folid AC willbe compounded of ten thoufand 
fuper- 


which 18 parallel to the planes 4 


14 oLAF and BE’, the folid AC 
tap To will have the {ame proportion 
ie equ) to BD:as che ‘bafe AI ‘to “the 
| i ef 201 bale DG." Suppofe the! line 
pt AH, which fhows che highe of rhe figure τὸ be | 
i in divided intoras many equal"patts: as you pleafe?” 
κ à forexample, ten thoufand swhich.we may take 
μμ as indivifibles, 3.-. 'wichour:refleAing:upon 
sa che; poffibility oftheir’ being furcher fubdi- 
fd vided. Suppofe alfo fo many fupérficies’s pa- ; 
| IH rallel to the bafe-AT , as chère. are pares, in che. 
πι. line AH ; Tchavée deferib'd only oné’OS::i fo that 
Het the folid' AB: be compounded: of alf chofe fue. 
yt petficies's of the fame thicknefs; asa Ream of . 
ei 


















min À 
> EE os 5 = εν 
= eo monk © = 


© Mrherefore che fohid AC hasith 
| Fo the folid DB, as the bate 


. > 
E = = 


+ 
* =. 





| Will have che fame. Proportion co 


. PS Vetÿi clear, provided ie 
jand that the tine: by avh 


| Qufe oFit-hereafrer; to re 
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| fuperficies’s equat το the bafe AI, (hy the pre- 
| €eding,) and the {olid DB” will contain ten 
| choufand fupérficiess equal co ché bafe DG, 

| Demonftv ation, 

Every fuperficies of -the aid AG has the 
| fame proportion to any of che..fuperficies's of 
| che folid DB, as the bafe. Al torche ‘bafe DG; 
| bécaufe they are every one of chem.equat to 
| their bafes:: therefore (67 the 12.5.) all che 
| fuperficies’s of che; folid AG, “raken cosether, 

all chofe. of 
| Sie folid DB;.as; the. bafe AI to the bale“ DG; 
‘But all the lyperficies’s ος che: folid AC make 
lup che folid AGS which hasrno other parts bur 
ithofe fuperfictes’s : and: aft the fuperficies’s of 
the folid DB are nothing elfe-but the folid DB; 
¢:fame proportion 
Al tothe baleDG, 
| The PSE. $ 
|: SThisis Cavelerime démonftracions: which 
beufed asic Guohc: 


ing ichhis ‘meafur'd: the 
uchicknefs of the {uperhicies’s ὃς taken ip the 


fame sefpectan both :chexerms: :] fhalb make 


£ 


So Fender fome intricate and 
perplex -demonranions morefactkand clears 


| 
: 
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PROPOSITION XXVI. 


A'THEORE M: 


A parallelepipedon is divided into two equal parts 
| bythe diagonal plane. 


πμ. Gr che parallelepipe- 

| don AB tobe divided by 

the plane C Dy: drawn from ser 
_— angle {ο anoher. :: 1 fay it Wi 

FN N] be divided into rwo equal parts. 

S À, Divide che line AE into as 

=... manÿ parts as you pleafe, and 

draw fo many planes parallel to che bale AF; 






each of chofeplanes is:a parallelogram equal to ! 


che bafe AF, (by.the 24.) 
: Demonfirasion, . Sh bic. 
All che parallelograms, char, can be draws 
parallel ro che δείς «4 F, are divided into two 


equal parts by. che plane CD.: for checriangles w 


which are form'd on both fides the plane CD, 


have their bafe common, in each equal toCD ," 
and:their fides equal, being thofe of a:parallelo- 
gram.) But tis evident, that the parallelepipes" 
don is nothing. elfe but chofe parallelogramss 


which are each divided into two equal. trian- 
gles: therefore the parallelepipedon 1s divided 
into two equal parts by che plane CD. 

‘The 












| 





| The 27. 4nd 28. Propofitions are of no ufe ace 
Cording to this-way—of demonfirating. 


PRO POS..XXIX, XXX, XXXI. 


| | A: Τάρο ΕΜ. 


ο Parallelepipedéns οἱ the fame hight, having the 


| {eme ov equal bales, are equal. . 


+ pipedons AB 
-. and CD be of rhe 
TA dame hight. ac- 
NN Sais webct 
Wide τω endiculars 
i ‘i Ac fea: “and BG, and have 
| che fame or equal bafes. AH and Gl, they will 
| be. equal. Suppofe che two. bafes το be fer up- 


}.on the fame plahe.s’ fince their perpendiculars 


eo 

















| 

, _B Map Sy F che Parallele. 
Fe 
| 






| are equal, the bafes EB and ΕΙΡ ‘will be in che 
fame plane, which will be parallel το the plane 


of che bafes AH and. CT. -Suppofe then rhe line 
| AE or FG to be divided into’ as many equal 


| Parcs as you pleafe, ¢..¢. ten thoufand , and ac. 








| cording το chem.fo many fuperficies’s or planes 


drawn of the fame thicknels: 1 have -deferib’d 
only one for all,as K on M. Each (uperficies will 
form ip thefe folids a. parallel plane, fimilar 
and equal to che bafe, (by thes 4.) “as iio 
| V'y and 


| 











pendliciiarfhoyy now th 
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and there‘ will be as many in one folid as in the 
other ; becaufe their ‘thickhefs, which 1 take 
perpendicularly. according-“to--their“xefpeltave 
hichts, is. equal. yan RE 
lay th * Demouftrationy-~ | 
The bafe AM has che {ame \préportion to the 
bafe ΟΙ, as cach plane KE to OM: Bue they | 
being équalein numberin both, all che antece= # 
dents (by thet ας.) Will “Shave the fathe propor- 
tion'to all the cénfequents; 2.6. the whole folid. 
AB tothe Whotefotid CD, “as the bafe- Ato 
che bife CI.” Bur vis Cuppos7ds thac che bates. 
are equal,, therefore the. folids‘ave equal. 277 
Coroll. Τὸ find the folidiry of.à paralictep}- 
oedon, tis: uftal to-Mmnnply che ‘bale by the | 
hight taken, perpendicularly, sbecatfe ctar per- 
? PSN How: AUS ΜΗ, 
τὸ the biléare contain dit it, AS fot example, 
TV LGKE oc fey ος 
bien Tui ge ο ος 
bife cont i WETS Feet Taie aul che Bete N 
dicular higbtrett, 1, that have an butidred ana, 
twenty cubtck feet for che folidity of chebody 
AB,” Fot the bjabe eeheaising ten εις Pray 
make ten paraltelootams equal to the bale, hav- 
ing each à fooc in thicknefs 3° bit the bafewith 
one foor'in thicknéfs maker twelve cubick Feet: 
rhe whole therefore will ‘make an hundréd and 
twenty if che hight contain ren feer. 9 + 7 
egal! de +: | PROP. 
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Ki | 


ie PROPOSITION XXX. 


AT a oR Ee M 


vie Pérallelepipedons.of -the fame bight aré-tn the [ame 


proportion 43 their bafes,...:.. 


] Have prov'd'this propofition in the préced- 

ing, demonftratino, chat the parallelepipe. 
don AB has che fame proportion to the paralle- 
iepipedon CD, ας έῃς bate. AH “to: the bafe CL. 
(See fig, preced.), :, 3 

Coroll, Parallelepipédons that have equal 
bafes , are. in the sans proportion as their 
highcs,, As the paral clepipedons AB and AL, 
whofe-perpendicular hrohrs are AK and AE. 
For if you divide the hight AK into as many 


| aliquot parts ‘as you pleale and AE Τρια 45 Mae 
| ny a8 ic contains equal tothe former, and draw, 
| according to each parr, planes parallel to che 
| bafe.;~as many 4s AE contains of. the aliquot 
| pates ‘of AK, fo many will the folid AB contain 
| of che {uperficies’s equal to the bafe, which are 
À the aliquot parts’of thé folid AL ; therefore (by 


défin, 5. 5.) the {Olid AB will Have the fame 


the hight, AK: 


| proportion το the folid' AL, as the hight AE to 


ο. ο nape 
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The USE. AL 
‘The three. precedina propoñittôn$- contain 
“almoft'all théways of meafuting paralfelepi- 
“pedons and may be efteem*d'as firft-princi ples 
“for chat purpdle. . Tis after the Same ‘manner 
“alfo chat we cake the dimentions of che-felidity 
“of Walls; by “multiplying ther Dafes' by their © 
“highrs. 4 αν πο ο... 












pe dans AB ahd ED be 
Heme οί He all the 
“+H planes 68 éne° be ‘like 


ae “Call their angles-equaly fo 
η OO tha cchey ‘may? be placid 
in a tight line, ia that AB ond ΕΕ, HE and 


“thote of the other? and M | 


EI, GEand EC, may make r8h£lines and - | 


AE has che fame proportion τό EF ας HE to ΕΙ, 
and as GEO EC : Lifay, that hefe are four folids 
in continual proportion according to the pro- 
portion of the fide’ EA το that, Which 1s how 
mologous to it, EF or DJ, De, 
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AT DémorStration, — 

The parallefeptpedon: AB-bäs rhe fame pros 
portion to. Ell ‘of che fame htoht, as che bafe 
AHco the bale FO,(67 the $2.) “Bur che: bafe 
AG has the {ame praportion to the bafe HO, 4s 
AE to EF, (bythe 1.6.) In tke mannér; the 
proportion.of the felid EL:t6 the: folid, ΕΝ. 16 
che fame wyth that of the*bafe EO to the bafe 
ED, 1.¢. er of HE to ΕΙ. And Iafily; the fo- 
lid EK Has the-fane~propotrien-to the -folid 
EN, as che brett, GE ro che hieht EC, (dy the 
coroll, of the 3 of (taking the fine EF for their 
common hight) as the bafeGF to the bafé CT, 
ἐ,ὁ, 4$ GE to EC: But the prôportion of AE 
coEPypofBE «ο BL andiof GEto EC, was fup- 
pos’d ro. béiche: fame. iandiscdnfequencly, the 
{olid AB has the fame proporcion to EL: as EL 


10 6K;and.as EK τος). “Thérefore by de- 
fr ar. ο) thé proportion ὁς A Bite CD will be 
che criplicaceproportion of.thater AS tal, or 


of AE tots, homologous fide EEX 


hosCoralle| Lf fout tines be in eontiMual propor 
ction, ches parall¢tentpedoti ‘deferib'd\tipon thé 
| Hisk;-has the fame) proportion to another fitni- 

ne “1 Titi 3 »ι $ ! à 
Han paralleleprpedon defcrib’4 upén ithe fécond, 
| tasshe firfito τας foureh ;. for ‘the proportion of 
| che frftico:the fourth, 15 tbe ‘rriplicaté :prosôte 
| sionof chat.of.che AH το τῃΕ feeond. ‘ 


αρ δε. 


co f¥ou-may perceive by: this propofition that 


chat 
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“chat famous problem.ofthe. duplication of the 
“Gube, propos’d bythe. Oracle, confits in find- 
‘ing cwo middle cerms,in continual proportion. 
“For if you..make-che fide of “che firlt cube, the 
‘firft term, and the double of char che fourth ; 
“having found:two middie ‘proportionals, the 
‘cube defcrib’d-upon che firft line will have the 
“fame proportion to that defcribd- upon the fe- 
“cond, as che firft line το της fourth, #.¢. as one, 


‘cotwo. By this.propofition alfa may be cor-. 


‘reed cheir error, who fancy. fimilar folids to 
‘have the fame proportion as cheïr.fides ;, as 1f a 


_ “eübe-ofone fooc in length \was the half of a 


“cube two foot long 3, when-indeed Tt 15 but the 


“eiohch parc thereof, = This 1s likewife, the foun- 


“dation of the Rule concerning’ the. fize_ of the 
“bores of Canons, 3,.and is applicable not.only to 
“bullets, but ro-all-forts of fimilar bodies. .; For 
example ; : fhould aman, about co;build a Na- 
‘vy, and refolving to retain the fame proportion 
“in all his veffels, .reafon chus-wich himfelf ; If 
€aShip of an hundred tun require. fifty foot: in 


¢ eel, anothes.of,tvohundted cuns ought to | 


‘have an hundred. foot in) Keel.s.. he would be 
‘ouilry of a oreat, miftake:, for-inftead of mak- 
‘ing.a veflel cwice as. larges. che former, he 
‘would make oneeight rimes fo much. He ought 
ετο affien to the fecond veflel, fomewhat lefs 
‘chan fixty three feer, Veins TA ο] 

| | 4 PROP. 
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PROPOSITION: XYXur- 
Equal’ paralielepspedons have their’ bafess “and 


“bight? Féciprocal) “and thofe : that have their 
bafes and: bights réciprocal' are equal, 





Di TE che paralle_ 
T4 Mepipedons 
K ” 


rm “AB and ης 
"equal, theit ba- 
YF fes and hichrs 





# gd ES À 24 will be recipro- 
Cal, ες the bate AE “will have the faite pro. 


Poirion to the BEC FP the HiShe!OH to the 
igor AG. Havits made ΟΙ άρα ro AG ,draiv 
rhe'plane 1K parallel tothe bate CR" >. 

ek OTIS UN rom hation 2219" 2 


ul THe paralletapipedon AB? has'the fame’ pro- 


portion to CK’,being of che fajne hight, -as che 
vale AE’ tothe bate CE Cby the 32.) But as AB 
10 ο κ {ois CD'to the fame OK Sbechule AB 
and CD are eqhal’s°and 4 CD "to ΟΚ which 
Have bath the {ame bife,? fois the hicht CH: το 
the hight C1, (by the coroll, of the 32, therefore 
as the bafe AE to the bafe CE ,°f6"is'the highe 
CH te the hight CI or AG, 


1 








pa Sg Re © Te 
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Tadd, that if che bafe AE has the fame pro- 
portion to the bafe CF as the hight CH tothe 
hight AG, che folids AB and CD will be equal. 

‘ Demponst ration. * 
AB has the fame proportion to CK, being 


of the fame highr, as the bafe “AE to the bafe # 


CF, (by the 32.) Alfo the hight’ CH has the 
{ame proportion to the hight Οἱ ος AG, as CD 
to CK: but we fuppofe that «ΑΕ, has. the fame 
propoition to CF, as CH το! or AG; there- 
fore rhe folid AB has the fame proportion to 
the folid CK as the folid CD to the fame CK, 
and confequently the folids AB and CD are e- 


qual, (y the 9.5. 
DE el RENE 


‘This Reciprocation of the bafes and hiohts 
“makes rhe folid very eafie to be meafur’d, And 
‘the propofition feems to bear fome analogy {ο 
‘che 14, Prop. of the 6. which afferts, That e- 
‘quiangular and equal parallelograms have their 
‘fides reciprocal; and che pra&tice of rhe Rule 
τος Three may be demonftrated from both. 


The 35. Prop. may be omitted, 


PROP. 
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PROPOSITIONEXXS VI. 


À ΓΗ ΕΟΦ ΕΜ. 





| TF three lines be in Continual proportion, a parallele- 
|< pépedon made of thofe three lines ts equal to an 
equiangular parallelepipedon,-which has all its 
fides equal tp the middle Jine. - 








| σππ Ep ABC κο, 
| QF the lines°A;B,C, be in continual propor 
|  ‘cion, the parallelepipedon'EF made of thofe 
three lines the fide FI being eqtial’'to che line 
| A, HE equäl:to B, and HI equal to C, is equal 
| to the equiangular parallelepipedon KL, whofe 
fides LM,MN, and KN, are each of them equal 
tothe line B. From the points HandN draw 
[che lines HP and NQ perpendicular το the 

planes of the bafes: which lines will be equals 
| becaufe che folid anoles E and K are fuppos'd 
equal, (fo chat if they could penetrate, neither 

would exceed the ocher;) and the lines EH 
| À x and 
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a and KN are alfo {uppos’d equal. Therefore the ‘I 
Di hivhts HP and NQre equal TT 3 


if Demonfiration, < 1 the 
τη Thereisthe fame proportion of AtoB,; or Mn 
a of Flro LM, asiof BtoC,onLMto A/sthere- | (ij 


nae fore the parallelogram FH: contain’d under Fl _ ή 
παν and {Η.15 equal‘to the parallelogram; LN con- |B, 





πο tain’d under LM and MN bach equal {ο Ῥ, (67 η 
aie the 16.6.) therefore the bafes are equal. Bucthe © 
A hights HP and NQ are alfo equal; therefore 

ie (by the 31.) the parallelepipedons are’ equal. 


PROPOSITION XXXVIL. By 


A THEOREM. | 
If four lines be proportional, the, parallelepipedons 
deferib'd upon thofe lines are proportional: and 
if the fimilar parallelepipedons be proportional, A ᾗ 
their homologous fides will be alfo proportional, | 


+] nat en + Ss 


A B JF che line A -has the fame 


— 





as areas ee LT 
Pa CAR a a eae. te 


RAS ene ay Sheet 
-- 1. Re he = 
ea hE BE ας PT LT EP a ος EA 
Rs PR το pn aan eens 


SS ο : = 


roportion to Bas Cro ο 
iat 5 ΡΕ . à | 
bi rar ue ππά D, the fimilar parallelepi- ο: 
η _..» pedons, whofehomolooous mp; 
es fides are the lines A,B, C,D, will be inthe MAC 
ji fame proportion, 
à τ 9 
qu Demonftration. Mor 
ie The parallelepipedon A is in the triplicare μὴ 
ο. proportion co the. parallelepipedon. B, of that | th. 


of 








tn 
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| of the liné‘Aco the line'By or that of the line 
| C co the lide'D: : But che paralfelepipedon € ro: 
| che parallelepipédon Dis 41f6 in che triplicare 





| proportion of that of the line C to the line D; 


| (27 the 33.) Therefore the parallelepipedon A 
| has che (ame proportion tothe parallelepipedon 


* NB, as che’ parallélepipedon’C co’ the piratle- 


| lepipedon D.” 





| PROPOSI TLON:XXXVIRE. 
| 





|) If two planes be-perpendscular'te éach other, a per 





3 e à 9 é 
pendicular drawn. from, 4 point, in one of th 


|. planes to the other will fall pan the common [e- 
| “thon, ert è SEEN SOS © UE AV ο bi La 
| do STAG WL tA So 


] Bx PEs ihe planesABand GDvbeme 
D 1%" perpendicular ‘to. veach» orber, 
you draw from the point E in the 

010plane Άβα [ine perpendicular co 
eT olsthe plane CD, ic will fall upon 
| O7 nt boghe com mofifteSion of che planes. 
Draw EP perpendicular the common fe&ioh 

ο. OU Demonfiration. | ο, 

_ *ThedimeiEF perpendicular co AG, the.com- 
mon fection: of the planes, which are fuppos’d 




















} to be perpendicular, willbe iperpendiculat το 





| the plane CD, (by defin,:'3.) and becaufe awo 
| lines 
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lines cannot be drawn:from the point.E per- 


pendicular toche;plane. CD; (4yrhe:13.).eve= 


ty perpendicular; will .fally upon. the: common 
fection AG, suit ots : Rb’ rn 
eed MS Basil Ure ta 
“This propofition ougbe-to-have follow’d nexe 
‘after the.27¢h. “becaufe.ic refpeAs-.folids in 
‘general. Tis of ufe ro us in cheXTreatife: of 
‘Aftrolabes, to ptove thacin the Avnalemma all 
‘the circles, perpendicular to the Meridian, 
“oughe tobe markeby ΗΡῃι lies 4 © 5 
TOR, ee UNE 2 ROME RC NÉE CE 
PROPOSEITION.XXXIX 
Ack A BE à SE 
If in a parallelepspedon be drawn two planes, which 
dyvsde the oppofite fides into two equal parts, their 
Cemmbn) [ethsthlaade the dinner wilt alfo di- 
i wide cath other tnto-twoegual parts, ι 
Uppofe she .oppolit fides 
ofsthe? paralletepipedon 
: ABao bedivided into two 
equal. parts, -by-che planes 
OD.4nd.EF, their common, 
feétion GH andiche diamie- 
| τος. BA will equally divide 
each other at the point ©: Draw the-lines BG, 
GK, AH and HL. I:fhall prove firft, chat τω 
tWo 














— ee OSS --- 
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two fir of thefe, BG and GK, (and fo like- 
wife AH.and HL,) make: buc one righe line. 
For the triangles DGB and KMG have ‘their 
fides DB.and KM equal,~becanfe they are.the 
halves of equal fides.:.a$ alfo GD and GMi Far- 
cher, DB and KM. being ; parallel, the :alternare 
angles BDG and GMK will be equals: (Ay. che 
29.4:)}.and' theréfore (bp tke 4.1.) thécrian- 
gles DBG:and. KGM .wilb be equal: in call re- 
{pects;.and confequently. che angles BSD:and 
KGM 3 sand [ bythe éoroll, of the ας. τ.]. Έα 
and GK make.but one right dine, asalfo LH 
and, HA :'cherefore- AL BK is-one planes in 
which!are found borh-che-diamecer AByiandiche 
common) fection of rhe planes G Hii :3 hesplane 
ALBK. cutting the parallel-planes AN and CD,: 





Led - 
— δω ο... es Ee = — 
SS a de 


= =: LE 
ET 


em 


| 





| | their .commoncfeGions: GH and AK will be 





| 


4 
1 


| parallel : and.[Ay-the:2.6 J) BG wilh have the 
| fame proportion to GK, as BO ro OA : and 
| therefore [47.the 18.:5.} as BK to GK, fo BA 
| to BO. ;. dnd) [bythe 4.6.} fo GH or) AK τὸ 


_ | OG... But BK is double co BG, therefore BA is 





| double:te,BO and AK, equal to GH, double 
| ro GO, Therefore cheilines GH and ΑΕ: di" 
| vide each other equally at che point O, 

Coroll, 1. Allthe diameters are divided at 
| che point ©, 
Corélls2, Here we may adde fome Corolla- 
} Jaries, which depend upon divers proroftions. 
As for example, chat criangular prifms of the 
| fame 
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fame hight are in» che fame ‘proportion as their 
bafes » for the parallelépipedons, “of which 
they are.the halves, are [by the 32. J inthe fame 
proportion as their bales: cherefore the halves: 
of theit bafes, ‘and the halves of che parätle- 
leptpedons, {. ¢. the prifms) ‘will be in che fame’ 
proportion. ::: hay Bene SR 
Coroll, 3. Polygon prifms of the fame higher 
are alfo in che fame proportion as their ‘bafes,’ 
becaufe they may be refolv'd ‘into triangular’ 
ones, each of which will have the fame propor 
tion as their bafes. - ME 
Covall..4. The ref of the” ptopofitions con: 
cefning parallelepipedons ‘are alfo applicable to 
prifinss; as for example, thac equal’prifms have’ 
their hights and:bafes-réciprocal 3"and that fic 
milar iprifms are in the ‘criplicace proportion’ 
of that ofrhieirhomolosous fides, 15 : lolisveg 
| st The USE, 10718791 
* This: propofitiommay. help us'to findout-the 
“center ofGrevity in parallelepipedons'}‘and-to 
“demon(trate’ fome: other! propofitions tit the 
“thirteenth andifourceenth books of Eyelid; 


Lita tan 
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» 


PROPOSITION Xfi; 





A THEOREM. 


A Prifm, that has a parallelogram for its bafe 
η double tothe triangular bafe of another prifm, 
| ή of the fame hight, is equal toit. 


| Et ABE and CDG be two triangularprif{ms, 

of thefame hight; and’ the bafe of one 
| che paratlelogram AES double ‘to the triangle 
| EGC; che bafe of the other prifm : I fay thefe 


prifms are equal, Suppofe the parallelepipe- 
| dons AH and GI were completed. 

















1 
| 
. 














 Demonfiration, 


Tis fuppos'd, chac che bafe AE is double to 

, | che triangle FGC, but the parallelogram GK 
jis double to the fame triangle, [7 the 34. 4.) 

| therefore the paralleloorams AE and GK are 

| equal ; 
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24.8 The Elements of Euclid. | 
equal ; and confequently,the parallelepipedons # - 
AH and GI, having the fame bafes and che fame 
hights, are equal ; and cherefore the prifms. 
chat are the halves, (by the 26.] will be like. 
wife equal. 
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THE TWELETH BOOK | 
OF THE 


ELEMENTS 


OF 


FUCLID. 


J a Slits afcer having in the preceding books | 
€ 


deliver'd rhe general principles of folid 
‘bodies, and explain‘ d the manner of 


| ‘meafuring the moft regular of them, chat is, 
| {uch as arecerminated by plain fuperficies’s ; 
| ‘creats in this of fuch bodies as are contain‘d in 


“fuperficies’s chat are crooked, as che Cylinder, 


| ‘Cone, and Sphere: comparing one with che 


€ . . ° - 
other, and giving rules, relating both το their 


| “folidity, and the manner of caking cheir dimen- 


‘fions. The book is of exceeding great ufe, be- 


1 “caufe in ic we find che principles upon which 
| “the moft learned AMathematicsans have builc fo 


“many. famous demonftrations concerning the 
‘Cylinder, the Cone, and the Sphere. 
: vy 


PROP. 
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PROPOSITION 1.) 


A TH oREM. 


Similar’ “polygons, inferib’d in ciicles, “are 18 thé 
fame proportion as the lquares of the diameters 
of the fame cireless 


J° the polyeons 
À BC ‘Dea 
FCHKL “—— 


{crib’d in cir- 

cles, be fimilar, 

chey will bein 

the fame propor- 

tion as t We fquares of lu diameters AM, EN. 

Draw the lines BM,GN,AC, and FH. 
Demarftration, 

Tis fuppos’d thar the polygons are fimilar, 
that is to fay, that the angles B and G are e- 
qual, and chat AB has the fame proportion to 
BC as FG to GH: from whence 1 infer, [by the 
6.6.| that che triangles ABC and FGH are e- 
quiangular, and chat the aneles ACB and FHG 
are equal: fo that likewife. | by the 21.34) the 
angles AMB and FNG are equal. But the an- 
eles ABM and ΕΟΝ, being in a femicircle, are 
right angles, [by the 31.3.) and confequently, 
che crianoles ABM and. ΕΟΝ are equianoular. 
Theree 
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Fhe Twelfth Book 351 
| Therefore [dy thed. 6.) AB hasthe time pro- 
| Portion to FG, ds AM to ΕΝ; and [by rhe 32, 
| 6. ἨίειΝο fimilar polyzons be defcrib’d upon 

AB and FG,as thofe tharare proposd’s and two 
other fimilar polygons upon AM and EN which 
fhall be two f{quares : the polygon ABCDE 
will have the fame proportion to the polygon 
ph cond 35 the fquare of AM to the fquare 
of ΕΝ. 


“This propofition is neceflary to demonflrare 
“char which follows, | 
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LEM MA. 


If a certain quantity be lefs than a circle, a regular 


polygon may be. infcrib’d in the fame circle 
greater than that quantity. 


: Grprotethe 

figure A 
‘co be fefs 
than the cir- 
‘cle B; are- 
eu pot 
5 y ὃς 
Sinferib’d in 





| ‘the famecircle, which fhafl be greater than the 
| ‘figure A. Lecthe figure G be the difference 
“oetiveen the figure A and the circle, fothar the 


fioures 
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“figures A and G taken together, may be equal 
écothe circle B. Anfcribe in, che circle B che: 


‘fquare CDEP, [by the 6:4.] anid if the fquare 
‘be greater than the figure Ay we fhall have 
“what we wanted. Ifit be lefss divide the four 
‘quarters of the circle CD, DE, EF, and FC, 
‘each into two.equal parts at the points H, I,K, 
‘L, that fo you may have am o&ogon. But if 
‘che oogon be fill Jefs chan the figure A, 
“fudivide irs archs, and you will have a polygon 
“of fixteen fides, afterwards of thirty two, and 
“then of fixty four. I fay,at length you will have 
“à polygon grearer than the figure A, #.¢.a po- 
“lygon whofe difference from the circle is lefs 
‘than that of the figure A, thacis, lefs chan che 
‘figure G. Demonftration. 

‘The infcrib’d fquare is more than half of che 
€circle, being half of the fquare defcrib’d about 
‘the circle ; and in defcribing the oétogon you 


‘cake more’ than half of the Remainder, #¢. of " 


‘che four fegments CHD, DIE,EKF,and CLF. 
‘For the triangle CHD is the half of the reét- 
‘angle CO, [by the 34. 1,1 therefore it is more 
‘chan halfof che fegment CHD; and che fame 
‘may be faid of all che other arches. In like 


‘manner, in defcribing the polygon offixteen M 


fides, you take more than half of what was left 
‘of che circle; and foin all the others. T'here- 
‘fore you will leave at laft a lefs quantity than 
‘G. For cis evident, that two unequal quanti 
Lies 
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“ties being propos’d,. if you cake away more 
“chan half of the greater, and afterwards more 
“chan half of what remains, and again more chan 
“half of whacis fill lefr behind ; ac length that 
‘which remains will be lefs than che fecond 
‘quantity. Suppofe the fecond quantity to be 
écontain‘d in the firft an hundred times: tis 
‘evident,that dividing the firft inco an hundred 
“parts, in fuch fore, chat che firft part may have 
‘a greater proportion to the fecond chan tWo to 
‘ones the 118 will be lefs chan the hundredth 
“part: fo chat at laft you will obtain a polygon, 
“which will be lefs exceeded by the circle,chan 
‘che circle exceeds the figure A; chatis τὸ fay, 
“chat what will remain of the circle, when che 
‘polygon is taken away, will be lefs chan G. 
“Therefore the polygon will be greater than the 
‘figure A. 





PROPOSITION II. 
A THEOREM, 


Circles are in the [ame proportion as the [quares. 
of their diameters. 


roo en Piove:thac 
ος \AÆ the circles 
B G A and Bare 


L 
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Ne aoe eget in the fame 
| proportion, as 


the 
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the fquares of CD and ΕΕ. Suppofe the figure 
G το πανε the fame proportion to the circle B, 
as the {quare of CD to the fquare of EF: if the 
figure G be [είς than che circle A, . [by the pre- 
ceding Lemma,| a regular polygon may be in- 
fcrib’d in the circle A greater chan G.. Let a fi- 
mular regular polygon be alfo:infcrib’d in che 
circle B, | 

Demonftration: 

The polygon of the ‘circle A will have the 
fame proportion to the polygon of B, as che 
fquaré of CD το the fquare of EF, 5. ε. the fame 
as G to che circle B; but the quantity G is 
lefs than che polygon infcrib’d in A: accord- 
ingly therefore [by che 14.5] che circle B mutt 
be lefs chan the polygon inferib’d in it, which is 
manifefily falfe, Ic muft cherefore be granted 
that che figure G, being léfs than the circle A, 
cannot havethe fame proportion to the circte 
B, as the fquare of CD to the fquare of EF ; and 
confequently, chat the circle A cannot have a 
greater proportion to the circle B, than the 
fquare of CD to the fquare of EF: Nor can itbe 
faid to have a lefs ; for then the circle B would 
have a greater proportion tothe circle A, and 
the fame demonftration would be applicable to 
It. * | 

Coroll, t. Circles are in the duplicate pro- 
portion of that of their diameters; becaufe the 
fquares being fimilar figures, are inthe dupli- 
cate 
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cate proportion of that of rheir fides, [by the 
20.6. ] 

Corod. 2. Circles atein the fame proportion 
as the fimilar polygons, chat are infcrib’d in 
chem, | 

Corel, 34. This ought το be well obferv'd as 
ageneral rule: When fimilar figures, being ine 
icrib’d in others, fo chat they may approach ftill 
hearer and nearer to them, and at laft degene- 
rate into the figures themfelves, are in the fame 
proportion; the figures that contain them are 
alfo in the fame proportion. What I would 
fay isthiss That fimilar regular polygons, in- 
fcrib'd in divers circles, are always in the {ame 
Proportion as the fquares of the diameters ; and 
being made of more fides, fo as to approach ftilk 
nearer and nearer to the circles, they fill retain 
the fame proportion ; and the circles them- 
felves are inthe fame proportion as the fquares 
of their diameters. This manner of meafuring 
found bodies, by infcribing in chem others, is 
of creat ufe, 

The ASE, 

“This being avery general Propofition, en- 
“ables us to argue about circles in the fame man- 
‘ner as wedo of {quares. For example, we fay 
‘lin the 47.3.] Thatin a rectangle triangle the 
‘fquare of rhe bafe alone is equal to the fquares 
“of both the fides taken together. We may fay 
the fame of circles, i.¢, ‘That the circle, de- 
ferib’d 


4 
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‘fcrib’d upon the bafe ofareétangle criangle, 15 
“equal co the circles, whofe. diameters are che 
‘fides. And inthe fame manner may We aug- 
“ment or diminifh circles, «according to what 


‘proportion we pleale.. We prove alfo by it in 


“Opricks, thar che light decreafes inthe dupli- 
“cate proportion οἱ thacof she diftances of the 
‘lucid bodies. : : | 
ο... Rensunenii . x 
PROPOSITION HL 


A THEOREM. 


Every Pyramid, whofe bafe is triangular, may be 
divided into two equal prifms, which make up 
more than half of the pyramid ; and into two 
equal pyramids. 3 


N «the» pyramid ABCD 
may:be found two equal 
prifms, ΕΒΕΙ., and EHKC, 
which will:be greater chan 
half the pyramid. Divide the 
fix fidessof "the pyramid e- 
qually at the points G,F3E,!, 
HK, and draw the lines EG, 
GF, FE, El, HI, FH, IK, and EK. | 
Demorfiration. 
In the triangle ABD, AG has the fame pro- 


portion to GB as AF to FD; becaufe AB and 
AD 
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AD are equally divided in G, and F : chere- 
fore | by the 2.6.1 GF and BD are parallels ; and 
GE will bé the halfof BD, 2 ¢. equal co BH. 
In like manner, GE and BI, FE and HI, will 


be parallels, and equal’: and [9 the 15.1 1ο the 


planes GFE and BHI will be parallel, and'con- 
fequently EBFI will be a prifm. The (ame 
may be {aid of the figure HEKF, which will be 
alfo-a-prifm equal tothe other, [by rhe40.11.1 
the parallelogram bafe HIKD being double the 
triangular BHI, [by the 41.1.] 

Secondly, I fay, the. pyramids AEFG, and 
ECKI, are fimilar and equal, 

Leip Demonftration, 3: 

The triangles APG and FDH are equal, {by 
the 8.1, a$ alfo FDH and ΕΙΚ: and fikewife 
AGE, and EIC, and ‘fo ofall che other crjin- 
gles of che pyramtids ? “therefore the pyramids 
are equal, (67 defn.t0.11.) They are alfo fimi- 


jar to the great pyramid ABDC : for che cri- 


angles AGE and CI are fimilar, (by the 2.6.) 
the lines GE and BC being parallels ; and che 
like may be demonfraced of all the other cri- 

anoles of che leffer pyramids. | 
Laftly, 1 fay the prifms are more than halfof 
che firft pyramid, For-af each was equal το one 
of the leflér pyramias, boch would be equal το 
the half of che greater pyramid. Buc they are 
each of them oreacer than one of thofe:pyra- 
mids + as che prifm GHE contains che pyramid 
| Z 2 GBHI 
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G 3H, and fomewhar more ;:andethac:pyramid 
is equal and fimilar: co: tbe» orhers,haviage all 
their triangles equaland Gmular:co ithofe of the 
pyramid, AGE Bras may, he eafily:prov’d by the 
parallelifm of thets fides 2 from whence binfer, 
chat the two prifms taken, cogether ‘are greater 
than the: two: pyramids, sand confequently 
greater than half ofthe great! pyramids 50 





PROPOSITIONAY, © 


A THE oR EM, * à 
If twotriangular pyramids:of the fame hight be 
divided into two: prifms and two pyramids and 
the latter pyramids [ubdiyided after. the: fame 
manner ; all the\prifms of one pyranid will have 
the fame proportion to.all thofe of the “other, as 
the bafe.of one pyramid.to.the bale of the other. . 


FE the-cwo pyra- 
mids. ABCD, 
DEFG)of the fame 
hight, and_baving 
triangular bafes, be 
divided. ‘into. two 
é | prifms and twopy= 
ramids, according to the method [aid down in 
the chird propofition ; and the two leffer pyra- 
mids be fubdivided after the fame manner, and 
| fo 
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foinorder, that, having made as many aivifions 
of one as of:che ocher , you have the fame 
number of prifms in ους Ifay, char all che 
prifms of one will have the fame proportion to 
all the prifmsofiche othér; as rheir bafes 
Demonflration. 

The pyramids being) ofthe fame highr, the 
prifms, produc‘d bythe firft division, will have 
alfo the fame hiohr, becafé they have each rhe 
half ofthat of their pyramids. But prifms of 
the fame highciéré in the fame proportion as 
their bafes, (67 the coroll. of the 39, xx.) The 
bafes BTV end EPX* ate fimilar crothe bafes 
BDCand EGF 5: and having for rheir fides the 
half ofithofe great bafes, they can make bur che 
fourth parmof them, burthey are in rhe fame 
proportion as the. great bafes are ; therefore the 
firft prifms will have the fame’ proportion as the 
ereat bafes. . Afger-che fâme manner I may prove 
that che :prifms produc’d by the fecond divifon, 
i.¢,0f thelefler pyramids, will be in the fame 
proportion as che bafes of thofe leffer pyrainids, 
which aréan the {ame proportion as the στθις 
bafes.>Thereforeall che’ prifms of one have the 
fame proportontorall che prifms of che other, 
as the’bafe co-theibafe. | 

The> SE. 

“‘Thefe | owoopropofitions “are neceflary to 
“compare pyramids togetherjoand to take. cheif 
“*dimenfions. 3 112ΓΕΦΗ) ἵ 
PROP. 
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PROPOSLPDON V. 
“col iA, DRE OS Mis art, 3996 
Triangular pyramids-of the'fadie bight-are in the 
fame proportion as their bafes. 


Με, pyramids «ABCD 








: G;.: Gi: Would: havea greater: pro- 
portion το ché.pyramid'EEGH, cchanochebafe 
BCD co.the bafe FGH s: fo; that:aquanticy lefs 


than ABCD, would: have che {ame proportion to 


the pyramid ERGH; asthéibafe BCD ιο the 


Ῥαΐς FGH. Dividethe pyramid) ABGD»after 


the manner of the third: propolition; divide 
alfo the:pyramids, that refule from: chac firft di 
vifion, -Into-two prifmsand.civo pyramids, and 
thofe again into:two-ocher prifms, + continuing 
the divifion as-long as there fhalt be occafion. 
Since the prifms of the: firft divifion are more 
than rhe half of the pyramid ABCD, (by the 3.) 
and the prifms of the fecondidivifion more than 
half the remaindery 4. ecofiche two lefler pyra- 
mids, and.chofe of che third: diviGon Rill, more 
than the half of what is left : it is evident, chat 
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1 rap ο λάδι and BFGH are in the. 
tin ιο. fame proportion astheir ba- 
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{ο many divifions may be made, that that which 
remains fhall be lefs than the excefs of the py- 
ramid ABCD# above che guanticy L, chac is, 
chat all: the prifms caken together fhall be 
greater than che quäntity Le Make as many 
divifions.of:the pyramid, EFGH, - fo thar. you 
may have as many, prifms as there are in AB 
CD. Demonftration. 

The ptifmsiof, AF CD have the fame propor- 
tlom totheiprifmsef EPGH, as the bafe BCD 
tothe bafe FGH:;5buc the proportion of the 
bafe BCD to rhe bafe FGH is the ‘fame with 
that of the quantity tothe pyramid EFGH: 
therefore the prifms cf ABCD have the {ame 
proportion ito the prifms of EFGH, as the 
quantity L tothe ipyramid EFGH. But alfo the 
prifms of ARCD.are greater chan the quanticy 
Ls therefore (dy the 14. $.) the orifms con- 
cain'd in the pyramid EFGH would-be greater 
thanthe fame pyramid EFGH, ‘which is evi: 
dently falfe, .becaufe-the part cannot be eréater 
than the whole. Therefore it muft be granted, 
chat no quantity lefs chan one of the pyramids 
can have the fame proportion to the other as 
the bafe to the bafe, and confequently neither 
of the pyramids can have a greater proportion 
to the echer than the bafe το the bafe. 


PROP 
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PROPOSITION VI. 


ATHEOREM 
AU forts.of pyramids, of the: fame hight, have the 


fame proportion as their bafes, 


HE pyramids ABC 
and DEFG, of che 
fame hight,» ate in the 
{ame proportion: as the 
bafes BC and EFG. Di- 
vide the bafes into triangles. 
Demonftration, ° 
The triangular pyramids AB and DE, being 
of the fame highr, are in the fame proportion as 
their bafes, (by the5:) So alfothe triangular 
pyramids AC and DF are in the fame:proportion 
as their bafes. T'herefore.the pyramid ABC 
bas the fame proportion to the pyramid DEF, 
as the bafe BC tothe bafe, EF, (by thes12. σι) 
Further, fince the pyramid*-DEF has the fame 
proportion co che pyramid ABC, as che bafé EF 
tothe bafe BC ; and again, the pyramid DG has 
the fame proportion το the pyramid »ABC,. as 
the bale G to the bafe BC; che pyramid 
ΓΣΕΕ will alfo have the fame proportion to 
the pyramid ABC, as the bafe EFG to the 
dife BC. PROP. 
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| ACEP, will be the third 
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ak RINNE Sian εσας ο 
PROPOSITION ΥΠ. 


A. THEOREM: 
Every pyramid is the third part of 4 prifm , being 
upon the fame bafe, and of the fame hight. ~ 


Ry A. G Pere firf che triangu- 

lar prim AB be pro. 
/Pos’d 3.1 fay, a pyramid, 
SY haying one :οξ che trianeles 
F Æ,ACE-0r-BDE.for-ics bafe, 





| and being of the fame hichr, as the pyramid, 


parc of the prifm. 
Draw the three diagonals AF, DC, FC, of the 


| three parallelogramis, 


| 
; 
: 


h 
η 
} 
| 
ι 


4 


| Demonftrations | 

The prifm is divided into three equal pyra- 
mids, ACFE,"ACFD ; and CFBD ; cherefore 
each will be the ‘third patt ofthe ptifm.nThe 
two firft, -having-for their: bafes che 
AEF and AED, which (Sy the 
and. for their hight rhe 


triangles 
34-1,) are equal, 
perpendicular drawh 


| from the top. C:t0 the planeof their bafes AP, - 
| will be. equal, (27 rhe precediyg,) The pyra- 


mids ACFD, and CFB D; which for their bafee 


| have the equal tilanoles ADC and DCB, :4n4 


| the fame top.E, will be 
| ceding.) Therefore one 


| 


| 
| 
| 
: 





älfo-equal, (by the pre. 
of thdfeipyramids, eg) 
AFCE, 
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AFCE, having the fame bafe BOF with rhe 
prifm, and the fame hight, which is che perpen- 
dicular-driwfffom thé pétht Ε΄ το της plane of 
the bale ACE, is the third.parr of the fame 
prifm; If che pfifin Ρε” α΄ polygon, ic muft be 
divided idto divers rriangulatprifins j end the 
pyramid, which ‘has chefamebafeparid'the fame 
hight, will be alfo divided”into"as "many ttian- 
gular pyramids ; each of which will be the 
chird part of its prifm. "Fherefore (by the 13. 
ὃς) che polygon pytantid will be-the third. pare 
of the polygon prifin. ος ney 


3 = = EP" +. 


PROPOSLILON.VIT, es 
ο Fe RE AE ο. 
Similar pyramids are 1A, ‘the triplicate Proportion 
of that of there bemolagops-fde > 


a. 


Ε΄ the py taiids be triangilar; “comp feat the 
prifms; Which will bé alfo mila? Becadife 
chey will have certain planes ché™fame-with 
thofeofthe “pyramids Wut the imilat priims 
ate in rhe triplicate -propértion of theimhonie- 


οσους fidess| bp Corof.Aofrhe 9:1r] tHéfefore 


the pyramids; whith [by the preceding) “ate "ere 
third parts of the“prifms, wilt bein the ttiptt 
cace proportion’ of that rhetf homologous fides. 

Ifthe pyramids’ be polygons, they mitt béfe- 
duc to triangular pyramids. all 


PROP. 
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PROPOSITION 1%. 


A TubtoreE M. 


Equal pyramids have the bights and bafes recipro~ 
cal, and thofe that have their hights and bafes 


reciprocal , 4re_equal, 


I‘ two equal tfianoniat pyramids be propas’d, 
make prifms upon thé fameé bafe, and of the 
fame hight," Since every prifm is triple his py- 
ramid (67 the-7.) they will’alfo be equal. Buc 
equal.prifms have cheir bafes and hiehts reci. 
procal, (y corell. 4.0f the 39.11.) therefore the 
bafes and hights’ of the pyramids, which are 
the fame.with thofe ef rhe prifms, will be alfo 
(CONE ee «ος, 

Secondly, if the bafes and hights of the py- 
ramids be reciprocat,.the prifns will be equal, 
as alfo che pyramids, which are che chird parts 
of the prifims. : 

If che pyramids propos’d be polygons, they 
muft be reduc’d to.criangular’ pyramids, 

Coroll, Other propoñuons may be made con. 
ceming pyramids :, ag for example; That py, 
ramids ofthe fame hight, are in the fame pro- 
porcion as.chetr bafes; and thofe chat have the 
fame bafes, ate in che fame proportion as their 
hights. ds 
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The “.8.E, 

‘From.thefe propofitions is drawn the-man- | 

| “ner of meafurme pyramids, whichis, by mul- | 
| ‘tiplying therr Bites bythe third part of their 























Lat ‘hights, Othet propofitions ‘may alfo be made, | 
KART Gas, . That if a prifm, be equal to.apyramrd, the | 
ee ‘bafes and the hicht of the priim, with the ALES 
Nein ‘part of the hight of the pyramid, will ber τοῖς 


ip ‘procal + Which i$ as much as tolay, “thacit the 

«bafe of the pytamid has the fame proportion to 
‘the bale of che prifm, as the hight of the paita 
‘to rhe chird ‘part of the bight οἳ the pHa 
‘che priffa and che pyramtig wil be, ας 


ος OES 





4 


If a PATES ρε 12, a EPA # FEU 4 


polÿgorprifns may be infor 4,57 the ιο 
greater that FREE gant. 


à K SA i: ey ere es harap ré it ‘Guineity 
; SS mee a be lef than 
he cyfindét ” 
“whofe bale is 

‘the circle By a 
“tpotÿéon ‘brit 
~~ “may “bé in- 
sfctib’d 18 the 
‘cylinder greater cha’ che quantity. À. The 
{quate 
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DE he THEN Bowe 367 
‘fquire CDEF inferib’d in, and GHIK citcum- 
“fertb'd abour, che circle, CLDMENFO is an 
“octogon infcrib'd, ΟΤΑΝ the rinoenc PLO: and 
“Πήρροῖε you had fo many pritms as there are 
“polyeon bales, and all of the ‘fame hight with 
“the‘cylitider. That which has the circum{crib’d 
“fquare fot its bafe, Wilf encothpals rhe cylin- 
"det;-ahd that whole bafeis the infcrib’d {quare, 
“will be alfornfcrib'd in the cylinder. 

Demonfir? Prifms” of the fame hight are in 
“the fare proportion.as their bafes, (by corall, 3. 
“of the 29.%4.) and thé infctib'd fquare being 
‘che half of char which: is “circumfcrib’d, its 
“prifm-wil-be-the half of the ocher;* arid. chere- 
‘fore more than the,half of che, cylinder... And 
* makine’ the pfifm wich the octogon bafe, you 


“take away more than -halfof whac remain'd of 
“the cylinder, after the prifm. of\the.infcrib’d 


“(quate was taken from it, becaufe the trian- 
‘ole CLD is the half of the réétanele CQ. ‘And 
“becaufe prifms of the fame ‘hightare in the 


“fame proportion as their bafésjrhe prifm,whofe 


“Gate is the triangle-GED, willbe che half of 


‘the pin, bic for its hafexhas che reQanelte 
“DEPQz? iciwill’ therefore be more than the 
BalFot that parc of, the‘eylinder, ‘whofe bafe is 
“thefeement DLC\ The fame: ntay bé Taid of 
ΣΠ che other feomenrs. Afcer che fame manner 


*T may demonftrate, that making a polygon 
“prifm of fixteen fides, ‘I take away more chan 
half 
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368. The. Blementrof. ‘Eadiid. 
‘half of whaerem ams, of ithe: cylinders after: the 
‘octogon: μη βύ isivalcein from eirte fo thamchere: 


will demanyqtidft aopaiciof τῆς: cylindet, le(s: 


‘chan! che exde(slbf théicyimderçaboverhe quan- 
boy AVE) (ρα Πάνε ahereforend: prifmoin- 
enib'd th thécwylinder: which fhaHiberiefsiexec 
«ceeded bythe zylinderschandthe quantity Ας 
Gleiwebich thal bei breater chanhe quantity Ais 
‘The famewayi ofarguing rai όλ a he Pe 
ramus infcrib’d in aber ni ein 1 





PROPOSITION 3 da 137 


oR THEORY a Aas κ: 


A Cones the third part of a cylinder, rae the 
fame ae aud be ingot eheyfane ΣΡΙ. 


F2 coneand a cglinder have 


1191 


ο and be of che fame hight, the 
“cylinder will be triple. the 
cone. For ifthe proportion of, 





would have the fame. proportién to rhe-cone as 
chfée to! opes and (by the preceding Lemma) a 


polyg én prifatimay! be infcrib’d? my rhe! cylinder ie 
9 reaver tian che ών B:Suppoferhaë whiche: 
ha8 far ies baler the: pol yeon! GDEFGEL to: cs | 


fuéh sméhe.10Make fo aponrthe:fimé baferd ; 
pyfatriid inferib’ ‘din the cone, De. 


the circle. A for their Ὀλίς, 


the cylinder. co. the cone was. ο 
| drearercetian the: triple propor + 
aid, | «the @uanticy: (B lefs cha the ‘cylinder / 








5 Denis Thi cylin, the. καν prifm, 

apdsthe pyramid;iareof chedame bight ;:there- 
| fereithe-prefiyas the triplecof the: pyramid, (by 
| thai) Bucthe quanaty>B is alfo she: miple of 
the: caries cherefore-the prifmibasrhetame.pro- 
portion tothe pyratnidyas the:quantity B tocthe 
cofe ¢2 ης: 1.191). Τε oprifat being 
gtéaterisbon <theacqeanciry: Bos) ithe pyramid 
wouldsbe gréabet chan the cone}>in which iris 
infcrib’d, which is impoñhble. 

Bue ific be-fatd; thatthe cone-has-a-crearer 
proportion, fo thie: "cy tinder than one to three, 
the fame method may be made ufe of to demon- 
ftrate the contrary. 


ae nm + ms 





PROPOSITION STE 
ved 1189 Ώπησρο £ aj << 


τα μη ba Cones 0 the fame bight Are ik the 
ss [ame Proportion 4 Shag Bales ty 


| ET cs ‘à 
7 CONES ; 
héSESTÉ | OF two cy- 
dLysfaaslinders, of 
SS-Sco1k-sre) sathe,; fame 
q | ὈΠ., Mec : de 
pr ART LS for rey Lifes: theisicles A 
and:Biy: Isfay;ithey are in the ame: proportion 
| as shear baterd Rot ifmorsione ofthat, #2. the 
| | clindes A would: ners ereacet. PAT to 
the 
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376 The Elements of Eutlid. 
the ere, than the bafe TA bas co'‘the bafe 
B ; fuppofe then that the quantiry Ly lefs thaa 
the cylinder A, “has the fame proporcion tothe 
cylinder. B, as he bate Aro the:bafe: 5... There- 
fore a polycon pri{m may .betefenb'd'än the 
cylinder À, which ‘fhall be greater thandrhe 
quantity L, Suppofe it that therefore, whofe 
bafe'is thepolygon CDEF and infribe à h- 
Πας polycôn GHIK in che bafe B swhich 16 alfa 
ché bafé of'a Cylinder of the (ame hight,” | 

Démonffr2 "The priféns of Α΄ and’ Bate! in the 
Cattle propotcion as ‘their polygon bales, (4y' co 
rel, of tbe 59.11.) and the porygons are in 
the (ainé proportion a8 rhe cirdfes = Coy eorall je 
of the ly: héreforérhe’prifm2A has the fame 
proporttbr? cô the pHER Bias! ché°cifcle A to 
che itcle B10 Burns che -Gete A εὁ the Circle 
By (ο the quancicy L 6 the eylindet Bs there 
fre as the prit Acto che prilm Bo {0 is the 
quanticy L ro the cylinder BA Bir the prifm A 
iséréater thin the quantity’ Land contéquent- 
ig { bythe i aS 3 tte prifm Βέ infctib’d in the 
cylindet B; would! be preset thant its cylinder, 
which is Sole! Thétetore neither of the 
cyliffiers fii eteater proportion tO’ the other, 
than‘its bafe't6'theothet’s bafe. 


Coral, Cylinders are triple thie’ cones; of the! 


fie “hitht', -cheréfore «οπές of ‘thé fame 
hishe ate tA tlie fame proportion as their bates. 
PROP. 





























& 
We 
a 
~~ 








La 


1 he, Twelfth Back, 7.1 








rT cesses, 
mm, 


PROPOSITION XIL 
HAT E RE M. 


Cylinders ana Cones, that are “fini lar ; AŸÉ i the 


triplicate proportion Dee of ‘the DARK of 
their bz fer. 


D α «TA E #29 De ET CAG 
(| oath etch wala ic CORES. iF 


~jti¥O cylinders! , 
| Ur MIT Ics «Da pat a5 similar, 
RE (2 ae Dé plrepos’d 5 
having the. cire 
cles, A. and Bar. their b; fes : Li char che 
proper ton of the cylinder A.roshe: cylinder ® 
iste Liiplicace properuen of chat ofthe, dise 
meter DC to the diameter. EF, Æorafirbe nes 
he. ‘Aplicare PIOPOLELON. 5) let the: aquanticy ( 
fet than che cylinder À, be, κο che. cylinde: 
in (heer ipl cate PFOF ardon, of that, of the a 
meter DC tathe diamerer EF; à. A! lnlenbeng 
prum-in rhe cylinder A-grearer than Gand ant 
other fimifar co it, in the “plages B: che will 
bg PASS fame Fight. withthe) cylinder, berate 
nroilar cylinders ‘have. thei hights and -the'di. 
ameters.of rherr bafes-proportional, as well as 
piifms, (βλ défn, 22 His} | 
Dempnfies Le diameres DC has she fame 
proportion fo. the diamecen EF. as, ché fide Di 
to thefide EL, οἱ DC πο LE, asl have flows 
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372 Thadlements.of Buclid. — 
athe firkie Buc, fnalar.prifimssarein;che en 


splicase preporuonof τας οἳ shert-hemologous 


Ad ES: (br Cor all. Ain af 40011 -)theretore-the,parim 
“Aco the prifmaBeisein chettriplicate proportion 
quantity Gimrefpeét of the, cylinder. B.waayin 
che triplicate proportion of. chatvof DC to. BB; 
ghérefore the: prifm.,A-will -haye.the fame pro- 
portion ιο the, priinB as che-quantiey:G roche 
<ylinderB s and.(oy the, τη. σε) ihémprifm A, be- 
inggreater shan, the.quantity-Gerthe prifm B, 
“infcub’d.in-che cylinder-By wilkiye gremsetabep 
othe cylinder-By. which is impoñble, ‘There 
fore fimilar cylindets aie inthe ertphedte, ÿre- 
portion of thar of che diamesess «of their. bales. 
Genes aye the,chitd parts.of- ylindens)| bpabe 
c¥e@r|-theseforetimilar cones.are-in-thermplicage 
‘PEOPOTLION ofsha of she diame cers of cheir, 






à 27req ie ὃς ΑΟ Το πώ gi 8 His 
if a cylinder be cut by aplane, that 1 parallel’ to 
“2g ths ba fe, tht parts of st sates TAM? be in thefame 
“proportion arthe'parts of tbe ον tinder, | πο) 
ee | the cylinder AB be cut by 
(7 the plane DC parallel to its 
 bafe :-1fiÿ, ‘the cylinder AF will 
have the fame proportion to the cy- 
‘S Winder FB, as che line AF to the 
line 


















































‘line ΤΡ. Draw’ the line BG: perpendicular co 
“théplaneof ‘the bañe Δ, Draw’ 216 upon the 
‘planesofthe éircies DC ind Atle lines FE 


and AG, - Demonffrations : 
“Phe plane of the trianole BAG “cuts che pa- 


98! platies Arand DC 7 chérefôre che feStions 


FE and AG te’ parallel, (by the1 6,91.) So that 
AF hits ché farie- proportion to FB, as thé hick 
GE το EBL’ Fakeany aliquot part of EB; and 
Having divided GE and EB ineo parts ‘equal to 


‘it, draw fomany planes pataliet τό the bafe As; 


then Will you have fo many cylinders of the fame 
she’; whichyShavitie' theif bafes and hights 
| ff, Wilf be equal, (by the ire © 
μα 3 che fines AF and FB will be divided 
Meétchefame manner as EG and EB, {by ‘the 
ates) fe τ΄ the Tite AF will 14 οὓς contain 
any aliquot part’ of the lide FB,’ asthe cytinde: 
AP contains the tke -aliquor part ofthe cytin- 
der FB ;'thetefore che ‘parts Of the cylinder 
will be in the fame proportion as che pares of 
εεῖ ας, cds 


οσα. The parks of tbe Ent aren 
che fame proportion.as the,paitsof rhe.cylinder. 
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BE oh AJP AEQRE Myr 

di Cyl Cynder! yy cones, having | the Jame, Ape ate, # 
λα Pa ia 

LE ee pas dt proportion. ds thee, hight. - dti 


Pp WO; :cylinders bof) “egrial 





ai , Bao bales beige piopos’darias 
| ή iG su GDseut à che: gréitér 
be 4 cyhôder of the; ο ο ΜΙΑ 
LA A che lefsadraywihg) ac Meet 
| (Et saHek4e sigs bales dis evident H7i thd. sAchothac 
Pi whois ylinderelOR and) 8. nL og . πύτας 
μαι | Giohasathev Lee propaition 6, 4aDy.a8;GH.to 
LU ASE og O2)| bythe ocoroll.2 ofthe ιρἠεβᾶδμης3 iasiolic 
BE highrio CF so. dhe: bight of GDesi gberefors AB 


h hasithe Sage pidporeion to Say oageheunig hit 
i Gps A BG the hight, of GDC. ο) noisogo1g 
fai + Gonessbeinathe ehird: pans, eactplintiers] CE 

cheisdbafes baéeual, wall 98 alfosmithe, Sic 





ia PROS ad shebr highs. « 19: bas GA #19bail 
Be per pox Sean en ï On: RE pi, 
ut ; 4 } q έ + A! rif 
LA cha uid ασ ΤΗ babe ipa. 
ο fes and bights reciprocal’: “ana ahi, Yb harbave 


“their δα ana hights rec procal, are ¢qual,— 


tie ché éVlindérs AB and CD 
bei eqitahs cher hafew sill 

À have she: fame! _piopomièn (ο 
qe bite: Des ahé hight ca 
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” Jinders AB and CD .wilbbe ana 


CPE T WP BOR | 358 

to the bight AB, Take che hi he DEF το 
the hight AB. 

Demonfr. The cylinder. ‘AB has che fame.pro- 
potion te che cylihder DE, ‘of the fige hight, 
as the bal ro the Bale D} Th) thet] Bur as 
ighe cylinders AB listo the opie DÉS fois 
èche: cyhnder @Dyedialto A cylinder 
IDES He. (6 is the hisht CD'to! the ΤΗ AE 
bi DEY Thereroas he bafe B to- the ben, 
Rpsthoimene CDrtothélhight AB A ῇ 

16 Becondlp ifthe balevB 2 ‘fas che: ame} propor- 
xibnito-the bale Dyas the Hisht'ODite che σης 
AB the Minders OMB ad CD with ve: equal. 
For sheseylindr SAB\is 14 te Time |prepoition 
&é chethe cylinder DE: thelbae Bioehe bate 
Dns andoreeccylind er oD 1Qgil haves therfamle 
proportion to DE} as the highest Dico Che Re 


1D Brsthetefore AB has the fanenpre sf ce to 


DE, sCDirol DE, dad {byp#b°9. i 


the! My - 


d 


soca come ες 


“The τό, ad37 >Propoñuüops . are very ra 
‘ficult’ and otf po Dee μία bus το to prove the 18. 

ΕΙ may HOKE 8 be .done Le che follow- 
κ ing ΟΠ ΑΣ δε να 


oo ee 
(RSS πο 


: | : aa à At ad , | 
τ στα LIU QU NMA C3 TSS 
ἄ4Ώ.δᾳς GA ο] LE M M re a. > 
If a Guanbityzbe préposd lefs thar A fphere, cylin: 
01 rééas offthe [ama hight may be inferib’ din the 
a ta ane fahere rome than that quantity. 
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36: The Blemenivef Euclid. 
ἵσοπι οἱ όσοίαι 2198 7188 Lip pole fh? 
Yo 1210 ‘ab gicat {en 
fre .ob-the 
6 diphereswhereg’ 
30190 Bt .2190ailç b'érr2icl amtofnme ΦΑΜΕ a 
«fi the quantity! D: τό: be: cheirquansieÿ: Aeds° 
“than chat fphére {110 Héverah cylinders;,08 
he fame hight my be infcribidiin she: Sphesés’ 
“Which rakentoderher wilh besedarerghan che 
‘quantity De For“if'the remi-fpherd excedd nts: 


«ο μη) ft wih extceaae by fome magar:’ 
fide 44164 it tien be che éylindér MP4 fo bade? 
he quantities D-and Maker? esgechers maz ° 
“he Ecnial'to’the {éfni-fphére> Make agreat sam’ 
«cfe ‘Gf the fpheté ro Have the: fanteoproportion: 
GE the Bife MOPas the high MN tochehight® 
OR Ten divide the Tide BAS asimany 767° 
at pares AP you plealey eith! being leforham 
‘KR: “and drawine paratlels to" rhe hneAGyder 
éféFibe thé infériyd and vitcwmferib'd: paralles* 
dégrams. . PRE :miber of Ee <citeumfcrtbd® 
Awilbexcéedehat! Sethe 1β(Φ35 8η one. Burail” 
‘he rétetés chai riba witlduspafs alone’ 
{nfcriv’d - by the Hrtle! te€tangles chrough’ 
“hit Phe ci ronnpet chee OF checircle pañlés 3° 
Cif whic rakén together ar equalize thereëte 
‘angle AL. "1 “iinagine thet ‘the femucirole ‘to’ 
bete Bouc upon che diriieterEB's sehelfe- 

‘micircle will by that thotiow defcribe edema 

σαν “Sphere, 
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The Twelfth: BukT 27.3: 
«βρότει: atid Bie (retangles inferibd fo many 
“églinders/intcrib’d in, the femifphere ; and che 
“cifedinferib/d;’ other cylindéfs circumfcrib‘d. 
Denier fia Phe cireinicrib'’d cylinders fur~ 
“pate theinfcrib’dmote chen‘chefemi-~[phete 
‘furpaflescheifeme infcrib’d cylinders, is being 
‘aban’ diwichin| shes circumferib’d cylinders, 
‘Burtheeitcumferib’d furpals cheanfcrib’d, by 


“ο 2: 


τη 


ος 









ο a ne 


— 


The Flementecof Euclid, 





Similar cylinders, talcrib'd in tiva{pheres, are is 
“thé triplicate proportion of the diameters of tbe 
Spheres. 


κ) fand, EF be 
© “nferth’d ‘if 
RTE Ie othe Spheres 
a POE TS Mek 





ehey Will'be tirthe efipficare pPdpartion of che 


“diameters EM'änd NO "Draw the lings’ GD 


PTET 8803 OU A Maio? on η! 

Σπα με tott cyfttders “CD -and EF ate Gmi- 
lat? tiete fore HP tas the fae proportion to 
“DR as QE so FS;as alfo KD has the fame pro- 
“portion t9DS as ΡΕ/έο FI. Cénfequentiy the 
“criangles GDK-ind IFP-ate-Gmnitar, (hy the 6, 
“6.) therefore KD Ais the (ame proportion to 
“to PF as GDt6-4F, or EM to ΟΝ.: Εις the 
“amilarcyliiders CD wd hPa in che eñph- 
“cate proportion df K’ Dandi PF ΠΕ femidiane 
“rersof ταῖς bales, (ή 2:} therefore The: 
‘fmilaricylinders ‘CD and EFS παπα a inte 
“{pheces:and:B,: are in the) eriplicace" propor 
“c1omof thediameters‘of the fphetes : ο υπ! 


ee τς 
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PROPOSLTION X VIL 
63 479 PA ΤΗ BORE Mir ος τω 
Spheref are in the triplicate proportion of their dia 
ΑΛΗΘΙΝΑ BRD SRB 
“i he fpheres’A and B are in the triplicate 
_& _plopatrion of tharef theit diamerets. CD 
end ΕΤ. Yor iffior, 6ne of\ched theres, fuppofe 
A, will bein 4 Greater; proportion to-B, than 
the triplicate of that of che dialtierers CD and 
EF; therefore che _qhanrity G, είς than’the 
(phere A, Kill beinche triplicate proportion 
6f£,that of CD το ΕΕ, to che {phere Bisiandchew 
foie cylinders May according to she Les) be 
mfcrittd inthe {phere A, oreater than chequen: 
τν. Infcribe an equal number of. cylinders 
in the fphete Β MIRE to hole inthe (phere. Asi 


_ Ἡ 





ff PES 27 
Wed σι CEE 


Rewerhr A be cylindersof the! fphere:Arad” 
cape of ες {phere iB, are in theveciplicare pro 
portion-of that ef <6 Dito FF, 2buci che quanrisy’ 
Gito,nhe fphate BYFalforint the sbiplicare:ipro} 
postion of ebiken GD ed EF + thèreforeche y” 
linders of the fpbgre 4 ‘bave:tie: dame: propor” 
ion.ro-chefimilar cylinders of che (phere B, as 


Je 2G be z ς 
the 
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RES The Elements of. Euclid. 

the quantity G'to the fphere Β. Confequently 
the cylinders-of A-being oreaser chan'the quan- 
tity G, the cylinders.of B,%&:infcrib’d in che 
{phere B; will be greater than‘tne fphere B, 
which is impoffible. . Therefore the fpheres A 
and Bare in che triplicate proportion, of that of 
their diameters. == 

Coroll, Spheres are in the fame proportion. as 

the cubes of their diameters ; becaufe cubes, 
being fimilar folids, are in che triplicate pro- 
portion of their fides, {Oy the 33.11] 


Th END. 


SE 


ERRATA. 


Pag. 1. line “rz. read Propofitions.Pags1o+ 1, 8. 
add Aa, p. 24-1, ult. dele be. Prop. 22. 1 Sch. the Jerters 
A and Bare Tran{pofed: p.64 Sch.2. add F.to line EB pro- 
duced below CD. p.78, 1.15 τ. Π41. 1. 23. T.. by the 37. 
pag. 99. 1. penalr. dele of. p. to1.l.2. for EC read FB. pag. 
télés for δε. 41, p.167. 1.3. for ΕΡΤ Ε. Ρ. 189.].1ο- 
for EHr. FH,1p. 199: 1.20. dil of pe 209.) Lage for had read 
bave:p.z60. L13. for, AC re EC: 1. 17: for ABira DB: Ρ. 161. 
ich. transfer À to the other fide of the fcheme. ΄ 
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